Exercises, Implicit function theorem

Horia Cornean, d. 10/04/2015.

Exercise 1. Let h : R? — R given by h(u,v) = u? + (v — 1)2 — 4. Show that h(2,1) = 0, and
h € C*(R?). Show that one can apply the implicit function theorem in order to obtain some small
enough € > 0 and a C! function f: (1 —¢,1 + ¢) — R such that

h(f(v),v) =0, Yve(l—¢1l+e).

Find f/(1). Can you find f explicitly in this case? Can you repeat the construction around the
point a = [0, 3]?

Exercise 2. Let h : R!*2 — R given by h(u,w) = u? + w? — 4. Show that h([2,0,0]) = 0, and
h € C'(R?). Show that one can apply the implicit function theorem in order to obtain some small
enough € > 0 and a C! function f : B.([0,0]) C R? — R such that

h(f(w),w) =0, VYw € B.([0,0]).

Find Df(w). Can you find f explicitly in this case? Can you repeat the construction around the
point a = [0,2,0]?

Exercise 3. Let h: R?™2 - R? given by h(u,w) = [uf + uz + w?, et — 1+ ug + ws]. Show that
h([0,0,0,0]) = [0,0], and h € C*(R*). Show that one can apply the implicit function theorem in
order to obtain some small enough € > 0 and a C* function f : B.([0,0]) C R? — R? such that

h(f(w),w) =0, Vw e B.([0,0]).
Find Df(]0,0]). Can you find f explicitly in this case?

Exercise 4. Assume that the parameters w = [wy, wo] belong to a neighborhood of wy = [0, —1].
Consider the equations:
ung + uzws + u? — (up +wy)? = -3,

els +wa

—Uup —uz —wyp = —2,

(’LL3+’U)2)2 + Uy +’LL2+'U}% = 3.
Show that if w = wq then by replacing [u,us,us] with [1,2,1] we get a solution for the above
system. Show that if w is close enough to wp, one can still find a solution u = f(w) where f is
continuously differentiable. Find [Df(wyg)].

Exercise 5. Under the conditions of the implicit function theorem we know that we can write:
[Df(w)] = —[Duh([f(w), w])] ' [Dwh([f(w), w])], Vw € E.

Prove using the chain rule that if h is a C? function, the same is true for f. Show that if h is a
C'? function with ¢ > 1, the same is true for f.

Exercise 6. Assume that the parameters w = [w1, wa] belong to a neighborhood of wg = [1, 1].
Consider the equations:

wi + wi +ut +ud =3,

w1 + wa + ug + ug = 3.

Show that if w = wyq, then by replacing [uy, us] with [0, 1], the system is solved. Show that if w is
close enough to wg, one can still find a solution u = f(w) where f is continuously differentiable.
Prove that f is C2. Find all first and second order partial derivatives of f at wy.



