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1 Generalized Harper operators

Let T' C Z? be a lattice (actually it is not necessary to be a periodic lattice, it could be for instance
a perturbed, irregular lattice). The Hilbert space is 1%(T).

The elements of the canonical basis in [2(T") are denoted by {0x }xer, where dx(y) = 1 if y = x
and zero otherwise. In the discrete case, to any bounded self-adjoint operator H € B(I*(T")) it
corresponds a bounded and symmetric integral kernel H(x,x’) = (Hdx/, 6x).

We introduce the notation (x —x¢)® = [1+ (x — %¢)?]%, @ > 0. We define C* to be the set of
bounded and self-adjoint operators H € B(I?(T")) which have the property that H(x,x’) obeys a
weighted Schur-Holmgren type ['-estimate:

[|H||co := sup Z(x —x)*H(x,x)| < . (1.1)
x’EerF

We also define the space H® which contains bounded and self-adjoint operators H who obey:

1
3
|| H||#e := sup { E <X—XI>2a|H(X,X/)2} < 0. (1.2)
x'el

xel
There is a natural embedding given in the following short lemmas:

Lemma 1.1. Let H € H® with o > 1. Then H € C? with 8 < o — 1. In particular, if « > 3
then the integral kernel (x — x')2|H(x,x')| obeys a Schur-Holmgren estimate and thus defines a
bounded operator.

Proof. Choose some small enough € > 0 such that a > §+ 1 4+ e. We write:
(x — x')P|H (x,x)| < (x = x') 77 (x = x) " [ H(x, %)
and see that the Cauchy-Schwarz inequality gives
[Hllcs < Capl|H]|ne - (1.3)
O

We model the magnetic flux generated by a unit magnetic field orthogonal to the plane through
a triangle generated by x, x’ and the origin by:

o(x,x') == f% (v1 2y — 20 27) = —p(X/, ). (1.4)
Note the important additive identity:
p(x,y) + oy, X) = p(x,X) + o(x —y,y — x'), (1.5)
folx v,y =X < ghx—yl Iy — x|

Let K € C* with o > 0. Let its integral kernel be K (x,x’). We are interested in a family of
operators { K }yer given by the integral kernels e?¢**) K (x,x’). Clearly, {K}}per C C*.
Now let us formulate the main result of our paper.
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Theorem 1.2. Let a > 3. Choose some K € H® and construct the corresponding magnetic
operators {Ky}per. Then we have:

i. The resolvent set p(Kp) is stable; more precisely, if dist(z,0(Kp,)) > € then there ewists
d >0 and n >0 such that dist(z,0(Kp)) > n whenever |b — bg| < 4.

ii. Define E1(b) :=sup(o(Ky)) and E_(b) := inf(c(Ky)). Then Ey are Lipschitz functions of
b.

ili. Let a > 4. Assume that Ky, has a gap in the spectrum of the form (e_(by), e+ (bo)), where
et (by) € 0(Ky,) are the gap edges. Then as long as the gap is not closing by varying b in a closed
interval I containing by, the operator Ky, will have a gap (e—(b), e1 (b)) whose edges are Lipschitz
functions of b on I.

Remark. Denoting by db = b — by, according to our notations we have that Ky = (Kp,)s,. It
means that it is enough to prove the spectral stability and the Lipschitz properties near by = 0.

2 Proof of (i)

Let us start by stating a technical result to be proved in the Appendix, which claims that if H
has a kernel which is localized near the diagonal, then the resolvent’s kernel will also have such a
localization. Note that the estimate holds for all z € p(H).

Proposition 2.1. Let H € C®, with o > 0. Let z € p(H). Then we have (H — 2)~! € H®, and
there exists a constant C' independent of z such that

-1 |H g 1
1(H =2)" e = € ({dist(z,a(cﬂ))}a+2 * dist(z,a(H))) : (2.1)

Now let us start the proof of (i). Constants only depending on € will be named C. even though
they might have different values.

