Notes for the course Operatorer i Hilbertrum

Horia Cornean!, d. 09/12/2013.

Disclaimer: all theorems presented here are nothing more than very detailed versions of some
fundamental results which can be found in a number of excellent books by Walter Rudin (Princi-
ples of mathematical analysis, Real and complex analysis and Functional analysis) and Peter Lax
(Functional analysis).

1 The natural topology of a metric space

Let (X, d) be a metric space. We define the open ball of radius r > 0 and center at a € X the set
By(a) :={z € X : d(z,a) < r}.

Given aset A C X and a € A, we say that a is an interior point of A if there exists r > 0 such
that B,(a) C A. The set of all interior points of A is denoted by Int(A). We say that A is an open
set if all its points are interior points, i.e. Int(A) = A. By convention, the empty set @) is open.

Lemma 1.1. Any ball B,(a) is an open set.

Proof. Let xp € By(a). We have that d(xo,a) < r. Define ry := (r — d(z¢,a))/2 > 0. Then for all
x € By, (zo) we have that d(x,x0) < ro and:

d(z,a) < d(z,x0) + d(xg,a) < (r — d(zg,a))/2 + d(zg,a) = (r + d(zo,a))/2 < r,

which shows that B,,(z9) C Br(a). Thus B,(a) has only interior points. O

Lemma 1.2.
(i). Let {Va}acr be an arbitrary collection of open sets. Then A := U,V, is open.
(ii). Let {V;}}_, be a finite collection of open sets. Then B :=Nj_,Vj is open.

Proof. We start with (i). Let a € U,V,. There must exist o, € F such that a € V,,,. Since V,,
is open, there exists r, > 0 such that

B, (a) CV,, CUV,=A4

hence a is an interior point of A.

We continue with (ii). Let a € N}_;V;. Thus a € V; for all j. Hence there exists r; > 0
such that B, (a) C Vj. Let r := min{ry,...r,} > 0. Thus B,(a) C B,,(a) C Vj for all j, hence
B, (a) C B and we are done.

O

We say that a set A C X is closed if A°:={x € X : x & A} is open. Given a set B C X and
b € X, we say that b is an adherent point of B if there exists a sequence {zy, }n>1 C B such that
Zp € B1(b) and lim,,—, o x,, = b. The set of all adherent points of B is denoted by B.

Theorem 1.3. Let B C X. Then B C B. Moreover, B = B if and only if B is closed.

Proof. If a € B we can define the constant sequence z,, = a € B which converges to a, thus a € B
and B C B.

Now assume that B = B. We want to prove that B is closed, i.e. B¢ is open. Let a € B¢ = B
Then a is not an adherent point, which means that there exists € > 0 such that no point of B lies
in the ball B.(a). In other words, B.(a) C B¢, hence B® is open.
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Now assume that B is closed. We want to prove that B = B. Assume that this is not true; it
would imply the existence of a point b € B such that b € B®. Since B¢ is open, there exists € > 0
such that B.(b) C B¢, i.e. B¢(b) N B = (). But this is incompatible with b € B.

O

2 Compact and sequentially compact sets

Definition 2.1. Let A be a subset of a metric space (X,d). Let F be an arbitrary set of indices,
and consider the family of sets {Og}acr, where each O, C X is open. This family is called an
open covering of A if A C U,cr Oa-

Definition 2.2. Assume that {Ou}acr is an open covering of A. If F' is a subset of F, we say
that {Oa}aecr is a subcovering if we still have the property A C U,cr Oa- A subcovering is
called finite, if F' contains finitely many elements.

Definition 2.3. Let A be a subset of a metric space (X,d). Then we say that A is covered by a
finite e-net if there exists a natural number Ne < oo and the points {x1,...,xn.} C A such that
AC U;\’:el Be(x;).

Definition 2.4. A subset A C X 1is called compact, if from any open covering of A one can extract
a finite subcovering.

Definition 2.5. A C X is called sequentially compact if from any sequence {, }n>1 C A one can
extract a subsequence {x,, }r>1 which converges to some point T € A.

We will see that in metric spaces the two notions of compactness are equivalent.

2.1 Compact implies sequentially compact
We begin with two lemmas:

Lemma 2.6. Assume that the sequence {xp}tn>1 C A has a range consisting of finitely many
points. Then it admits a convergent subsequence whose limit is one of the elements in the range.

Proof. Assume that the range of the sequence consists of the distinct points a1, as, . ..,an. At least
one of these points, say a1, is taken infinitely many times by the sequence elements. Denote by ny
(with k& > 1) the increasing sequence of indices for which z,, = a;. This defines our convergent
subsequence. O

Lemma 2.7. Assume that the sequence {xyn}n>1 C A has an accumulation point a € A, i.e. for
every € > 0 there exists some x, # a such that x,, € Be(a). Then {x,}n>1 admits a convergent
subsequence whose limit is a.

Proof. Since a is an accumulation point, there exists an index j > 1 such that x; # a and
x; € Bi(a). Denote by ny the smallest index for which these two properties hold true. Let
r1:=d(n,,a) > 0. Define ny to be the smallest index j for which x; # a and z; € By, 11 (a).

We must have ny > ny since z,, € Bj(a); moreover, because ry := d(zp,,a) < ri, we cannot
have n; = no. In general, if & > 2 we define n; to be the smallest index j for which z; # a
and z; € Byngp,_,,1y(a); moreover, since 7y, := d(2n,,a) < rg—1 < -+ < 71, we must have

ng > --- > ni. Then {ny}r>1 is a strictly increasing sequence and 0 < d(z,,,a) < 1/k. This
shows that {x,, }x>1 is a subsequence which converges to a. O

Theorem 2.8. Let A C X be compact. Then A is sequentially compact.



Proof. We will assume the opposite, i.e. there exists a sequence {z,},>1 with no convergent
subsequence in A. Such a sequence must have an infinite number of distinct points in the range,
due to Lemma 2.6. Moreover, we can assume that {z,},>1 has no accumulation points in A
(otherwise such a point would be the limit of a subsequence according to Lemma 2.7).

Since no = € A can be an accumulation point for {z,},>1, there exists €, > 0 such that the
ball B, (z) contains at most one element of the range of {zy }n>1-

Clearly, {B.,(z)}zca is an open covering for A. Because A is compact, we can extract a finite
subcovering from it:

N
AC U Beyj(yj), N <oo, {y1,...,yn} C A.
j=1

Now remember that {z,},>1 € A C U;\f:l Beyj (y;) and at the same time, there are at most N

distinct points of the range of {zy}n,>1 in the union U;\f:l B, (y;). We conclude that {z,}n>1
can only have a finite number of distinct points in its range, thus it must admit a convergent
subsequence according to Lemma 2.6. This contradicts our hypothesis. O

2.2 Sequentially compact implies compact
The proof of this fact is slightly more complicated. We need two preparatory results:

Proposition 2.9. Let A be a sequentially compact set. Then for every e > 0, A can be covered
by a finite e-net (see Definition 2.3).

Proof. If A contains finitely many points, then the proof is obvious, thus we may assume that
#(4) = oo.

Now suppose that there exists some ¢y > 0 such that A cannot be covered by a finite ep-net.
This means that for any N points of A, {z1,...,xx}, we have:

N
A ¢ | By (). (2.1)

Jj=1

We will now construct a sequence with elements in A which cannot have a convergent subse-
quence. Choose an arbitrary point 3 € A. We know from (2.1), for N = 1, that we can find
2 € A such that o € A\ Be,(z1). This means that d(z1,x2) > €. We use (2.1) again, for
N =2, in order to get a point x5 € A\ [Be,(21) U Be,(x2)]. This means that d(xs,z1) > € and
d(zs,x2) > €o. Thus we can continue with this procedure and construct a sequence {x, },>1 C A
which obeys

d(zj,x1) > €0, j#k.
In other words, we constructed a sequence in A which cannot have a Cauchy subsequence. This
contradicts Definition 2.5. O

The second result states that a compact set is bounded:
Lemma 2.10. Let A be a (sequentially) compact set. Then there exists a ball which contains A.

Proof. We know that A can be covered by any finite e-net; choose ¢ = 1. Then here exist N points
of A denoted by {z1,...,xn} such that A C UjV:1 By (z;).

Denote by R = max{l + d(z;,zx) : 1 < j,k < N}. Then we have B;(z;) C Br(x1) for every
j, thus A C Br(x1) and we are done. O

Let us now prove the theorem:

Theorem 2.11. Assume that A C X is sequentially compact. Then A is compact.



Proof. Consider an arbitrary open covering of A:

AC an.

aEF

We will show that we can extract a finite subcovering from it.

For every = € A, there exists at least one open set O, such that z € Oy (,). Because Oy ()
is open, we can find € > 0 such that B.(z) C Oy (y).

For a fixed x, we define the set

E, :={r > 0: there exists o € F such that B.(z) C O,} C R.

From the above argument we conclude that no F, is empty. Moreover, if r € F,, then the open
interval (0,r) is included in E,.

If for some = in A we have an unbounded F,, it follows that for every r > 0 we can find some
open set O, such that B,(z) C O,. But if r is chosen to be large enough, it will contain the ball
we constructed in Lemma 2.10, thus O, will also contain A. In this case we found our subcovering,
which consists of just one open set.

It follows that we may assume that all the sets F, are bounded intervals admitting a positive
and finite supremum sup F,. Define 0 < ¢, := %sup FE,. < sup F,. Note the important thing that
€, € E,. Let us also observe that:

Ac |J B, (x)C | Oa. (2.2)

z€A acF

The first inclusion is obvious, while the second one follows from the above discussion.
We now need to prove a lemma:

Lemma 2.12. If A is sequentially compact, then

inf €, =: 2¢¢ > 0.
r€eA r 0

In other words, there exists eg > 0 such that Be,(z) C Be, (), for every x € A.

