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1 A few things about the exponential function

We will in this section define in a rigorous way and study a few important
properties of the exponential function.

Proposition 1.1. Consider the first order ODE y'(t) = y(t) with the initial
condition y(0) =1, and t € R.

(i). There exists a unique solution to this equation, and this solution is called
the exponential function et.

(ii). We have !5 = ele® for every t,s € R.

(iii). We have et > 0 for every t € R, hence the exponential function is
mcereasing.

(iv). Consider the sequence of polynomials p,(t) == 1+t + 752—2, + -4
where n > 1. We have that p,(t) < €' for every t > 0 and

lim p,(t) = e’ (1.1)
n—oo
Proof (i). We will first construct local solutions, and then will show that these
solutions can be uniquely extended to the whole real axis by a cut-and-paste
technique.
In order to construct a local solution around a given initial point tg, we will
use an argument as in Picard’s theorem (see example (3) in Cohen, page 123).
Our equation can be put in the form

y'(t) = f(t,y(t), telto—hto+h], ylte)=uyo, (1.2)

where h > 0, f : R? — R, f(x,y) = y. The function f obeys a global Lips-
chitz condition, with a constant K = 1. Any solution to the above differential
equation would also be a solution to the following integral equation (prove it!):

y(t) =yo +/ y(s)ds, te€fto—h,to+ hl. (1.3)

to

Consider the complete metric space
C([to — hyto + h]) :=={g: [to — h,to + h] = R: g is continuous},
with the metric do : C([to — h,to + h]) X C([to — h,to + h]) — R,

doo(91,92) == sup  |gi(t) — g2(t)].
te[tofh,toJrh]



Introduce the mapping A : C([to — h, to + h]) — C([to — h,to + h]) given by

Now one can see that

doo(A(g1), Alg2)) = sup
te[tofh,t()+h]

/ (61(5) — g2(s))ds

to

< thO(glagQ)a (14)

therefore A is a contraction if h < 1, independent of t3. Since we can rewrite
equation (1.3) as a fixed point equation A(y) =y in a complete metric space, it
follows that (1.3) has a unique solution in any interval of the type [to —1/2,t0+
1/2] where y(to) = yo.

Note: when yy =0, then y = 0 on [to—1/2,t9+1/2]. This is because all the
iterates of the constant function yg are zero (verify this!), and that is precisely
how we construct the fixed point (as an iteration limit).

Now let us extend this solution to a larger interval. Apply the above local
construction to the case in which ¢y = 0 and yp = 1. Denote by y1(t) the solution
of (1.3) on the interval [—%, %} Apply then the same local construction to the
case when tg = 3 and yo = y1(%), and denote by ys(t) the solution of (1.3) on
the interval [0, 1].

The function m(t) = y2(t) — yi1(t) is well defined on the interval [0, 3], and
obeys m(3) = 0 and m’(t) = m(t) on the open interval (0, 1). But we know that
such an equation with to = 1/2 and yo = m(%) = 0 only has an identically zero
solution on the interval [0,1], and in particular on [0, %] Thus y;(t) = ya2(t) on
their joint interval [0, 3]. It follows that the function Y : [~1/2,1] — R which is
given by y1(t) on [—1/2,1/2) and by y2(¢) on [1/2, 1] solves the ODE and obeys
the initial condition. Moreover, it is unique, because y; is uniquely determined
by the initial condition at ¢y = 0 and y9 is uniquely determined by yl(%)

We can repeat this procedure in order to extend our solution to larger and
larger intervals, and eventually to cover the whole real line. We have therefore

shown the existence of a unique global solution to the ODE.

(ii). Let s € R be fixed, and consider the ODE y.(t) = y,(t) for ¢t € R, with
the initial condition ys(0) = e®. Reasoning as before, there exists a unique such
solution. Now by direct computation one can verify that both functions e'**
and e'e® verify the ODE, therefore they must be equal.

(#4i). The exponential function can never be zero. We prove this by contra-
diction. Assume there exists s € R such that e® = 0. Then from (i) we would
get 1 = e = e7%¢® = 0, which is wrong. Thus e is a continuous function which
is positive at ¢ = 0 and can never be zero. Therefore it can neither be negative,
because if there was some s € R where e® < 0 then due to the intermediate
value theorem we would be able to construct a point ¢, situated between 0 and
s where et = 0, and we know that this is not possible.

(iv). If we differentiate the exponential function n + 1 times we still get the
same function back. Now use the Taylor approximation formula around zero
and write

i e 1.5
= pn(t tn .



where Cy,, is some point situated between 0 and ¢. In any case |C} ,,| < |t| hence
0 < e“» < eltl independent of n.

Now if ¢ > 0, equation (1.5) implies that p, (t) < et for every n > 0. In order
to prove the convergence in (1.1) we first need a lemma:

Lemma 1.2. Let a be a positive real number. Define the sequence x,, = 5.

