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MA 2 (L)

The Multidimensional Normal
Distribution

Definition
The stochastic vector ¥y = (y1,va, -+ ,%4) is said to be d-dimensional normal
distributed, when y1,y2, - , ¥4 have the simultaneous density function

Sl v = 0mF @ee D) e (< 0 -0)7 5 - 0)).

where 8 € R? and £ € R¥4, % > 0. A short notation is y ~ Ny [6; E).

By use of the linear transformation
9y = Nig+ 6

with Jacobian H = det ¥2, the simultaneous density function for

X1, 2o, ,Tg Decomes

Fuldy, By, = Bg) = (Qﬂ')_% (det 2)_% exp (—-% (mTE%) 2 (E%m)) | det E%‘
= (Zﬂ-)"g exp (—%me) (that is & ~ Ny(0, 1))
= (271')‘% exp (—%gmf)
AL

g
e 2
=1/ 2T

The product structure shows that z;,z, -+ , 24 are independent, and that
z; ~N(0,1),2=1,---,d. Hence Exz =0 and Varz = I,.

Now it is easily seen that

Ey = Y2Ex+0 = $50+60 = 0

1
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After these preliminaries we will look into theorem 2.1 in the book starting
by deducing the moment generating function (part (iii)). Next we will prove
part (i), (ii), (iv), (v), (vi) and (viii). For the proof of part (vii) the reader
is refered to exercise 2.1.

Proof of theorem 2.1 in the book
Ad (iii):
By definition My(t1, -+ ,t4), also written as M, (t), becomes
My(t) = E(exp (tTy))
= /exp (tTy) (27)~% (det 2)"7 exp (—%(y -0)' 2y - 9)) dQ.
R

We will here use the same change of variables as on page 1. The calculations
are straight forward.

M) = /exp (tT (Z%m + 9)) (2m)~% (det 2)_% exp (~%me) | det £7|dQ;

Rd
= exp (tTB) /(27?)_% exp (tTE%m - %:ET:C) ddy
R
1 1
— ep (tTa " EtT2t> f (27)~% exp (_5 (:Jm — 2 NI+ tTZt)) d
d
i) d i 1\ T 1
_ Ty i T4l s B S _ vl
= exp (t 9+2t Zt) /(27r) 2exp( 5 (m Zzt) (:c = t))dﬂl
Rd

1
= exp (tTG + EtTEt) ;

as the function under the last integral sign is the density of & ~ N (E %t, Id) :
O



Ad (i):
We begin by proving
Lemma 1
M gy+s(t) = exp (th) M, (ATt) .

Proof

Mayis(t) = E(exp (t' (Ay +b)))
= exp (t'b) E (exp (t" Ay))

= exp(t'b) E (exp ((ATt) 'y))
= exp (t7b) My (AT¢).

With y ~ Ny (0,%) and C € R™*?, rank C' = g, we find
Mcy4a(t) = exp(t'd) M, (CTt), cf lemma 1
= exp (tTd) exp ((CTt)T 0 + % (CTt)T z (C’Tt))
= exp (tT (CO+d) + %tTCECTt) ,
which shows — as CZCT > 0 cf. app. A5.7 - that
Cy+d~N,(C8+d,CZCT),

in particular

Cy~N,(C6,CCT).
Ad (ii):
Choosing C = (I O) and using (i) we get

(I, O)y ~ N, ((Idl 0)6, (I, 0)% (15)) |

which is
y® ~ Ny, (9(1), 211) .

3



Any choice of components from y will form a normal distributed vector or

variable.
O
Ad (iv):
First we prove
Lemma 2
Let = and y have the same dimension. Then we have
z and y are independent = My, () = M ()M, (¢)
Proof:
Mayy(t) = Elexp(tT(z+y))]
= Elexp(t'z+t'y))]
= Elexp(t'x)exp (tTy)]
= B [exp (tT:c)] E [exp (tTy)]
= Mw(t)My (t)
O

. y¢
Let y = ( (;)) and t = ( ;), where both y and t are partitioned in a d;- and
a dg-dimensmnal part.

My(t) = exp(t' 0+ = tTEt)

6y 1 Sy O ¢
_ t ¢ 2 e Ty T 11 2412 1
exp(l 2 )+2(1 2)(821 Yigg ty

1 1 1 1
= eXp (tlTB(l) + t TG % + 2t1 E]_]_t]_ -+ 2t2 Ethl + ztl zlgtz + §t2 Eggtg

1
= eXp (tng(l + tl Elltl) exp (tl Emtz) €Xp (tzTQ + th Zggtz)
= 171/.[ (1) tl exp (tl Elgtg) My(z) (tg)

= M ))(t) exp (t1 Elgtg) M(yf’z))(t)'

(o

)



Now

™ and v® are independ y® 0 .
y'/ and y'~ are independent <& and are independent

0 e
= exp (t1T212t2) =1 forall ¢, c¢f. lemma 2
& YNp=0
& Cov(y™, y@) = 0.
Comrtinttay | Lk Cone (40 4"V 2 0O .o %o e cnlimmnd om Feae T
Ad (v):

We will show that the linear transformations
uz‘_—Azy) iz]—:"')mr
are mutually independent if and only if

Cov(us,uy) =0, i#j]

= ()= (50) = ()=

Assume that A; has full rank (< d),i = 1,--- ,m. Notice that Cov(u,, u;) =
O < Cov(4y, 4jy) = O & ABA] = O, which shows that the system of
rows in A; are orthogonal on the system of rows in A; with respect to the inner
product < a, 8 >= a'X3. Therefore rank A = rank A; + rank Ai(=¢<d)
and u ~ N, (AG, AEAT).

Now Cov(u;,u;) = O < u; and u; independent, cf. (iv).

O
Ad (vi):
Comnsidering
(y—0)="(y-9)
and once again using the transformation y = Sz + 6 we find
d
(y-0)" 2 (y-0) =2z =Y 2} ~x*(d),
i=1
as the z;’s are independent and N(0, 1), cf. page 1. O



Ad (vii):

See exercise 2.1.

Ad (viii):

Let y be partitioned as before:

(1) (1)

B Yy 7] 211 212

M= (y@)) ~ Norvay ((9(2))’ (221 222)) ‘

We introduce z = y® — 89, Z5'y™ ~ Ny(-, -) and consider the vector ("”’S))-

y(l) Idl 0 y(l)

from which it follows that

oy (y(l)) ( Iy, Su T\ (I - (Euzih)’
B T Biy Idz g1 g 0 I
_ (2 1 Y12 Iy, —57 %5
—2n 211 219 + 29 0 Ty

0 Yop—ZuiiZie/’

Thus y and z are independent, cf. (iv).

Notice that

Calculating
Ez = Ey® — 2y 2 Ey® = @ — 5, 27100,

and noticing

Varz = 222—22121_11212

= E22-1)

we get
z Ndz (9(2) - 2212{119(1), 222.1) ;

Now from the introduction of z we express
y¥ =z + Sa Ty,
which conditionally on y*) becomes
y(z)Jy(l) = z‘y(l) "3 22121_119(1)
= z+ Eglzflly(lj

6



with

Ely®ly"] = Ez+5yTy®
= 9(2) = 22121_119(1} + Eglﬂily(l)
= 9% 4 22121_11 (y(l) — 6(1))

and
Var (y®@|y®) = Var z = Typ .
Thus
y(g)fy(l) ~ Ng, (9(2) + 2212;11 (y(l) - 9{1)); E22-1) :
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