Proof. Assume that inf,c 4 €, = 0. This implies that there exists a sequence {x,,},>1 C A such
that e,, < 1/n for every n > 1. Since A is sequentially compact, there exists a convergent
subsequence {x,, }r>1 which converges to a point 2y € A4, i.e.

lim z,, = zo. (2.3)
k—o0

Because g belongs to A, we can find an open set O, (,,) which contains g, thus we can find
€1 > 0 such that
B€1 (:L'o) c Oa(ﬂcg)' (24)

Now (2.3) implies that there exists K > 0 large enough such that:
d(xn,,x0) < €1/4, whenever k> K. (2.5)

If y belongs to B, /4(2n,) (i.e. d(y,zn,) < €1/4), then the triangle inequality implies (use also

(2.5)):
d(y,xo) < d(y, xpn,) + d(Tn,,x0) < €1/2 < €1, k>K.

But this shows that we must have y € B, (o), or:

Bfl/4(xnk) C B, (z9) C Oa(xo), VE > K. (2.6)

Thus we got the inclusion
Bel/4(l‘nk) - OQ(ZO), Vk > K,



which shows that €;/4 must be less or equal than 2e,, , or €1/8 < ¢, , for every k > K. But
this is in contradiction with the fact that e, < 1/n for every n > 1. O
Finishing the proof of Theorem 2.11. We now use Proposition 2.9, and find a finite ey-net for A.
Thus we can choose {y1,...yn} C A such that

N N N
AC U B, (yn) c U Beyn (yn) C U Ohn,
n=1 n=1

n=1

where O,, is one of the possibly many open sets which contain B, (y,). We have thus extracted
our finite subcovering of A and the proof of the theorem is over. O

2.3 The Bolzano-Weierstrass Theorem
We start with the case in which the metric space is R with the Euclidean distance.

Theorem 2.13. Let {z,} C R be a bounded real sequence, i.e. there exists M > 0 such that
|zn| < M for all m > 1. Then there exists a subsequence {zn, }r>1 and some s € R such that
limg o0 Tn, = S.

Proof. We have that —M < z,, < M for all n. Define by a; := —M and by := M. Since either
-M <z, <0o0r0 <z, <M for any given n, it follows that at least one of the two intervals
[-M, 0] and [0, M] must contain z,, for infinitely many different values of n. If there are infinitely
many indices such that x,, € [—M,0], then define ay := a; and by := (ay 4+ by)/2. If this is not
true, then define as := (a1 +b1)/2 and by := by. If the first case holds true, we define n; to be the
smallest index n for which —M = as < x,, < by = 0, while if the second case is true, we define nq
to be the smallest index n for which 0 = ay < z,, < by = M.

In either case, we know that there exist infinitely many indices n such that as < x, < by, and
ny is the smallest of them. If the interval [ag, (a2 + b2)/2] contains x,, for infinitely many values
of n, then define a3 := as and bs := (ag + b2)/2. If this is not true, then define a3 := (a2 + b2)/2
and bz := by; the interval [ag, b3] will thus contain x,, infinitely many times. We can thus choose
ng to be the smallest index n > n; for which a3 < z, < b3. By induction, for a given k& > 1,
we can construct ny > ngx_; > --- > n; such that apy; < x,, < bpy1, where either ap41 = ai
and bgy1 := (ar + bg)/2 (if the interval [ax, (ar + bg)/2] contains x, infinitely many times),
or agy1 := (ag + bg)/2 and byy1 := by otherwise. By construction we have that a; < a1 and
br+1 < by for all k. Moreover, ay, < by, for all k, and in particular ay, < by = M and a; = —M < by.
By induction, we can also prove that by —ay = (by — ay)/2 1.

Thus {ax}r>1 is increasing and bounded from above, hence it converges to a = sup> a.
The sequence {by}r>1 is decreasing and bounded from below, thus it converges to 8 := infkgl bi.
By taking the limit & — oo in the equality by — ax = (by — a1)/2¥~! we conclude that a = 3.
Since ay, < @, < by, by the comparison theorem it follows that {z,, }x>1 is convergent and has
the limit s :== a = j.

O

We can generalize this result to R?, with d > 2. Without loss of generality, assume that d = 2;
the general case follows by induction. If x = [u,v] € R?, then we define ||[x|| = Vu2 + v2. Clearly,
max{|ul, |v|} < [|x|| < |u| + |v|. The Euclidean distance between two vectors x = [u1,v;] and
y = [uz,vs] is given by d(x,y) = ||x — y|| = \/(u1 — u2)? + (v1 — v2)2. It is easy to check that
d(x,y) < |uy — us| + |v1 — val.

Now assume that the sequence {x,},>1 C R? is bounded, i.e. there exists M > 0 such
that ||x,|] < M for all n. We denote the components of x,, with [u,,v,]. The real sequence
{tun}n>1 C R is also bounded by M, thus from Theorem 2.13 it follows that we can find a
subsequence {u,, }x>1 which is convergent to some ¢ € R, i.e. limy_yo0 Uy, = t. Define zi 1= v, ;
then {zx}r>1 is also bounded by M and according to Theorem 2.13 we can find a subsequence
{2k, }j>1 which is convergent to some s € R, i.e. lim; ;. 2x, = 5. Thus we have that Un,,, converges

to s while Uy, still converges to ¢, as a subsequence of the convergent sequence {uy, }x>1-



Define y := [t,s]. We have 0 < d(xnkj,y) < |unkj —t|+ |vnkj — s| for all 7 > 1, which shows
that y is the limit of {xy, };>1.

2.4 The Heine-Borel Theorem
Lemma 2.14. Let A be a compact set in a metric space (X,d). Then A is bounded and closed.

Proof. We already know that a compact set A is bounded (see Lemma 2.10). Let us prove that it
is closed. Assume it is not. According to Theorem 1.3 it means that there exists an adherent point
a € A which does not belong to A. Being an adherent point, there exists a sequence {z,, },>1 C A
which converges to a, thus all of its subsequences must converge to the same limit. Since A is
(sequentially) compact, there exists a subsequence {z,, }x>1 which converges to some point of A,
which has to be a. This contradicts the fact that a & A.

O

Theorem 2.15. Consider R? with the Buclidean distance. In this metric space, a set A is (se-
quentially) compact if and only if A is both bounded and closed.

Proof. The previous lemma showed that a compact set is always bounded and closed; this fact
holds for all metric spaces, not just for the Euclidean ones.

If the space is Euclidean, then we can also show the reversed implication. Assume that A
is bounded and consider an arbitrary sequence {z,}n>1 C A. The Bolzano-Weierstrass theorem
implies the existence of a subsequence {z,, }x>1 which converges to some point a € R?. Thus
a € A, and due to Theorem 1.3 we know that A = A, thus a € A. This proves that A is sequentially
compact, therefore compact.

O

3 Continuous functions on metric spaces
Let (X, d) and (Y, p) be two metric spaces. If A C X, the image of A through f is the set
f(A):={y €Y : there exists z, € A such that f(z,) =y} C Y.
If B C Y the preimage of B through f is the set
fHB) :={z € X : suchthat f(r) € B} C X.
Note that the notation f~!(B) does not imply that f is invertible.
Lemma 3.1. If Ay C Ay C X and By C By C Y then f(A1) C f(A2) and f~1(By) C f~1(By).

Proof. We only prove the first inclusion. Assume that y € f(A;). Then there exists z, € Ay such
that f(z,) = y. But at the same time x, € Ag, hence y € f(As). O

A map f: X — Y is said to be continuous at a point a € X if for every € > 0 there exists
0 > 0 such that

Bs(a) € f~H(Be(f(a))), (3.1)
which implies that f(Bs(a)) C Be(f(a)). The function is continuous on X if it is continuous at
all the points of X.

Theorem 3.2. A function between two metric spaces f : X — 'Y is continuous on X if and only
if for every nonempty open set V. C'Y we have that f~*(V) is open in X.



Proof. First we assume that f is continuous on X. Let V a nonempty open set in Y. If f=1(V) is
empty then we know that it is open. Otherwise, let a € f~*(V). Thus f(a) € V. Since V is open,
f(a) is an interior point of V| thus there exists € > 0 such that B.(f(a)) C V. Applying Lemma
3.1 we get that f~1(B.(f(a))) C f~1(V). But from (3.1) it follows that Bs(a) C f~1(V), thus a
is an interior point.

We now assume that f returns any nonempty open set V of Y in an open set f~(V) of X.
Fix a € X. Let ¢ > 0 and consider the ball B.(f(a)). Lemma 1.1 implies that V' = B.(f(a))
is open in Y. Thus f~!(B.(f(a))) must be open in X. Since a € f~*(B.(f(a))), it must be an
interior point. Thus there exists § > 0 such that Bs(a) C f~1(B.(f(a))), which shows that f is
continuous at a.

O

Let (X,d) and (Y, p) be two metric spaces and consider a subset A C X. We can organize A
as a metric space with the natural distance d4 induced by d. We say that the map f: A— Y is
continuous on A if it is continuous between the metric spaces (A, d4) and (Y, p).

We say that f : A — Y is sequentially continuous at a point a € A if for every sequence
{Zn}n>1 C A which converges to a we have that {f(x,)}n>1 C Y converges to f(a). We say that
f: A—Y is sequentially continuous on A if it is sequentially continuous at all points of A.

Theorem 3.3. With the above notation, consider a map f: A—Y. Then f is continuous on A
if and only if it is sequentially continuous on A.

Proof. First, assume that f is continuous at a € A. Consider any sequence {z,},>1 C A which
converges to a. From (3.1) we know that for every e > 0 we have that p(f(z,), f(a)) < € if
d(z,,a) < . But the second inequality holds if n is larger than some N5 > 1. Thus {f(z,)}n>1 C
Y converges to f(a).

Second, assume that f is sequentially continuous at a € A. We will show that f must be
continuous at a. Suppose this is not true: it means that there exists € > 0 such that for all § > 0
we have that Bs(a) ¢ f~1(Be,(f(a))). By letting § = 1/n for all n > 1, we can find a point
Tn € Bi(a) such that f(zn) & Be,(f(a)), or p(f(zn), f(a)) = €. In this way we constructed
a sequence {z,}n>1 C A which converges to a while {f(z,)}n>1 does not converge to f(a),
contradiction.

O

Theorem 3.4. With the above notation, consider a continuous map f : Aw—Y where A C X is
compact. Then f(A) is compact.

Proof. We show that f(A) is sequentially compact. Let {y, }n>1 C f(A) be an arbitrary sequence.
There exists {, }n>1 C A such that f(z,) = y,. Since A is sequentially compact, there exists
a subsequence {zn, }x>1 C {Zn}n>1 which converges to some point a € A. But f is sequentially
continuous at a, hence y,, = f(xn,) converges to f(a) € f(A). Hence f(A) is sequentially
compact.

