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ABSTRACT

The contribution presents statistical analysis of data given by a digital image of heather growth. The bushes
are modeled as a process of interacting discs. Different ways of estimating the parameters of the model are
compared.
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INTRODUCTION BASIC DEFINITIONS

Consider a point proces¥ defined onRY as
Many phenomena in nature can be described by & measurable mapping from some probability space
union of discs. The objects represented by discs d@Q,.#,P) to (N,.4"), whereN is the system of locally
not need to be independent, but they may mutuallfinite subsets oRY with the g-algebra.t” = o({x €
interact. N:4(xNA)=m}:Ae Z,me Np). The distributiorP
of X is given byP« (F) = P({w € Q : X(w) € F}) for
The contribution concerns a model of a randonF < .4". We say that the point proceXsis absolutely
closed set given by a finite union of interacting discontinuous with respect to the point procéssf the
with centers in a bounded s&c R?. This model distribution ofX is absolutely continuous with respect
is described by a density (with respect to a Booleaito the distribution ofy .
model), which depends on geometrical characteristics | gt Y pe the Poisson process with an intensity
(e.g. area or perimeter) of the given set. The factmeasurey (i.e. the process satisfying that (a) for
that in applications, only the union and not the discsany finite collection{A,} of disjoint sets inRY, the
themselves can be observed, is taken into account smmbers of points in these se¥qA,), are independent
that all the characteristics depend only on the wholeandom variables and (b) for each ¢ RY such
union. More details about this model can be found irthat p(A) < o, Y(A) has Poisson distribution with
(Mgller and Helisoé , 2008a) parameteru(A)) and denote1(F) = P(Y € F) for
F € 4. A point process is given by densityf with
Here, the focus is given on estimating therespectto the Poisson proces#
parameters of the model by MCMC simulation-
based maximum likelihood approach (MCMC MLE), P(X€F) :/ f(x)M (dx).
see (Mgller and Waagepetersen , 2004), applied F
to heather data first presented in (Diggle, 1981).
Problems with edge effects are solved by two different MODEL
ways - conditional and unconditional MLE. The
main aim is to compare these two ways for three For the construction of the model, dendte=
different reference processes. For this comparind2(zr) adisc with a centez € R and radius € (0, )
some summary statistics (see (Stoyan et al , 1988)) ad identifyb with a pointx = (zr) € R? x (0,e).
shape characteristics (see (Ripley , 1988)) are used. | "en the union of discsjie|b = Uieib(z,ri), 1 € N,
can be identified with a point process BA x (0, ).
The presented results are obtained mainly by using  Consider a Poisson point procéé®n R? x (0, ©)
known methods from the theory of point processeswith an intensity measure(z) dzQ(dr), wherep is an
For more details about this analysis, see (Mgller anthtensity function of a Poisson point process Rf
Heliso\a , 2008b). and Q is a probability measure ofD,«). Then the
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process of discs corresponding to the point prodess CONDITIONAL MLE

is a Boolean model with germs given by the Poisson

point process with the intensity functignand grains Split X into X, X, X(© corresponding to discs
are random discs with radii distributidp. belonging to connected components#f which are

; . ivel
Our model for a random set given by a union espectively

of interacting discs is the union corresponding to
point processX which is absolutely continuous with
respect to the Poisson procésand given by a density
f(x) with respect toY for any finite configuration

X={X1,...., X} (c) whole contained Ve,
We assume tha&X is a finite point process defined

on Sx (O,R), whereS ¢ R? is a bounded set such Let x) denote a realization ofX®, i.e. x
that [sp(2)dz > 0, andR < «. Further, we assume the corresponds to a finite configuration of discs such that

a(a) whole contained in the window,

(b) intersecting bothV and its complemenwe,

b)

density in the form every component ok® intersects botiW and We.
L By (Mgller and Heliso@ , 2008a), Proposition 5, we
iti (b) — x(b)
fo(X) = — exp(0-T(%)) = 1) hfge that <:(8nd|t|opally orX x\?) the processes
Co X'® and X'° are independent, and the conditional

distribution ofX (@ depends ox® only throughv =
_ XP(OA(T) + BoL (%) + BNeo ) + O T5)) . P Y Hroug