Remember that it is enough to prove the stability result near by = 0. Let K € H* with a > 3.
Lemma 1.1 gives us some 3 > 2 such that K € C”. Proposition 2.1 says that (K — z)~! € H?,
while Lemma 1.1 insures that there exists v > 1 such that (K — z)~! € 7.

Denote by G(x,x’;z) the integral kernel of (K — 2)~!. From (2.1) and (1.3) we obtain a
constant C, such that:

sup Z{x —x)|G(x,x';2)| < C. if dist(z,0(K)) > e. (2.2)

’
x’'el xel

Define the operator Sj(z) to be the one corresponding to the integral kernel e®**)G(x, x'; z).
Using the Schur-Holmgren criterion we can write

I1S(2)|| < Ce, bER, dist(z,0(K)) > e

Using (1.5) we can write:
(Kp — 2)S(2) =: 1+ T(2), (2.3)

where Ty (2) is given by the integral kernel

PN (MY ) 1)Ky (x,y) Gly, x5 2). (24)
yerl
Note that b
| POy XY 1] < b fp(x — y, X' = y)| < 5 x=ylly =X (2.5)



Then for any f € (?(T") with compact support we can write:

IT3(2).f1(¢) < b1 Y Ix =y 1K (e 3)] |y = x| [Gly, %' 2)] [f(x)] (2.6)

yer
and after applying the Schur-Holmgren criterion we get:
| To(2)]] < 18] [ |[er [|(K = 2)Hler < [b] Ce.

Thus if || is small enough, ||Ty(2)|| < 1/2 whenever dist(z,0(K)) > e. From (2.3) we conclude
that K — z is invertible and there exists a constant C, such that

(Ky—2)~" = 8(2) (1+T(2) 7,

[[(Ky —2)7!|| < C. whenever |b] < b and dist(z,0(K)) > e. (2.7)
This means that dist(z,o(Kp)) > Cl, > 0 whenever |b] < be and dist(z,0(K)) > ¢, and the proof
of (i) is over. O

3 Proof of (ii)

As before, we only need to consider by = 0. We give the proof just for the upper spectral limit
E., since the argument for E_ is similar.

3.1 Reduction to localized operators

The first thing to do is to reduce the problem to operators with kernels supported near the diagonal.
If we have two bounded and self adjoint operators A and B, then for any ¢ with norm one we can
write

(A, ) < (B, ¢) +[|A = Bl < sup(o(B)) +[|A - B|

which means that sup(c(A4)) — sup(c(B)) < ||A — B||. By interchanging A with B we obtain the
inequality:

[sup(a(A)) — sup(o(B))| < [[A - BJ|. (3.1)

Denote by x the characteristic function of the interval [0,1]. Denote by K, the operator

|x—x'|

given by the integral kernel K’b(x, x') = x ( 7 ) K(x,x’) and by K, the operator given by
Ky(x,x') == x (%) et x) K (x, x').
Since K € H* with a > 3, according to Lemma 1.1 we have the bound:

sup 37 (x — XY/ (x,X')| = || K]|ez < o (3.2)
x’EFxEF
Via the Schur-Holmgren criterion we obtain:

[x — x|

max{|[ K — K|, [1Ks — Koll} < sup 3 [1 “y ( )] K (ex)| < 8] 1K les. (3.3)
x’GerF \/E

Using the triangle inequality and (3.1) we can write:
|E+(0) = E1(0)] < 20b] | K[|z + | sup(0(Ky)) — sup(o(Kb))]. (3.4)

Thus we have reduced the problem to the study of the spectral edges of K, and K.



3.2 A few identities from the continuous case

We list here a few very well known facts about the continuous two dimensional magnetic Schrodinger
operator with constant magnetic field equal to b in L?(R?):

Hy=(p—ba(x))?, p=—iVx, a(x)=(-22/2,11/2). (3.5)

The integral kernel of the semi-group e~ ** is denoted with G3(x,x’;t) and is given by the
following explicit formula:

; , b bjx — x'|?