O

The next lemma recalls a general result which says that real continuous functions defined on
compact sets attain their extremal values. See also Theorem 10.61 in Wade.

Lemma 3.5. Let (X,d) be a metric space and let H C X be a compact set. Let f : H — R
be continuous on H. Then there exist x,, and xpr in H such that f(xay) = sup,cy f(z) and

f(xm) = infﬂceH f(aj)



Proof. We only prove this for sup,cpy f(x). Let B := f(H) C R. Let us show that there exists a
sequence {z,}n>1 C H such that lim, o f(z,) = sup,cy f(x) = sup(B).

Since B is compact, it is bounded. Thus sup(B) = sup,cy f(z) < co. For every n > 1 we
know that sup(B) — 1/n is not an upper bound for B, thus there must exist x, € H such that
sup(B) — 1/n < f(z,) < sup(B). Thus lim,_, f(z,) = sup(B).

Because H is compact, we can find a subsequence {x,, }x>1 which converges towards some
point @ € H. Since f is continuous, we have that limy_,o f(zn,) = f(a). Since {f(xn,)}r>1 is a
subsequence of the convergent sequence {f(zy)}n>1, we must have f(a) = sup(B). Thus we can
choose x s to be a.

O

We say that f: A+ Y is uniformly continuous on A if for every € > 0 there exists § > 0 such
that p(f(x), f(y)) < € as soon as z,y € A and d(x,y) < §. Clearly, if f is uniformly continuous on
A then it is also continuous. The next result gives sufficient conditions for the reciprocal statement:

Lemma 3.6. Let (X,d) and (Y, p) be two metric spaces and let H C X be a compact set. Let
f:H—Y be continuous on H. Then f is uniformly continuous on H.

Proof. Assume that the conclusion is false. Then there exists ¢y > 0 such that regardless how large
n > 1is, we may find two points z,, and y,, in H which obey d(z,,y,) < % and p(f(zn), f(yn)) >
€o. Since H is sequentially compact, there exists a subsequence {2y, }r>1 which converges to some
point a € H. Because d(yy,,a) < ¢ + d(zn,,a) for all k > 1, it follows that y,, also converges to
a. The function f is sequentially compact at a, thus both f(x,,) and f(yn,) converge to f(a). In
particular, this contradicts our assumption that p(f(zn,), f(yn,)) > €o for all k.

O

4 Elementary considerations about measurability

Definition 4.1. Consider a set X. We call the collection of sets & to be a o-algebra if the
following three conditions are fulfilled:

1. X e6;
2. IfA€ S then A=X\Aec6;
3. If each Aj € & for j > 1, then A:=Uj2,A; € 6.

Note that from the definition of & we conclude that ) = X¢ ¢ &, and moreover, since
( U 55 ) =15
j=1 j=1

it follows that any countable intersection of elements of & is also an element of the o-algebra.
Also, since A\ B = AN B¢, it follows that set differences belong to &, too.

Proposition 4.2. Let 7 denote the set of all open sets in X (called the topology). Then there
ezists a o-algebra &, which contains T, and S, is also contained in any other o-algebra which
contains 7. We call &, as the Borel o-algebra, and its elements are called Borel sets.

Proof. Denote by P(X) the set of all subsets of X. This is the maximal o-algebra, which clearly
contains the topology 7, hence the set of all o-algebras S, containing 7 is not empty. Define
S, :=[)S; to be the intersection of all these o-algebras. We have that 7 C &, and &, C S; for
all S, thus we only need to show that &, is a o-algebra.



We have that X € S, for all S;, hence X € &,. If A € &, it follows that A € S; for all S,
hence A¢ € S; for all S;, thus A° € &,. Finally, assume that A; € &, for j > 1. Then given any
Sr we have that A; € S; for j > 1. Since S; is a o-algebra, we have that A = U?‘;lAj € S, for
all S;. Thus A € &, and we are done.

O

Let X and Y be topological spaces with the topologies 7, and 7,,. Consider the corresponding
Borel o-algebras 6, and &,,.

Definition 4.3. We say that f : X — Y is (Borel) measurable if f~1(V) € &, for every open set
Vcy.

Clearly, every continuous function is Borel measurable, because in this case f~1(V) is open in
X, see Theorem 3.2. The next result shows that if a map is Borel measurable, then f~1(B) € &,
for every Borel set B € &,,.

Proposition 4.4. Let f: X — Y be Borel measurable. Denote by
Q:={BcCY: f1(B)ec&,}.
Then § contains all open sets in'Y and it is a o-algebra. Thus &, C €.

Proof. Clearly, if B is open then f~!(B) is measurable and belongs to &,. Thus ) contains all
the open sets. If we can prove that () is a o-algebra, then it must contain &,,.

First, Y € Q because X = f~1(Y) € &,. Second, if A € Q we have that f~1(A) € &, hence
J7HAY) = X\ f71(A4) € &, and A° € Q. Third, if 4; € Q for all j, we have f~1(U;A;) =
Ujf_l(Aj> € 6;, thus U]‘Aj e .

O

We now consider an important particular case, where we allow f to take infinite values. Here
Y = RU{£o0} := [—00,00]. The set Y is not a metric space but we can see it as a topological
space containing all the open sets of R together with sets of the type (o, 00| and [—o0, a) which
are by definition open sets containing +oco. The next result gives a very useful criterion for when
a function is Borel measurable.

Theorem 4.5. Let f : X +— [—00,00]. If for every a € R we have f~1((a,0]) € &, then f is
Borel measurable.

Proof. We have to prove that for every possibile open set V C [—o0, 00] we have f~1(V) € &,.
First, we note that f=1([—o00,3]) = X \ f71((B,]) € &, for all 3 € R. Moreover, we have:

=00, 8) = | fH([=o0, 8= 1/n]) € &,

n>1

and f~!(Ja,00]) = X\ f7Y([~00,)) € &,. Now if a < 3 we have:

(@ B)) = F M (e 00)) [V f M (=00, B)) € &s

which shows that every open interval is returned into a Borel set in X.

Now assume that V is some nonempty open set in R. Let I := QN V be the set of all rational
points which belong to V.

Define the set:

W:: U (a_Q7a+q)'
q€Qy4,a€l,(a—g,a+q)CV

Clearly, the above union is at most countable. Moreover,

f7Hw) = U f Y (a—qa+q) € &,,

q€Q4 ,a€l,(a—q,a+q)CV



hence if we can prove that W =V we are done.

One inclusion W C V is trivial, because all the intervals (a—gq, a+¢q) are included in V. We show
the other inclusion. For every x € V there exists r > 0 such that (x — r,z+r) C V. The point x
belongs to («, 8) and we can find a sequence of rational numbers a,, € Q such that lim,,_, a, = .
Moreover, there exists a sequence of positive rational numbers g; such that lim;_,, g; = r. Thus
we can find a,, € Q and ¢; € Q4 such that |a, — z| < /10 and |g; — r| < r/10. Thus

r—r<a,—¢q/2<r<an+qj/2<z+7T

which shows that « € (a, — ¢;/2,a, + ¢;/2) C W and we are done. O

Theorem 4.6. Let f, : X — [—00,00], n > 1, be a sequence of measurable functions. Define
f(x) =sup,>1 fu(x) and g(x) = inf,>1 fo.(x). Then both f and g are Borel measurable. Moreover,
the functions defined by liminf, . fn(z) and limsup,,_, . fn(z) are measurable.

Proof. We start with f. According to Theorem 4.5 we have to prove that
Ala) ={z e X: a< f(x)}

is a Borel set in X for every a € R. Denote by A,(a) :=={x € X : a < fo(2)} = f7 (o, 00]).
Because f,, is measurable, then each A, () is Borel. Since f,(z) < f(x) for every n, it follows
that A, (a) C A(a) hence {J,,~; An(a) C A(a).

Now assume that @ € A(a). This gives a < f(x). We can find n, large enough such that
a < fn,(x), hence x € A, (o) C U,;>1 An(®) C A(r). Thus A(a) C U,,>; An(), hence the two
sets are equal. But then A(«a) equals a countable union of Borel sets, hence it is a Borel set.

The proof for g is similar: one proves that

9 = £ (e, 0)).

n>1
Indeed, if z € g7 ([, o0]) then a < g(z) < f,.(z) for all n, hence x € f,, (|a, 00]) for all n. The
other way around: let = such that a < f,,(x) for all n. Then « is a lower bound and o < g(z),
1

x)
([a,

9 (eyod]) = |J g7 (Ja+ 1/n, o))

hence z € g~ !([er, 00]). Now since each f,, oo]) is Borel, it follows that g~ ([, 00]) is Borel.

Finally we use:

and we can apply Theorem 4.5.
For liminf and limsup: we note that

limint £, (@) = sup{inf f(x)}. lmsup f,(@) = inf {sup f,(x)}
k>1 n>k

k>1 n2>k

hence the problem is reduced to the previous two cases. O

The last thing we want to discuss here is the fact that continuous operations with real Borel
functions produce Borel functions. We start with a technical result:

Lemma 4.7. Let fi,fo : X + R be two Borel functions. Let F : X — R? with F(z) =
[f1(x), f2(x)] € R%. Then F is measurable. The same results holds if R is replaced with [—oo, c0].

Proof. Let V be an open set in R?. Let I = Q*N V. We denote by R(q,p, s) a rectangle centered
at a point ¢ € Q? and with side lengts p, s € Q. Reasoning as in Theorem 4.5 we can prove that

V= U R(q,p, s),

q€1,R(q,p,s)CV

10



where the union is at most countable. Each such rectangle can be written as a cartesian product
of the type (a,b) x (¢,d). Thus

F_l((a7b) X (Cv d)) = ffl((a7b)) ﬂffl((c, d)) € 6x,

and we conclude by using

Fv)= | F(R@ps) € Sx.
q€I,R(q,p,s)CV

If we work with [—o0, 00| instead of R then we have to allow the above rectangles to include
sets like (a, 00] X [—00,d) and all the other possible combinations. O

Theorem 4.8. Let ¢ : R? — R be a continuous function, and fi1,fo : X — R be two Borel
functions. Then the function:

X sz fi(x) = o(fi(z), f2(r)) €R
18 Borel measurable.