Co ’

wherecg is a normalizing constané, = (61, 65, 85, 64) DenoteZ the \(Aé)hole data se” = Z_ﬁW the _data
is a vector of parametersdenotes the inner product We can observez (tge cgmp?br;ents intersecting the
and T(%) = (A(%),L(%),Nee(%),Nn(%4,)) is the bounc_la_lry oW anqz V= Z\Z . Then we have the
vector of geometrical characteristics of the unign ~ (conditional) log likelihood function in the form

of discs corresponding to the configuratisnwhere

A(%) denotes the are&(%) the perimeterNe(%) L.(8) =0-T(Z@) —logce. )
the number of connected components &iad74) the

number of holes in the unio#.

The interpretation of the density is following: If _ ere, the edge effects are omitted. Howevewyif
6, = ... = 6, =0, there are no interactions among the'S not large enough, many components intersect the

discs and the model corresponds to the Boolean moddioundary and we can lose much data (in the worst case
Else the configurations of the model have diﬁerenf((a) is empty).

geometrical characteristics than the reference Boolean
model, e.g. if6; > 0, then the unions of discs with (in
average) larger area than the area of the unions of discs
of the reference process are more probable.

UNCONDITIONAL MLE

This way is based on ignoring everything outside
Because the interactions in the model depend othe observation windowV. ConsideringS= W, we

the vector of geometrical characteristicswe call the  can approximate the log likelihood function by
modelT -interaction process.

Ly(6) =6 -T(Z)—logce. (3)

DATA ANALYSIS Here we have no data loss, but on the other hand, the

_ method is less exact, sinéé (and hencez4) may
We applied the model to the data of heather grOWt'éxpand outsid&V.

observed in a regiod0 x 20 m in Jadras (Sweden),
see upper left picture in Figure 1. Notice that the normalizing constant in (3) is

Since the bushes are observed in a boundegifferent from the one in (2) - whilecg in (3)
windowW, which does not include the whole growth, corresponds to the density of the whale cg in
the problem with edge effects occurs. We solve thi€2) is normalizing constant in conditional density of
problem by two different ways of using MCMC MLE X(®. Moreover, both these constants have no explicit
method. These ways are described in the followingxpression, and therefore they need to be approximated
subsections. using MCMC simulations.



RESULTS

From the data, we have for conditional MLE
A(Z@) =456,L(2@) =190,
Neo(Z'@) = 32, Ny(2@) = 2

and for unconditional MLE

A(Z) =1003,L(Z) = 3828,
Ncc(z) =56, Nh(z) =6.

MLEu 91 92 63 64

(R1) -052 -010 -111 -o091
p—value| 0.3149 (05071 21e-09 00200
(R2) -332 072 -162 -049
p—value| 1.0e-11 3907 <el6 02207
(R3) —-1.79 104 -164 001
p—value| 0.0022 86e-10 22e-16 1

In order to have more comparing, we produce
the estimates for three different reference processes . .
P Since in the most cases, the paramétehnas very

(the choices of their parameters values are based on

previous analyses):

(R1)p = 2.45 and Q is the restriction of distribution

N(0.26,0.16?) to the interval0,0.50];

(R2)p = 2.45 and Q is the uniform distribution on

[0,0.53];

(R3)p = 1.16 and Q is the uniform distribution on

0,0.53.

large p—value, N, seems to be irrelevant while the
remaining characteristics with very lop—value are
important. Therefore we omitl, from the model and
estimate again the parameters for the reduced model
with the density

fo(X) = Cle exp(BLAZ4) + OoL (%) + BsNee( 7))

Comparing the data with the reference processes is

in the following figure.