Then lim,,_, s x, = 0. "

_a

Proof of the lemma. We have z,41 = T n for any n. Hence the sequence
{%n}n>[q) 18 decreasing, and is bounded from below by 0. Thus according to

Thm. 1.7.10 in Cohen it must converge to a limit [. Now if we take the limit in
the equality z,11 = 5577, we get (use Thm. 1.7.14 (b) in Cohen) | =01 =

0. O

We now can prove (1.1). Indeed, from (1.5) we can write:

pult) — | = | oG] < Mo
P ~ |+ 1) =+ 1)
then we apply Lemma 1.2. The proof of Proposition 1.1 is over. O
2 2D systems of ODE’s
Consider the ODE:
2'(t) = anz(t) + a12y(t)
Y'(t) = agiz(t) + agy(t), (2.1)

with the initial condition x(ty) = o and y(to) = yo.
If we introduce X (t) = (z(t), y(t)) and A denotes the linear operator defined
by the above matrix M(A) = {a;;}1<i j<2, then the ODE can be rewritten as:

X'(t) = AX(t),  X(to) = (20, %0)- (2.2)

Now A has at least one eigenvalue A; € C corresponding to an eigenvector
v = (v1,v2) (see Thm. 5.10 in Axler). One can easily compute them since \;
must solve the equation (a3 — A)(a22 — A) — aj2a21 = 0. Moreover, because
v # (0,0), we can normalize it and we can assume that ||v||? = vy |2 +|v2|? = 1.

Now define the vector u := (=73, 77). Because (u,v) =0, u and v must be
linear independent (see Corollary 6.16 in Axler). Hence the list {v,u} forms
an orthonormal basis in C2, and we can express the unknown vector X(t) as a
linear combination

X(t) =c1(t)v +c2(t)u, teR. (2.3)

The initial values ¢1(0) and ¢3(0) can be easily obtained using Thm. 6.17 in
Axler:

C1 (to) = <X(t0),v) = ZQH—F yoﬁ, Cg(to) = <X(t0), 11> = —XV2 + YoU1.-
(2.4)



Let us now see what are the equations which must be obeyed by ¢y and cs.
If we differentiate in (2.3) we have:

X/(t) = & (t)v + h(t)u
= AX(t) = A(c1(t)v + ca(t)u) = 1 (t) AV + c2(t) Au
=C (t)/\lv + co (t)All. (25)

Thus we must have:
AV + cyt)u = c1(H)A\1v + cot) Au. (2.6)

The vector Au can also be written as a linear combination of v and u in the
following way (see Thm. 6.17 in Axler):

Au = (Au,v)v + (Au,u)u.

If we denote by b1z := (Au,v) and Ay := (Au,u), and if we use this in (2.6) we
obtain:

)+ dy(t)u = [Aer(t) + braca(8)]v + ca(t) Aou. (2.7)

Therefore we must have

with the initial conditions given in (2.4). Now let us find ¢; and cs.

2.1 Finding c,

We must solve the equation ¢4 (t) = Aaca(t) with the initial condition ca(tg). Let
us define the function ¢(t) = e *2(t=t0) ¢y (¢). If we differentiate ¢ we have:

¢ (t) = —Age 2(t0) ey (1) 4 e~ P2 (=t0) ¢ (1) = 0,

where we used the properties of the exponential function and the equation
obeyed by c3. It means that ¢ is a constant function, which must equal
¢(to) = ca(to). Therefore

Cc2 (t) = Co (to)e)\g(t_to).

2.2 Finding ¢,

We must solve the equation ¢} (t) = Ajci(t) + biaca(to)e*?*=t) with the ini-
tial condition ¢;(tp). Define the function v (t) = e~ *1(!=%)¢ (¢). Compute its
derivative:

77[}/(25) = —AleiAl(tito)Cl (t) + eiAl(tito)Cll (t) = b12c2(t0)€7(/\17)\2)(t7t0)7
therefore we have:

Y () = braca(tg)e™ M1 r2)(t=to)
’(/J(to) =C1 (to). (29)



The fundamental theorem of calculus gives us:

t
¥(t) = c1(to) + b1202(t0)/ g2 (s =to)gg, (2.10)

to

If A1 = A2, we have
P(t) = c1(to) + bizca(to)(t — to). (2.11)

If A1 # Ag, we get:

e(Ra—A1)(t—to) _ q
Ao — A1

Y(t) = ci1(to) + biaca(to) (2.12)

In both cases, ¢1(t) = e* =ty (t). Now we can go back to (2.3) and find x(t)
and y(t) as:

z(t) = c1(t)vr — ca(t)v2,  y(t) = c1(t)va + co(t)v7.