Proof. We note that f3 = ¢ o F', where F' was defined in Lemma 4.7. Let V open in R. Then
¢~ (V) is open in R? and f; *(V) = F~! (¢~ (V) is Borel. O

This proves in particular that the sum of two measurable functions is measurable.

5 Urysohn’s Lemma and partition of unity

We will assume in this section that our metric space X is locally compact, which means that for
every x € X we can find an open set W such that x € W and W is compact. Because of the metric
space structure, one can show that W can always be chosen to be an open ball whose closure is
compact. Indeed, since x is an interior point of W, we can find € > 0 such that

Beja(x) C Be(z) C W.
Since B /s(x) C W and W is (sequentially) compact, then B, s2(x) is also sequentially compact,
hence compact. Note that this does not mean that all bounded and closed balls are compact in
this space.
Let us start with a technical result:

Proposition 5.1. Let (X,d) be a locally compact metric space, K a compact set, V' open, and
K C V. Then there exists an open set U such that

KcUcUcCV

such that U is compact.

Proof. We know that for every x € K there exists ¢ > 0 such that B, s(z) is compact. Note that
for every ¢ < €/2 we have Bs(x) C B./2(z) and Bs(x) is also compact.
Since the same point € V and V is open, we can find ¢ > 0 such that B./(x) C V. Thus by
choosing a § smaller than both €/2 and € /2 we have that Bjs(z) is compact and Bs(z) C V.
Now since K is compact and K C |J,cx Bs(x), we can extract a finite subcovering U :=

U;.V:l Bs,(z;) C V, where U = Uivzl Bs,(x;) C V. Moreover, U is compact.

O
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We will give here a simplified proof of the Urysohn Lemma, only valid in metric spaces. We
say that a function f : X — C has compact support if the set

supp(f) :={r € X : f(z) # 0}

is compact. We denote the set of continuous and compactly supported functions on X by C.(X).

Theorem 5.2. (Urysohn’s Lemma). Let (X,d) be a locally compact metric space, K a compact
set, and V' a bounded open set such that K C V. Then there exists u € C.(X), 0 < u < 1, such
that u(x) =1 if x € K and u(x) =0 if z € V©.

Proof. We start with a technical result concerning closed sets. Let A = A be a closed set in X,
and define the real function

Xoze flx)=d(z; A) = irelgd(:v,y) eR.
y

Now let us show that f is uniformly continuous, and f(z) = 0 iff z € A. Indeed, if z,2’ € X
then f(z') < d(2',y) < d(a',z) 4+ d(z,y) for all y € X, which means that f(a') — d(2/,z) is a
lower bound for d(zx,y) for all y, which gives f(z') — d(z/,z) < f(z), or f(a') — f(z) < d(a/, ).
By symmetry, we conclude that |f(z') — f(z)| < d(2’,2) which immediately implies that f is
uniformly continuous.

Now if z € A, clearly f(z) = 0. The other way around: assume that f(x) = d(z; A) = 0. It
means that there exists a sequence of points y,, € A such that 0 = d(z; A) < d(z,y,) < 1/n. But
this means that y, converges to z, i.e. x is an adherent point of A, hence belongs to A.

Getting back to our problem, let us first construct the set U as in Proposition 5.1, which has
the property that K C U C U C V and U is compact. Note that both K and U¢ are closed sets.
We observe that we have d(z; K) + d(x; U°) > 0 for all . This is because either d(z;U¢) > 0 and
we are done, or d(z; U¢) = 0 which implies € U¢ and = ¢ K, in other words d(z; K) > 0.

Finally, the function we are looking for can be defined as:

_ d(z; U°)
U) = ST 1 d@ K

where the continuity is obvious, and by construction, supp(u) = U is compact. O

Theorem 5.3. Let (X,d) be a metric space, K a compact set, and {Vj}é\’:1 are bounded open sets
such that K C U;V=1 V;. Then there exist some continuous non-negative functions g; : X + [0,1],
je{l,...,N}, such that g;(x) =0 if x ¢ V}, and if h(z) := g1(z) + - - + gn(z), then 0 < h < 1,
h is compactly supported, h(z) =1 if x € K and h(z) =0 if x ¢ U;V:1 Vj.

Proof. For every x € K, there exists some j such that € V;. We can choose € > 0 such that

x € Bejo(w) C Be(w) CVj

and where B./5(z) is compact. We have the inclusion K C |J, ¢ x Be/2(x) from which we can find
a finite subcovering;:

M M
K C U B, j2(xm) C U B, j2(zm).
m=1 m=1

Each compact set B 2(:,) is included in some set Vj. Denote by K; the union of all closed
balls B, /2(2,) which are included in a given V;. Then Kj is compact and K; C V;. According
to Urysohn’s lemma, we can find a continuous, compactly supported function 0 < u; < 1 which
equals 1 on K and supp(u;) C Vj}, for all j € {1,...,N}.

Let us define g3 = w1 and go = ua(1 — g1). We see that the support of g5 is included in the
support of us, thus it must be compact (a closed subset of a compact set is compact). We also have

12



that 0 < g1 + g2 < 1. Moreover, g1 + g2 equals gy = u; =1 on Ky, equals g1 + (1 —g1) = 1 on Ko,
and g1 + g2 = 0 outside V; |J V2. The support of g1 + g2 is a closed subset of supp(g1) | supp(g2)
thus it must be compact.

In conclusion, 0 < g1 + g2 < 1 is compactly supported, equals 1 on K |J K> and equals 0
outside V; | J V2. Now let us assume that we constructed the compactly supported functions g1,...,
gm such that 0 < g1 + -4+ g < 1 equals 1 on U;n:1 K, and equals 0 outside U;”Zl V;. Then we
can construct gm+1 = Umt1(l —g1 — -+ — g ) and check that the induction step is fulfilled. Note
that h = g1 + -+ 4+ gn equals 1 on K because K C Ujvzl K;.

Remark. If y4 denotes the characteristic function of a set A, then we have:

0<gj=xv;, Xx=hsxyy v

6 The Riesz representation theorem

Again we assume that we work in a locally compact metric space (X,d). A map A : C.(X) — C
is called a linear positive functional if A is linear, and A(f) > 0 if f > 0. Note that this implies
the monotony property:

A(f)=—=Mg—f)+AMg) <Alg), if f<g (6.1)

Theorem 6.1. Let A be a positive linear functional on C.(X). Then there exists a sigma algebra
G in X which contains the Borel sets in X (in particular the open and compact sets), and there
exists a unique positive measure i defined on & such that:

(a). A(f) = [y fdu, for all f € Co(X);
(b). w(K) < oo if K is compact;
(c). For every E € & we have the identity:

p(E) =inf{u(V): ECV, Visopen};
(d). If E € & is either open or p(E) < 0o, we have the identity:
w(E) =sup{u(K): K C E, K is compact};

(e). Suppose that E € & with u(F) = 0. Then every subset A C E has the property that A € &
and p(A) = 0.

Remark. Although we will follow quite closely the presentation of Rudin, we will give more details
and try to explain things in a more pedagogical manner. The rest of this section is dedicated to
the proof of Riesz’ theorem, which will be split in a number of technical lemmas.

Lemma 6.2. If such a measure exists, then it is unique.

Proof. We assume that there exist two measures 1 and s which obey all the above five conditions.
We start by proving that py (K) = pe(K) for any compact set K.

Fix some compact K. Using (b) and (c) for po and E = K, we know that for every n > 1, we
can find some open set V,, with K C V,, such that

pa(K) < pia(V) < pa(K) + 1/m.

From Urysohn’s Lemma we know that we can find some function u, € C.(X) such that
XK < Uupn < Xv,. Then we have:

i (K) < /X (@) () = M) = /X n (2)djia() < 12(Viy) < pa(K) + 1.

13



Taking the limit, it gives p1(K) < pus(K). By swapping gy with ps in the above argument we can
also prove the reversed inequality, thus the two values must be equal.

Knowing that pq and pg coincide on compact sets, then due to (d) we conclude that pq (V) =
w2 (V) for every open set V. Note the important thing, that if V' is open, then u;(V) can be
infinite.

Now if E is any set in & which is neither open nor compact for which both p;(E) < oo, then
again (c) implies that p(E) = po(E).

The last possibility is when p1 (E) < oo and ps(E) = oo for some E which is neither open nor
compact. Since p1(E) < oo, from (c) there must exist some open set V' which contains E and
11 (V) < oo. But then pa(V) = 1 (V) < oo which shows that ps(E) < ua(V) < 0o, contradiction.

O

Now we start the construction of both & and u. First we consider a map F' defined on the
maximal o-algebra P(X) (consisting of all possible subsets of X), in the following way: if V is
open, then

F(V):=sup{A(f): feC.(X), 0< f<xv}, F(®) :=0, (6.2)

and if F is an arbitrary set which is not open then:
F(E):=inf{F(V): ECV, V open}. (6.3)

We observe that if U C V are open sets, then the inequality f < xy is implied by f < xy, thus
we have the inclusion:

{A(f): FeCe(X), 0<f<xu} C{A(f): felCu(X), 0<f<xv}

which imediately implies that F(U) < F(V'). This also shows that (6.3) is compatible with the
situation in which E is allowed to be open, since in this case F'(E) is a minimum because the
infimum is realized for V = E.

Lemma 6.3. Let F: P(X) — Ry defined as above. If E1 C Es, then F(E;) < F(E,).

Proof. We have already proved the monotony if F; and E5 are open sets. For the general case,
we observe that if V' is an open set such that Es C V, then we also have E; C V. This shows that
we have the inclusion:

{F(V): E; CV, Vopen} C{F(V): E; CV, V open},

thus F'(E) is a lower bound for the set {F(V) : Es C V, V open}, which leads to FI(Ey) < F(E»).
O

Definition 6.4. We define M C P(X) as the collection of all sets E for which F(E) < oo and
moreover, the following identity is satisfied:

F(E)=sup{F(K): K C E, K compact}. (6.4)
We are now ready to define our o-algebra G and the measure p.