Ie. 1 4) = eibe(xx") B el

o(x,x58) = e 47 sinh(bt) P 4 tanh(bt)

The semigroup property insures the following identity:

] =: M) G (x, X' ). (3.6)

Gy(x,x';2t) = Go(x,y; t)Gy(y, x'; t)dy. (3.7)
R2

Then we can write:

1
| Gyx,y:)Gyly, X t)d
G- 21) /R2 b(%,y;1)Go(y, x5 t)dy

47 sinh (2bt) bjx — x'|?
= X
b OP|Ltanh(2bt)

Taking the complex conjugation in both sides gives:

. ’
ezbtp(x,x ) —

} Gy(x,y;1)Gy(y,x'; t)dy. (3.8)
R2

w n 4msinh(2bt) bjx — x'|?
ibp(x,x") _ it Ly t)dy. .
€ b €x {4tanh(2bt) AZ Gb(yaxa )Gb(x Y5 ) y (3 9)
Again the semi-group property gives that:
b
— =G 2t)= [ G )G it)dy = G 1) [d 3.10
et~ O = [ GuxyiGiyxdy = [ (GlyxnPly (.10

which is clearly x independent.

3.3 Study of the operators with cut-off

Clearly, Kj(x,x') = eib@("’x/)f(b(x, x’). Without loss, assume that b > 0. Take v € [?(T") with
compact support and compute (use (3.8) in the second inequality):

(Ro, ) = 3 005 Ry (e, x )b (' ()

x,x'el’
B ,——4msinh(2bt) - , blx — x'|? ' ..
_/RQ dyx;Fd)(x ) T R exp | f R | GG )Gy X51). (311

Now denote by Ap(t) the operator with kernel

. blx — x'|? blx —x'? [x — x|
A )= K ! — | = K ! .
b(x, X' 1) 1= K (%, %) exp {4 tanh(2b) e xexp | @ Y\ Vs

The crucial observation is that equation (3.11) leads to:

(o) = [ dy(as(0Gu(y. 5000, Galy, 00 T

<supo(au(0) T [ aylGaty. ol

47 sinh(2b
TTH) /R dy 3 Gy (y, x; ) 2[(x)

xell

— sup o (Ay(1)) [[]2, (3.12)

— supo(Ay (1))



where in the last line we used (3.10). It means that sup o(Ky) < sup(o(Ay(t))) for all t. Now let
us show that the operator A,(t) — K} has a norm proportional with b if ¢ is large enough (say
t = b~1). Indeed, we can write

At x07) = Rifoex) < K (BT (e [Z";;;EQ)} =

— x|\ bjx —x'|? bjx — x'|?
< / x — x| .
< K (xx)lx ( /b ) Atanh(2) P | dtanh(2) (3.13)

and on the support of x we can bound the above difference with:

|Ap(x, %5071 — Ky(x, %) < const b [x — x'|2| K (x,%')|. (3.14)
The right hand side defines an operator whose norm behaves like b. Thus (3.12) and (3.14) imply:
supo(Kp) <supo(Ap(b™Y)) and ||Ay(b™1) — Ku|| < C'b. (3.15)

Using (3.1) we arrive at:
supo(Kp) < supo(Ky) + C'b. (3.16)

We now want to interchange K} and K in the above inequality, which would lead to sup o(K3) <
supo(Kp) 4+ C b and thus: } )
|supo(Kp) —supo(Kyp)| < C b,

which together with (3.4) would imply:
[E4+(b) — EL(0)[ <Cb, b=0.

The key step in the proof of (3.16) was (3.11). Since Kp(x,x') = e~ ?**) [ (x,x') we can
write (use (3.9) in the second line):

(Ko, ) = Y e 0 Ry (x, x" Yo ()b (x)

x,x’ el
——— 47 sinh(2bt) -~ , bjx — x'|? ,
- RSN e XX : ). (3.1
/. iy 3 oI Rt e | 1y |G v Gty i) (317

Now everything will work as before, because the phase eibp(xx) changes neither the localization
nor the C? norm of the operators. The proof for the upper spectral edges is over.