Fig. 1.Comparing the data (upper left) with simulation

Then we obtain

MLEc 61 62 63

(R1) —-233 092 177
p—value| 0.0020 46e-06 7.5e-12
(R2) —491 118 -225
p—value| 7.0e-10 13e-08 <e16
(R3) —371 164 -225
p—value| 3.7e-05 6712 <el6

of reference Boolean models (R1) (upper right), (R2)
(lower left) and (R3) (lower right).

The estimated parameters are further tested by
Wald test (see (Mgller and Waagepetersen , 2004)) if

they can be considered to be equal to zero.

The estimates obtained by conditional likelihood
(MLEc) and unconditional likelihood (MLEu) together (R2) —L75 102 ~ —163
with the corresponding—values obtained from Wald

test are shown in the following tables:

MLEc 91 92 93 64

(R1) —214 089 -178 -101
p—value| 0.0063 23e-05 26e-12 01435
(R2) —4.81 117 -226 -0.69
p—value| 1.2e-09 49e-08 <el1l6 03149
(R3) —3.67 162 -225 -0.13
p—value| 3.7e-05 84e-12 <el6 08415

MLEu 6, 6, 63
(R1) —0.91 —002 -113
p—value| 0.0512 08875 37e-10

p—value| 0.0018 30810 < e16
(R3) —3.45 074 —1.63
p—value| 2.1e-12 22e07 <el6

In five of the six models, all the estimates are
considered not to be equal to zero. Hence we consider
the values in the table to be the parameters of the final
(A, L, Nec)-interaction models.



MODEL CONTROL

Let A C R? be a set observed in a (bounded)
windowW C R? (in our caseA represents either the
dataZ or the setZ corresponding to the simulated
disc procesx observed insid&V) andG is a set of
pixels in digital image of the se&.
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Fig. 2. Slmulatlons of the fltte(jA L, Nec)-i interaction
models.

In order to compare the results of the methods,

we construct the following pictures of simulations and
plots of summary statistics and shape characteristic

where the three rows correspond from above to results |
for models with respect to (R1), (R2) and (R3), and the , |
two columns correspond to models obtained by MLEc -|

(left) and MLEu (right).

Figure 2: simulations of the model for visual
compare with the data;

r>

Figure 3: functiorif (r) = —log (1 - H(r)),

0, whereH is the estimate of spherical contact .

distribution function (see (Stoyan et al ,
given by

~

H(r)
SuecUZ A, u+b CW, (u+br)NA # 0]
Suec Lug A, u+b, CW]

whereb, = b(0,r) denotes a disc with center in
0 € R? and radius.

)

Figure 4: estimate of covariance functi@r) =
P(uc A, v A) for any two pointsu,v € R? with
distance|u— v|| =r given by

Suvec LU=V =r{uv} CA]
ZU,VEG 1[||U_V|| = I‘]

C(r)=

Figure 5: dilatation (for more details, see (Ripley ,
1988))

|Agr "W |
dr) =~ ~1
(r) W
where |.| denotes the areal\s; = Uueab(u,r)

is enlarging andA., = {u: b(u,r) C A} is
contracting of the séA by a disc with radius.
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Fig. 3. Comparing the theoretical function3 (r)

for the reference Boolean models (dot-dashed lines)
with T(r) based on the data (solid lines) and its
simulated 2.5% and 97.5% envelopes obtained under
the Boolean model (R1), (R2), or (R3) (dotted lines)
and the correspondindA, L, Ncc)-interaction model
(dashed lines).




Fig. 4. Comparing the theoretical function€(r) data lie more in the middle of the envelopes for the

for the reference Boolean models (dot-dashed lineshodels with parameters obtained by MLEc. Due to this

with C(r) based on the data (solid lines) and its observation, MLEc can be considered more exact then
simulated 2.5% and 97.5% envelopes obtained undeyiLEu. Nevertheless, there are apparent misfits neither
the Boolean model (R1), (R2), or (R3) (dotted linesyor models obtained by MLEc nor for that obtained by

and the correspondindA, L, Ncc)-interaction model | gy and therefore we can conclude that both the
(dashed lines). methods provide suitable estimates.
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