Definition 6.5. We denote by & the collection of all the sets E which obey the condition that for
every compact set K, we have that E(K € M. We also denote by u the restriction of F to &.

In the rest of this section we will prove that & is a g-algebra containing all the Borel sets, and
that u is a positive measure obeying (a)-(e).

6.1 & is a o-algebra and p is a positive measure

Here we will more or less follow the ten steps (numberred from I to X) in Rudin’s book.
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6.1.1 StepI

We start with a general technical result which is valid for the map F:

Lemma 6.6. Let F': P(X) — Ry defined as above. If {E;}32, are arbitrary sets, then

F( [OJ Ej) < iF(Ej). (6.5)

j=1

Proof. Let us start by showing that if V; and V, are open sets, then F(V; U V) < F(Vy) + F(V3).
The set V = V1 U V4 is open, thus according to the definition of F'(V') we have to estimate the
supremum of A(f) for every f € C.(X) with f < xy. Denote by K the support of f. Then
K C V3 UVs, thus using the partition of unity theorem 5.3 we can find two C.(X) functions g; and
g2 such that g; < xy;, and g2 < xv,, such that g; + go = 1 on K. This means that f = fg; + fgo,
where fg1 < xv, and fga < xv,. Thus:

A(f) = A(fg1) + A(fg2) < F(W1) + F(Va),

inequality which shows that F'(Vy) + F(V2) is an upper bound for our set. Since F(V') is the
smallest upper bound, we must have F(V) < F(V;) + F(Va).
Now let us treat the general case. If there exists some i for which F(E;) = oo, the proof is
over. Hence we may assume that all F(E;) < oo.
Let us fix € > 0. According to formula (6.3), for every j > 1 we can find an open set V; such
that E; C V; and
F(E;) < F(V;) < F(Ej) +e27. (6.6)

Clearly, U;’;l E; C U;’il V;, thus using the monotony from Lemma 6.3 we have:
f(0m)=#((0)
j=1 j=1

Denote by V = U;’;l Vj; from Lemma 1.2 we know that V' is open. We have to estimate F'(V'). As
before, choose any f € C.(X) with f < xy. The support K of f is compact and K C V = U]O';l Vj.

Thus we can extract a finite subcovering, i.e. K C U,ivzl Vj,. Using again the partition of unity
theorem 5.3 we can find g1, ...,gn such that g; < xv;, and g1 +---+ gy =1 on K. Reasoning as
before, we have:

A =Afgr) +--+AMfan) S F(Vy,) 4+ F(Viy) <> F (V).
j>1
This inequality holds true for every f, thus:

(o9}

F(UE) <Fv) < FW).

j=1 i>1

Now using the second inequality in (6.6) we have:

F( G Ej) <3 F(E) +e

j=1 j>1

which finishes the proof.
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6.1.2 Step II

Step 2 in Rudin’s proof corresponds to the next lemma, which coupled with the monotony property
and (6.4) it shows that every compact set belongs to M and obviously to &.

Lemma 6.7. Let F: P(X) — Ry defined as above. If K is compact, then F(K) < oo.

Proof. Every compact set is bounded, thus there exists some ball V' such that K C V. According
to Lemma 5.1, we can always find an open set U with U compact such that K c U c U C V.
Due to Urysohn’s lemma we can find a function f,, € C.(X) such that x < fu < xv. Thus for
every f € C.(X) with 0 < f < xy we must have f < f, and hence A(f) < A(f,). Taking the
supremum over all such f’s, according to (6.2) we must have F(U) < A(fy) < oo. Then (6.3)
finally implies F'(K) < F(U) < o0. O

6.1.3 Step III
This step is split into two lemmas.
Lemma 6.8. Let f € C.(X) with f <1 and let K be the support of f. Then A(f) < F(K).

Proof. Let V be any open set containing K. Due to Urysohn’s Lemma, there exists some non-
negative g € C.(X) with xx < g < xv, hence f < g, which implies A(f) < A(g). Due to the
definition of F'(V') in (6.2), we have that A(g) < F(V).

Thus we have just shown that A(f) < F(V) for every open V containing K. It means that A(f)
is a lower bound for the set on the right hand side of (6.3) if E = K. Hence A(f) < F(K). O

Lemma 6.9. Every open set satisfies (6.4), hence all open sets V' with F(V) < 0o belong to M.

Proof. Let V be a fixed non-empty open set. The monotony property implies that F/(V') is an
upper bound for the set containing all the numbers F(K) with K C V. It remains to show
that F(V) is an adherent point for this set. The strategy is to show that for every real number
a < F(V), there exists a compact set K, C V such that a < F(K,) < F(V). Note that this also
covers the case in which F'(V') = oo, because in that case we can take a to be any natural number.
From the definition of F'(V) in (6.2), we know that given av < F(V') we can find f, € C.(X)
with its support K, C V such that a < A(f,) < F(V). On one hand, F(K,) < F(V), while on

the other hand, due to Lemma 6.8 we know that: o < A(f,) < F(K,).
O

6.1.4 Step IV

Here we prove that F' is additive on M. We start with a preparatory result.
Lemma 6.10. Let Ky and Ky be two disjoint compact sets. Then F(K;UKy) = F(K;)+ F(Ks).

Proof. The set K§ is open and K; C K§. According to Proposition 5.1, we can find an open set
U, with U; compact, such that K; c U; C U; C KS5. In an analogous way, we can construct
an open set Us with U compact, such that Ko C Uy C Uy C 716. In particular, U; and U, are
disjoint.

We already know from Lemma 6.6 that F'(K; U Ky) < F(K;) + F(K32), thus we only need to
prove the reverse inequality. Fix € > 0.

From (6.3) we know that there exists V open, with K7 U Ko C V such that F(V) < F(K; U
Ks3) + €. Denote by V4 :=V NU; and V, :=V NUy. We have (V4 UV2) C V hence

FWUW) <F(V)< F(KyUK,) +e.
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Now let f; and f> be two arbitrary non-negative C.(X) functions with 0 < f; < xv,. Because
f1 and f3 cannot be simultaneously non-zero (Vi and V; are disjoint), it turns out that 0 <
f1+ f2 < xviuve- Thus A(f1 + f2) < F(V1 U VL) and:

A(f1) + A(f2) = Alfi+ fo) S F(Vi U V).
Now we can separately take the supremum over f; and fs, which gives:
F(Vi)+ F(V2) < F(ViUV3).
Since K; C V}, we have F(K;) < F(V;) and we conclude:
F(K1) + F(K2) S F(Vi) + F(Va) S F(ViuVa) < F(V) < F(K1 U K») + ¢

Lemma 6.11. Let By and E5 be two disjoint sets in M. Then E; U Ey € M and F(E1 U Ey) =
F(Ey) + F(E).

Proof. Denote by E = E; U E5. Since E;j € M, according to the definition we know F(E;) < oo.
Hence Step I implies that F(E) < oo.

Moreover, (6.4) is satisfied for E;. Given ¢ > 0, we can find K; C E; two compact disjoint
sets such that F((E;) < F(Kj) + ¢/2. Thus together with Step I we have:

F(E)<Z <6+ZF ) =e+ F(K,UK>) < e+ F(E)

where the equality in the middle is a consequence of the previous lemma, and the last inequality
comes from monotony since K; U Ky C F.
O

Lemma 6.12. Let {E;};>1 be disjoint sets in M and define E := J;5, Ej. Then F(E) =
> js1 F(Ej). Moreover, if F(E) < oo then E € M. N

E) <Y F(E))

Jj=1

Proof. From Step I, we know that

hence if F(F) = oo, the proof is over.
Now let us assume that F(E) < oco. Fix € > 0. As before, for every j > 1 there exists a
compact K; C Ej such that F(E;) < F(K;) + €277. Then for every N > 1 we have:

N

ZF <e+ZF )=e+F(|JK)) <e+ F(B),

j=1
where the identity in the middle is a consequence of Lemma 6.10 (all K;’s are disjoint), while the

last inequality is due to monotony. The increasing sequence Zévzl F(E;) is bounded from above,
thus it converges, and we must have:

E) <Y F(E;) <e+F(E),
j>1

which shows that F(E) = 3,5, F(E;) < oo. Moreover, the increasing real sequence F( U;V:1 K;)
is also convergent and: B

N
F(E) < e+Nh§1mF( Uk
j=1
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which shows that if N, is large enough, then

N
F(E) <2¢+ F(|J K;)

=1

<

which shows that £ € M.

6.1.5 Step V

Lemma 6.13. Fix E € M. For every e > 0 there exists an open set V and a compact set K such
that KCECV,F(K)<F(E)<F{V)and F(V\K) <e.

Proof. We have F(FE) < oo, hence due to (6.3) there exists V' open such that £ C V and
F(V) < F(E)+¢€/2. From (6.4) we obtain a compact K C E such that F(FE) < F(K)+¢/2. This
leads to

F(V) < F(K) +e.

The set V'\ K =V N K° is open, included in V, hence F(V \ K) < co. Due to Lemma 6.9 in
Step III, we know that V' \ K € M. Then both K and V' \ K belong to M, they are disjoint and
according to Lemma 6.10 we have:

F(V\K)=F(V) - F(K)<e

and we are done.

6.1.6 Step VI
Lemma 6.14. Let A and B be two sets in M. Then A\ B, AU B and AN B belong to M.

Proof. We start by showing that A\ B € M. First, F(A\ B) < F(A) < oo. Second, we need
to prove (6.4), i.e. given € > 0 we need to construct a certain compact K included in A\ B such
that F(A\ B) < F(K) + .

From Step V (Lemma 6.13) we know that there exists an open set V, and a compact set K,
such that K, C A C V, and F(V, \ K,) < €/2. In the same way, there exists an open set V}, and
a compact set Kp such that K, € B C V, and F(V, \ Kp) < €/2.

The set K := K, \ V, = K, N V¢ is compact because V)¢ is closed. We have the inclusion:

A\BCV,\ K, C (Vo \ K,) UK U (W \ Kp).
Thus Step I implies:
F(A\B) < F(V,\ K,) + F(K)+ F(V, \ K3) < ¢ + F(K).

Thus A\ B € M. Then we can write AUB = (A\ B)U B, where A\ B and B are disjoint, hence
due to Lemma 6.11 we get that AU B € M. Finally, using AN B = A\ (A\ B) the proof is over.
O

6.1.7 Step VII

Lemma 6.15. The collection of sets & is a o-algebra containing all the Borel sets in X.