The proof for the lower spectral edges is based on an estimate which is very similar with (3.12),
in which we reverse the inequality and show that inf o(Kj}) > inf o(Ay(t)) for all t. We give no
further details.

4 Proof of (iii)

The idea is to reduce the problem to the previous case. Again it is enough to consider by = 0
and b > 0 small enough. Assume that K has a gap in its spectrum of the form (e_, e, ), with
e+ € o(K). Then due to (i) we know that if b is small enough the gap will survive: we can choose
a positively oriented circle L in the complex plane containing ¥4 (b) := o(Kj) N (e+(b), 00) such
that

dist(z,0(K3)) > n >0 whenever z€ L and 0<b<b,.

The orthogonal projector P, corresponding to ¥ (b) can be written as a Riesz integral and we
have:



b, = L (Ky — 2)"'dz, KyP, = L/ 2(Kp —2)"tdz, b>0. (4.1)
27T L 2’/T L

If we consider K, P, as an operator living on the whole space [2(T), then its spectrum is given
by the union {0} U X (). If we choose A := 1+ supo(K), then for b small enough the operator
Dy := Ky Py — APy will have info(Ap) = e (b) — A < —1/2. Thus ey (b) = A + inf 0(A4), hence
e+ (b) is Lipschitz at b = 0 if inf 0(Ap) has the same property. This is what we prove next:

Lemma 4.1. Let Dy, = K, Py— AP, with A := 1+supo(K). Then there exists by > 0 small enough
and a constant C > 0 such that for every 0 < b < by we have |inf o(Dy) — inf o(Dy)| < C'b.

Proof. Remember that we imposed o > 4. We have that ||Kp||pe = ||K||ne < oo for all b.
According to Lemma 1.1, there exists 8 > 3 such that ||Kp||cs = || K]|cs < 0o. Then if b is smaller
than some constant only depending on L, Proposition 2.1 tells us (K — z)~! € HP for all z € L
and sup,¢ ||(Kp — 2) 7Y |ns < C. Thus both P, and Dy, belong to H” if b is small enough. More
precisely, there exists by > 0 sufficiently small such that

max{|| P[5, || Do|lns} < C, 0 <b < b (4.2)

If G(x,x’; 2) is the integral kernel of (K —z) ™!, then we introduced at point (i) the operator Sy(z)
given by the kernel e?*X)G(x,x'; z). Using (2.7) we can write:

sup (K —2) 7 = Sp(2)|| < C b, (4.3)
zE

provided b is small enough. Denoting by Dy the operator given by the integral kernel
i

Dy(x,x') == —/L(z - NG (x,x';2)dz

2

and by (Do), the operator generated by e®*(X)Dj(x,x’), then using (4.3) we arrive at the
estimate:

[|Dy — (Do)p|| < Cb whenever 0<b< bs. (4.4)

It follows that inf o(Dy) is Lipschitz at b = 0 if inf o((Dg)p) has the same property. But for the
operator (D), we can apply point (i), and the proof is over.
O

5 Appendix: proof of Proposition 2.1

Denote by G(x,x’; 2) the integral kernel of (H — 2)~1. If a = 0 we have

1
roV2 -1 2
);‘G(X,X,Z” = H(H Z) 6X’|| < {diSt(Z,U(H))}2

uniformly in x’; an estimate which is in fact much better than (2.1). So from now on we may
assume that a > 0.

For k € R? define the unitary multiplication operator Uy by (Uxf)(x) = e®*f(x). Define
the family of isospectral operators Hyx = UxHU, with integral kernels given by Hy(x,x’) =
e*(x=x) [ (x, x'). We need the following technical result:

Lemma 5.1. Let H be an element of C*. Let n be the integer part of a. Then the mapping
R? 5 k — Hy € B(I*(T))

is n times continuously differentiable in the norm topology. Moreover, any n’th order mized partial
derivative of Hyx is o —n Hélder continuous at k = 0 in the norm topology.