Proof. The collection & is defined in Definition 6.5. In order to show that & is a o-algebra, we
need to prove three things:

1. @ € &; this is trivial. Moreover, since X N K = K for every compact K, we have that
X e6.

18



2. If A € & then we have to prove that A° € &. In other words, for every compact K we
need to show that A°N K € M. Note that AN K = K\ (K N A). Since A € & it means that
KN Ae M. Then Step VI (Lemma 6.14) shows that A°N K € M.

3. If {4;};>1 C & then we have to prove that A := U;>14; € 6. Fix some compact K.
Denote by flj = A;NK € M. Define B; := Ay and B,, := A, \/In_l if n > 2. The sets B; are
all distinct and belong to M due to Step VI. We have the identity:

ANK = UjZlBj-

We note that F(ANK) < F(K) < oo, thus according to Lemma 6.12 we have that AN K € M.
Hence A € 6.

Finally, we need to prove that all open sets are in &. We will prove instead that all closed sets
are in &; then if V' is open, we have that V = (V)¢ and we are done. Now if C' is closed, then for
any compact K we have that C'N K is compact, hence CNK € M and C € G.

O

6.1.8 Step VIII

Remember that 1 denotes the restriction of F' to &.

Lemma 6.16. We have:
M={Ee€&: puF) < oo}

Proof. We first prove the inclusion 'C’. Let A € M. Then for every compact K (which belongs to
M according to Step II) we have that AN K € M from Step VI. Thus A € &, and since A € M
we have F'(A) = pu(A) < .

Now we prove the other inclusion. Let A € & with pu(A) < oco. From the definition of
F(A) = u(A) in (6.3), it follows that there exists some open set V with A C V, F(V) < co and
F(V) < u(A) + €/2. Due to Lemma 6.9 in Step III we conclude that V € M (hence in &).

From Lemma 6.13 in Step V applied to £ =V € M (there we can put £ =V and the result
is unchanged), we can construct a compact H C V such that F(V \ H) < ¢/2.

Since AN H belongs to M, there exists a compact K C (AN H) C A such that F(ANH) <
F(K)+¢/2. Since AC (AN H)U(V\ H), from Step I we have:

F(A) < F(ANH)+ F(V\ H) < F(K) +e.

Thus A € M. O

6.1.9 Step IX

Lemma 6.17. u is a measure on S.

Proof. The non-negativity of p comes from the definition of F. We need to prove that p is
countably additive. Let {A,;} C & be disjoint sets and denote by A := U;>1A4,. From Step
VII we know that & is a o-algebra thus A € &. Now if u(A4) = oo, from Step I it follows that
0o = p(A) = ZjZl 1(A;).

If u(A) < oo, then from Step VIII it follows that A € M. Since A; C A it follows that
1(A;) < u(A) < oo, thus Step VIII implies again that all A;’s are in M. Finally, from Step IV
(Lemma 6.12) it follows that »_ .- u(A;) = p(A) and we are done. O

6.1.10 Step X
Lemma 6.18. For every f € Co.(X) we have A(f) = [y fdp.

Proof. Every function f € C.(X) can be written as f = u + iv where u and v are continuous
and real valued. Since A is linear, it is enough to prove the lemma for real valued f. In fact it is
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enough to prove that A(f) < [ « Jdp for every real valued function; this is because we would also
have:

CA(f) = A= f) < /X (—f)dp = — /X fdu

which provides the other inequality.

Now fix € > 0. Let K be the compact support of a given f. Since f is continuous, Theorem
3.4 implies that f(K) C R is compact, thus it must be bounded and closed. Hence there exists an
interval [a, b] which contains the range of f(X) = f(K) U {0} (actually, for continuous functions
we have 0 € f(K), or more precisely, f(0K) = {0}).

Choose n + 1 points {y;}"_ such that yo < a <y < ...y, = b and maxj_, ly; — y;j1| < €.
Introduce the sets

Ej=Knf -y ={z e K: yj1 < f(z) <y}, je{l,...n}.

Because f is continuous, and because all intervals of the type (a, 8] C R are Borel sets, then the
I ((yj-1,y;])’s are disjoint Borel sets in X and must belong to & (see Step VII). Then the Ej’s

belong to M. Thus we can find some open sets V; in X such that E; C V; and u(V;) < u(E;)+e/n.
Since f~ ((yJ 1,Y; +€)) is open according to Theorem 3.2, and 1nc1udes Ej;, then

Vi =Vin f7 ((y5-1,95 + €)
is open, contains F; and
w(V;) < u(Vs) < p(Ej) +¢/n,
and at the same time:
flx)<y;+e VzeV,.
Clearly, K C Uj_, E; C U?_,Vj, and according to the partition of unity theorem we can find
some functions h; such that > . h; =1 on K and h; is supported in V;. Hence:

n n

f(x) =" f@)hy(x) <Y (y; + ohy(x).

j=1 j=1

Then using the monotony and linearity of A, we have:
AF) <D (w5 + OA( :fIaIZA )+ > (y; + lal + €)A(hy).
— j=1

7= i) > w(K) right from the definition of p. Together with the fact
> 1, we have:

Now 3771 A(h;) = A
that y; + |a| > 0 for all j

3

A(f) < —lalu(K) + Z(yj + laf + €)A(hy)

< —lalu(K) + >y + lal + On(V;) < —lalu(K) + > (y; + lal + )(u(E;) + ¢/n)
j=1 j=1
< —laln(K) + Y (a| +26) (u(Ey) + /n) + Y (y; — (Ey) + — > (y; = ).
j=1

I
-

J
On each E; with j € {1,...,n} we have that y; — e < y;_1 < f(z) hence

n

> (v — xm (@) < fla).

j=1
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Thus we have:
> (y; — ep(Ey) < /X fdp, > u(E;) = p(K) < oo, y; <b.
Jj=1 j=1

This gives:

A(f)g/}(fdu+zeu(K)+e(b+|a\+e).

Since € was arbitrary, the proof is over. O

6.2 Summarizing the proof of Riesz’ Theorem

We have proved in Lemma 6.2 that if such a measure exists, then it must be unique. Then in
Definition 6.5 we introduced a collection of sets & and a map p : & — Ry which turn out to be a
o-algebra (proved in Lemma 6.15) and a measure (proved in Lemma 6.17).

The identity claimed in (a) is proved in Step X (see Lemma 6.18). The estimate (b) is proved
in Step II (see Lemma 6.7). The identity (c) is fulfilled right from the beggining, in the way p was
defined (through F') in (6.2) and (6.3). Point (d) is shown for open sets in Step III (see Lemma
6.9), while for arbitrary sets E € & with u(E) < oo it is shown in Step VIII (see Lemma 6.16).
Finally, point (e) follows from (d): if A C E then F(A) < F(E) = u(E) = 0 and every compact
K C Ahas F(K) < F(A) =0, thus A € & and p(A4) = 0.

7 Spaces of bounded/continuous functions

Proposition 7.1. Let (X,d) be a metric space, (Y, || -||) a normed space, and H an arbitrary
non-empty subset of X. We define

BH;Y):={f:H—>Y: sgg”f(x)” < oo}

Define the map || - ||oo : B(H;Y) = Ry, ||flloc :=supep || f(x)||. Then (B(H;Y),|| - ||«) is a
normed space.

Proof. Clearly, ||f||lcc = 0 if and only if f(x) = 0 for all x € H. Moreover,

[IAflloo = sup [IAf(2)[] = [Al sup [If(2)]] = [A][|]]oo-
xeH reH

Finally, let us prove the triangle inequality. Take f,g € B(H;Y); then for every x € H we
apply the triangle inequality in (Y, || - ||):

(@) + g@ < |1F @)+ llg@)II < 1 Flloo +[lg]]oo-

Thus ||f]|co + ||9]loc 18 an upper bound for the set {||f(z) + g(z)|| : = € H}, hence

sup || f(z) + g(@)[| = [If + glloc < [ flloc + [lglloc-
xeH

Proposition 7.2. We denote by C(H;Y) the set B(H;Y') where the functions are also continuous.
Assume that (Y,|| - ||) is a Banach space. Then (C(H;Y),|| - |le) s a Banach space, too.
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Proof. We need to prove that every Cauchy sequence is convergent. Assume that {f,},>1 C
C(H;Y) is Cauchy, i.e. for every € > 0 one can find N¢(e) > 0 such that ||f, — fyllec < € if
p,q > Nc(e). We have to show that the sequence has a limit f which belongs to C(H;Y).

We first construct f. For every xy € H we consider the sequence {f,(zo)}n>1 C Y. Note
the difference between {f,(zo)}n>1 (a sequence of vectors from V) and {f,}n>1 (a sequence of
functions from C'(H;Y)). It is easy to see that { f,,(zo)}n>1 is Cauchy in Y (exercise), and because
Y is complete, then {f,,(z0)}n>1 has a limit in Y. We denote it with f(xzo).

Second, we prove the "uniform convergence” part, or the convergence in the norm ||-||s. More
precisely, it means that for every € > 0 we must construct Ni(e) > 0 so that:

sup ||f(x) — fu(x)|| < e whenever n > Nj(e). (7.1)
reH

In order to do that, take an arbitrary point x € H. For every p,n > 1 we have

£ (@) = fa(@)l] < |1f (@) = fp(@)l| + () = fu(2)]]
< F@) = fo@l +11fp = Falloo- (7.2)
If we choose n,p > Nc(e/2), then we have ||f, — fn|lsc < €/2 and

1F(@) = fu(@)Il < |If(z) = fp(@)[| +€/2, n,p > No(e/2).

But the above left hand side does not depend on p, thus if we take p — oo on the right hand side,
we get:
1f(z) = fa(@)l| < €/2 <6, n>No(e/2). (7.3)

Note that this inequality holds true for every x. This means that €/2 is an upper bound for the
set {||f(x) — fu(x)|| : € H}, hence (7.1) holds true with Ny(e) = Ne(e/2).

Third, we must prove that f is a continuous function on H. Fix some point a € H. Choose
e > 0. Since lim,_, fn(a) = f(a), we can find Na(e,a) > 0 such that ||f,(a) — f(a)]| < €/3
whenever n > No. We define ny := max{N1(¢/3) + 1, Nc(¢/3) + 1, N2 + 1}. Because f,, is
continuous at a, we can find 6(e,a) > 0 so that for every x € H with d(z,a) < § we have
1 fny () = fni (a)]] < €/3. Thus

F (@) = f@)ll < [IF (@) = fas @+ [[fns (@) = s (@) + |1 fn, (@) = fla)]|
< €/3+¢€¢/3+¢/3=F¢, (7.4)

We used (7.1) in order to replace the first and the third term with €/3, and continuity of f,, at a
for the second term. Since a is arbitrary, we can conclude that f is continuous on H, thus belongs
to C'(H;Y). Therefore we can rewrite (7.1) as:

[|f — fnlloo < € whenever n > Nj(e), (7.5)
and the proof is over. O
Remark 7.3. The “ordinary” convergence in the functional space (C(H;Y),|| - |lso) (given in

(7.5)) is nothing but the uniform convergence of a sequence of functions defined on the set H (see
(7.1)). One can find more details in Wade, exercise 10.6.6 in Chapter 10.6 (page 376).

8 Compactness in (C(H;R"),|| - ||s)

In this section we assume that H is a compact set in (X, d). This extra-condition automatically
implies that || f||co < oo for all continuous functions, because for every continuous map f we have
that H > x — ||f(z)|| € R4 is a continuous real valued function, defined on a compact set. Then

Theorem 10.63 in Wade says that we can find x5 € H such that sup,cg || f(2)]| = ||f(zm)]] < 0.
We here are interested in finding some sufficient conditions for a subset of (C(H;R"™), || - ||sc)s
n > 1, in order to be compact. (We know that in the Euclidian space (R™, || -||) a set is compact

if and only if it is bounded and closed; this is the Heine-Borel theorem. These conditions are not
sufficient here.)
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Definition 8.1. We say that f : H — Y is uniformly continuous if for every € > 0, we can
find 6(f,€) > 0 such that for all points x,y € H which fulfill d(xz,y) < 0(f,€) we have that

1f (@) = fWll < e

Theorem 9.32 in Wade (Heine’s theorem) shows that if H is compact, then f : H — R™ is
continuous if and only if it is uniformly continuous.

Definition 8.2. A family of functions K C C(H;R™) is called equibounded if there exists a
constant My < oo such that

sup [|f(@)[| = [|fllc < Mk, VfE€K. (8.1)
r€EH

Definition 8.3. A family of functions K C C(H;R™) is called uniformly equicontinuous if for
every € > 0 there exists 0(€) > 0, such that for every f € K and for every pair of points x,y € H
which obey d(x,y) < 6(€), one has that ||f(x) — f(y)|| < e. In other words, (see Definition 8.1)

inf 3(f.) = xc(e) > 0. (8.2)

Definition 8.4. A subset Z of a metric space (M,d) is called dense in M if every point x € M is
the limit of a sequence {z,}n>1 C Z. A set Z is called countable if there exists a map j: Z — N
which is injective. A metric space is called separable if it contains a countable dense subset.

Theorem 8.5. (Arzela-Ascoli). Let (X,d) be a metric space, and let H be a compact subset
of X. Assume that Z C H is countable and dense in H (i.e. (H,d) is separable). Denote by
K C C(H;R™) the family of all functions which are equibounded by some Mg and uniformly
equicontinuous with some 0k (a@kvibegraenset og uniformt ekvikontinuert). Then K is sequentially
compact (folgekompakt) and thus compact. The closure in C(H;R™) of any subset of K is also
compact.

Proof. We will show that given an arbitrary sequence of functions {f,},>1 C K, one can always

find a subsequence which converges to a "point” in K (note that a point in K means a function

defined on H; we denote this ”point” with f). This would prove that K is sequentially compact.
Because the dense set Z is countable, we can represent it in the following way:

Z = {2’1, 224y %3, }

The sequence {f,(z1)}n>1 C R™ is bounded because we have ||f,(z1)|| < Mk for every n, see
(8.1). The Bolzano-Weierstrass theorem allows us to find a subsequence {fy, (#1)}n,>1 C R”,
which converges to a point in R™; we call this point with f(z1).

Now consider the sequence {fy, (22)}n,>1 C R™. This sequence is also bounded, thus we can
find a second subsequence

{f’ﬂz (ZQ)}H221 - {fnl (22)}711217

which converges to a point in R™; we call this point with f(z3). Note that the subsequence of
functions { fr, tna>1 C {fn, }ny>1 converges pointwise in both z; and zs.
We can continue this procedure and obtain a subsequence of functions {f,, }»,>1 where

{frptnp>1 € {frp_itnpoi>1 © oo S {fntn>1

and { f,,, }n,>1 converges pointwise in all the points {z1, ..., 2, } towards the limits { f(z21), ..., f(2p)}.
More precisely, for every e > 0, there exists N(p,e) > 1 such that

| fn,(zx) — f(21)|| <€, whenever n, > N(p,e), k€ {1,...,p}. (8.3)
Introduce the notation N, := N(p,1/p) + 1. Then we have the important estimate:

Ifn,(zx) — f(zr)|| <1/p, whenever ke {1,...,p}. (8.4)
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This means that we have constructed a ”diagonal subsequence” {fn,},>1 having the property
that {fn,(2x)}p>1 C R™ is convergent for every fixed k, and we denote the limits with:

lim fn, (zx) = f(2), k fixed. (8.5)
p—o0
This is the same thing as to say that the sequence { fy, },>1 converges pointwise on Z:

plirgo In,(2) = f(2), VzeZ. (8.6)

In the next lemma we will show that the sequence { fn, }p>1 is a Cauchy sequence in C(H;R™).
Let us now assume that this holds true, and let us prove the Arzela-Ascoli theorem.

If this sequence is Cauchy, then according to Proposition 7.2 it will have a limit in C'(H;R"™),
which we denote by F. But then F is continuous on H and equal to f(z) for every z € Z. The
only thing remained to prove is that F' € K, i.e. to verify that F verifies (8.1) and (8.2).

First, (8.1) follows from:

F@) = lim [1fn, @)l 1y, @I < Mic, @€ H,
and (8.2) from:
IF@) - Pl = lim [Ify, @)~ fr, @)l
1w, (@) = Iy, I < € whenever d(z,) < 5(c). (8.7)

Thus F' € K, and the theorem is proved. Hence the only remaining technical ingredient is the
following lemma:

Lemma 8.6. For every ¢ > 0, there exists No(€') > 0 such that for every p,q > N¢o(€') we have
sup 1fn, (@) = fn, @)1 = [IfN, = Il <€
TE

Proof. Choose 0 < e < €. Consider dx(€¢/3) as defined in (8.2).
Let us now show that

{B(;K(s/:;)/g(zj-) 175 € Z}
is an open covering of H. First, because Z is dense in H, then for every point x € H there

exists a sequence {Z,, }m>1 C Z such that z,, — z. Second, we may find zp; € Z such that
By, (e/3)/3(7) C Bs,c(e/3)2(xar) provided d(z,xnr) < 6k (€/3)/6 (exercise). We can write:

o0
HC U By (e/3)/3() C U By (e/3)/2(2k)-
zeH k=1

Because H is compact, we can extract a finite open subcovering:

m(e)

H g U Béx(6/3)/2('zkl)' (88)
=1

Fix an arbitrary point + € H. We can find some [ € {1,...,m(¢)} such that x € Bj, (c/3)/2(2k,)-
We can write:

fw, (x) = fn, ()] (8.9)
< lfw, (@) = I, )+ 1w, (zr) = v, G+ 1L, (1) = S ()]

Because K is uniformly equicontinuous, and because d(z, zi,) < dx(€/3), then the first and third
term in the right hand side of (8.9) are less than ¢/3 (see Definition 8.3), uniformly in p and q.
Thus

lfn, () = fn, ()] < 2¢/3+|fn, (2x,) = N, R YPog = 1 (8.10)
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Note the very important thing that there only are a finite number of points of the type zy,, i.e.
m(e) of them. Hence (8.5) implies that the m(e) sequences {fn, (zk,)}r>1 C R are all Cauchy at
the same time; we can thus find a large enough index Njp(e/3) such that if p,q > N1(e/3) then

1w, (o) = fv, ()l < €/3, 1 <1< mfe).
Use this in (8.10) and obtain:
Ifn, () = fn,(x)|] <€, whenever p,q> Ne(e) := Ni(e/3). (8.11)
Because N¢(€') is independent of z, we can write

sup I[fn, (x) = fn,(2)|| <e <€, p,g>Nea(€)
€

and the lemma is proved, and so is the theorem. O

9 Hausdorff’s Maximality Theorem and Zorn’s lemma

A set S is partially ordered if there exists an order relation < which is reflexive (x < z for all ),
antisymmetric (if 2 < y and y <  then x = y) and transitive (z < y and y < z implies z < z). If
x <y and x # y, then we write z <y or y > .

A chainin S is a subset C which is totally ordered, i.e. whose any two elements are comparable:
For every z,y € C either z <y or y < x. A chain C has un upper bound if there exists y € S such
that x < y for all z € C.

An element m € S is called mazimal if there is no other z € S such that m < x. This does
not mean that m is the largest element, which would be an element M € S such that x < M for
every x € S.

9.1 Collection of sets ordered by set inclusion

Let F be any collection of sets, F being partially ordered by set inclusion. A rope ® in F is a
subcollection of sets such that for every A, B € ®, we either have A C B or B C A. The hat of

such a rope is by definition the union of all its elements: ® = U e A.

Lemma 9.1. Consider a nonempty partially ordered set (S, <). Define Fy to be the set of chains
of S, ordered by set inclusion. Then Fy is not empty, and the hat of any rope of Fy is an element
of Fy (i.e. it is a chain in S).