Proof. Assume that k = (k;,kz). The integral kernel of Hy is e®**)H(x x'). Let n be
the integer part of a. Then Hy is n times differentiable in the norm topology with respect to
kj, j € {1,2}, and its n’th mixed partial derivative 9} 0; "™ Hy is given by the integral kernel
(@ — 2))™(zg — xh) e X) H(x x’). This integral kernel defines a bounded operator
because |(z1 — x])™(x2 — x4)" ™| < (x — x’)™ and then we can use (1.1).
For the Holder continuity statement, we use the estimate |’ *=x) — 1| < 21-F |k|P|x — x/|#
which holds for every 0 < g < 1.
O

Now let z € p(H). Denote by Gy (x,x’; 2) the integral kernel of (Hy —2)~!. Due to the identity
Ux(H — z)"'U; = (Hx — 2)~! we have:

Gi(x,x';2) = e X)G(x,x'; 2). (5.1)

Let us denote by n the integer part of . We can suppose that n > 1 since the case 0 < a < 1 is
covered by the argument below.
From the identity

(Hw —2) ' = (He — 2)"' = —(Hw — 2) "' [Hw — Hy](Hx — 2) 7" (5.2)
and from Lemma 5.1 we conclude that the map
R? >k (Hy —2)"' € B(I*()
is continuous in the norm topology, and also differentiable. We have:
Dy(Hy — 2)" ' = —(Hy — 2) " [Di Hy] (Hy — 2) 1. (5.3)
Using this identity at k = 0 in (5.1) leads to:
(x —x)G(x,x';2) = —((H — 2) " [Dx HyJx—o (H — 2) 155, 05
which gives:
107 =2 e < € (s e + Tt
This is true because we have the pointwise bound

(x=x" < (14 for — 2]+ |2 — 25))* < Bmax{l, oy — a1, |2 — 25))

2
<3Y 4> 3%y — )| (5.4)

j=1

By induction we obtain the following rough estimate:

16 = 2 e < O (gmrrmarmrer VI8, + Gy ) (5.5)

Now let us assume that n < o < n + 1. The integral kernel of the n’th partial derivative of
(Hy — z)~! with respect to k; is given by i"e™ =x)(z; — 2/)"G(x,x’; z). Moreover, using (5.3)
and Lemma 5.1 we conclude that the operator 7 (Hi —z)~" is @ —n Holder continuous at k = 0.
Let k = (k1,0). We also have the identity:

i (e* =) — 1) (g — 20)"G(x, x5 2) = ([0f, (Hyy — 2) ™" = 0, (Hy, = 2) ™ l=o]dr, )

The following norm estimate holds true according to Lemma 5.1:

_ _ _ Higd! 1
n _ 1__a9n _ . < a—n || C ) .
H[akl(Hkl Z) akl (Hkl Z) |k70]|| = C|k1| (diSt(Z,O’(H))n+2 + diSt(Z,O’(H)) (5 6)



It means that the following integral converges in norm and defines a bounded operator:

00
7 ! m - n _
H ::/O W[akn(Hkl - Z) o akl(Hkl — z) 1|k:0]dk1.

Its integral kernel is given by

1
k%Jrafn

oo
G(x,x';2) = i"(xy — x})"G(x,%/; z)/ (e (1=21) _ 1) dk,.
0

Assuming without loss of generality that 21 — 2} # 0, and by a change of variable s = k1 /|z1 — 2
we obtain:

1

77;71(61’5 sign(z1—z}) _ 1)ds
Sl+a—n

Gl x52) = oy = 4 "oy 1) G, 2) [
0
Notice that the above integral only has two possible values C'y. both different from zero, depending
on the sign of 1 —z1. Since G(x,x’;2) = (Hox, 0x) = Cx(x1,21) |v1—21 % (21 —2))"G(x,%'; 2)
with |Cy (z1,2])| > C it follows that

sup 3 [a1 — 22 |G(x, x:2)? < C2| |1

!
x'e xel

This argument can be repeated for the other coordinate and bound the {? norm of (-—x/)*G(-,x’; 2)
using (5.4). The proof of Proposition 2.1 is over.