Proof. F, is not empty because for every = € S, the set {z} is a chain, thus in fact S can be
identified with a subset of Fs. Now let us prove that the hat of any rope of Fy is a chain in S.
Consider such a rope ®. Take any two points x,y in ®. The point z must belong to some chain
C1, while y belongs to some C5. Moreover, both C; and Cs belong to ®. From the definition of
a rope it follows that either C7y C Cs or Cy C 7. But in that case x and y belong to the same
chain, hence they must be comparable. O

We now define the ’succesion function’. For every chain A € F,, we consider the set A* C S\ A
which consist of elements x with the property that A U {z} is also a chain, hence AU {z} € F.
Assume that A* is not empty. Using the aziom of choice, given A* we can choose a representative
xz* € A*. Then we define the ’succesion operation’ g, : Fs — Fy given either by gs(A) = A if A*
is empty, or by gs(A) = AU {z*} if A* is not empty. A chain for which A* is empty is called
mazimal. We see that gs(A) contains at most one extra-element compared with A. We are now
able to formulate the Hausdorff maximality theorem:

Theorem 9.2. Let (S, <) be a nonempty partially ordered set. Then there exists a mazimal chain
Am; i.e. gs(Am) Am
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9.2 Proof of Theorem 9.2

We formulate and prove a more general result, given as a proposition:

Proposition 9.3. Let F be a nonempty collection of subsets of an arbitrary set S. Suppose that
F is partially ordered by set inclusion, and for every rope ® € F we have that e F. Suppose
g:F — T is a function such that A C g(A) and g(A)\ A contains at most one element of S. Then
there exists an element A, of F such that g(A;,) = Ap,.

Proof. We see that the only condition on F is to contain the hats of all its ropes; if S is a partially
ordered set and F = F,, then this fact was proved in Lemma 9.1. Thus Proposition 9.3 proves the
theorem at once.

Fix a set Ag € F. A subcollection of sets T' € F is called a tower if the following three conditions
are fulfilled:

P Ag CAifAET;
Py: If a rope @ is included in 7', then P e T;
Ps: I AT, then g(A) € T.

Let us first prove that there exist nonempty towers. Consider T4, := {4 € F: Ay C A}.
Then clearly P; is satisfied. If ® is a rope in T),4, then A9 C B for all B € ®, thus Ay € ® and
D € Thazs satisfying P,. Finally, if A € T4, then Ag C A C g(A) € Tinae and Ps holds.

Let us define T,,;, to be the intersection of all possible towers; it is easy to see that Ti,in
is a tower, nonempty since it contains Ay. It is important to note that if we can prove that a
subcollection T” of T}y, is a tower, then TV = T},

Now let us assume that we can prove that T}, is also a rope. Being included in itself (a tower)
P implies that Tmm € Tyin- Then P says that g(Tmm) € Tyin, thus necessarily g(Tmm) C Trnin-
In this case, A,, = Tmm and the proposition would be proved.

Hence the only thing we miss is to show that T,;, is a rope, i.e. for every A, B € Ty,;n we
either have A C B or B C A. Consider the subcollection I' C T},,;,, given by

I:={A € Thin: VB € Tpin, either A C Bor B C A}.

In other words, I' is the largest totally ordered subset of T},;,. The strategy is to show that I'
is a tower, thus it will equal T}, and hence T),;, would be totally ordered, thus a rope.

Let us verify P; for I'. Since Ag is a subset of all elements of T},;y, it will be included in all
elements of I". It also shows that Ay € T'.

Let us verify P, for I". Consider a rope ® C I'. Fix an arbitrary B € T),;,. If for all A € ®
we have that A C B, it follows that ® C B. If there exists some A € ® such that B C A, then
BC®. Thus®eT.

Let us verify P3 for I'. This is more complicated than for the previous two properties. It boils
down to showing that for every A € T we have g(A) € T. In other words, we need to show that for
every B € T, we either have g(A) C B or B C g(A). Since A € T, the set A can be compared
with B. If B C A, then clearly B C g(A). But if A C B, we cannot automatically conclude that
g(A) C B. For this we need the next lemma:

Lemma 9.4. Fix A € T and define T'a to be the set of those B € Tynin for which either B C A or
g(A) C B. Then Tga is a tower and Ty = Tyin. Thus for every B € Ty for which A C B, we
have g(A) C B.

Proof. The property Py is easily verified. Now consider a rope ® C T)s. If for every D € ¢ we
have that D C A, then & C A. If there exists some D € ® such that g(A) C D, then g(A) C ®.
It follows that ® € T4 and P, is verified. We need to verify P3. Take B € T4 and let us show
that either g(B) C A or g(A4) C g(B). Since B € T4 then either g(A) C B C g(B), or B C A4; if
B = A then again g(A) C g(B). Assume that B is a proper subset of A. Because A € T" it can be
compared with g(B). If g(B) C A we are done. The other possibility is A C g(B). If g¢(B) = A
we are done, thus assume that A is a proper subset of g(B); but this is impossible, because in this
case g(B) \ B would contain at least two elements. Thus g(B) € T4 and Ps is satisfied. Thus Ty
is a tower and equals T},;,.
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We can now finish the verification of P3 for I'. Remember that we had A € I and B an
arbitrary element of T,;,. The goal is to show that either B C g(A) or g(A) C B. Since A € T,
then either B C A (and then we are done since B C g(A4)), or A C B. Then Lemma 9.4 implies
that g(A) C B and Pj is verified. It follows that I" is a tower, thus it equals T};,. The proof of
the proposition is over.

O

9.3 Zorn’s Lemma

Theorem 9.5. Let S be a partially ordered set in which every chain has an upper bound. Then
S has at least one maximal element.

Proof. Assume that S is a partially ordered set, where every chain has an upper bound. According
to the Hausdorff maximality theorem, there exists a maximal chain C,,,, € S. The hypothesis
implies that C),4, has an upper bound x € S, and Ci,q, U{z} is another chain in S. But Cy,q, is
maximal, therefore x € C,,q, and = must be this chain’s largest element. Finally, = is a maximal
element in S, because if there exists some z < y we can consider Cj, 4, U{y} which would contradict
the maximality of C,,4;. The proof of the theorem is over. O

10 The Hahn-Banach Theorem

Let (V.|| ||») be a complex normed vector space. We say that u : V — R is a real bounded linear
functional if w is continuous, u(z + y) = u(z) + u(y) for all z,y € V, u(azx) = au(z) for every
acRandzeV.

Lemma 10.1. Let f : V — C be a bounded complex linear functional. Then u(y) := Re(f(y))
defines a real bounded linear functional. Conversely, if v is a real bounded linear functional, then
o(y) = v(y) — iw(iy) defines a bounded complex linear functional. In both cases, the norms are
preserved.

Proof. Given f, let us consider u(y) = Re(f(y)) for all y € V. Clearly, u is linear and real
homogeneous. Since f(iz) = if(x) we must have f(iz) = u(iz) + iIm(f(ix)) = if(x) = iu(z) —
Im(f(z)), which implies that Im(f(x)) = —u(iz) for all z. Thus we must have f(x) = u(z)—iu(iz).
Moreover, |u(z)| < |f(z)] < ||f]| for all z of norm one, thus ||u|| < ||f]|. For a given x of norm one
we can write f(z) = e @)|f(z)|, or |f(z)] = f(e~ @& @)g) = yle= 28/ (®)g) < |ju||. Thus
lull = A1)

Now given v, let us consider ¢(y) = v(y) — iv(iy). CLearly, ¢ is linear and real homogeneous.
We only need to check that ¢(ix) = i¢(z). Indeed, using the definition, we have ¢(iz) = v(iz) —
w(—z) = w(z) +v(iz) = ip(x). O

Theorem 10.2. (Hahn-Banach) Let M C V be a linear subspace and f : M +— C be a bounded
complex linear functional. Then there exists a bounded complex linear functional F : V — C such
that F(z) = f(z) if x € M and ||F|| = ||f]|-

Proof. From the above lemma we see that it is enough to extend the real linear functional u(z) =

Re(f(z)) from M to V, i.e. to find U : V — R a real linear functional such that U(z) = u(x) if

x € M and ||U]|| = ||u||, and at the end to define F(x) = U(z) —iU(iz). If f =0 on M then we

can choose F' = 0. Otherwise, we may assume without loss of generality that ||f|| = ||u|| = 1.
Let T be a vector not belonging to M. We can form the set

M :={x+ (A+ip)z: z e Mand\ pueR}.
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Clearly, M is a complex subspace of V. When we extend u from M to M we do it in two steps:
Flrst we keep = 0 and extend u to My := {x + A& : = € M and X\ € R}, and then to

={z+(T)p: z € My and p € R}. In both cases it boils down to choosing some real values
for @(z) and @(iZ), choices which have to preserve linearity, real homogeneity and the unit norm
of w.

For y = x + A& € My we define a(y) := u(x) + AA, where A € R is to be chosen later. First,
linearity and real homogeneity are satisfied for any A. Second, we need to insure that if A # 0 we
still have |a(z + A\Z)| < ||z + AZ||y, or equivalently |@(z’ + Z)| < ||z’ + E||,, for all 2’ € M. This is
the same as:

—||z" + 2|, < a(a’ +7) =u(@)+ A <]z + 7|, Vz'eM,

or:
—|lz" + Z||, —u(z") < A< ||2" + Z||, —u(z), V' e M.

A sufficient condition for the existence of such a number A is to have:
—|z" + Z||o — u(@’) < ||z + Z||, —u(x), Vx,2’ € M.
But this is the same as
u(@) —u(@) {=u(@—2a') <l — 2’|l = o+ & — (&' + D)o} < Mo+ Zllo +[]2" + 2]

and we are done.

In a completely similar way we can extend u from Mo to M, where the role of M is played by
My, # is replaced by iz and A by p. Then we define f(x r) = (:17) —ia(iz) for every & € M, which
is a linear, norm preserving extension of f from M to M.

Now let us define the set S whose elements are pairs of the form (M’, f') where M’ is a complex
linear subspace of V' containing M, while f’ is a norm preserving linear extension of f. We can
introduce an order relation < on S, where (M, f1) < (M, fo) means that M C M; C Mo,
while fs extends f; and both are extensions of f. Hausdorff’s maximality theorem 9.2 implies the
existence of a maximal chain A,,. The set of subspaces M’ for which (M’, f’) € A,, is totally
ordered with respect to set inclusion. Define M= U, yea,, M', which is a linear subspace of

V due to the total ordering of M”’s. Define F : M — C such that F(z)=f'(z)ifz e M' C M;
this is well-defined because if also € M"| then either M’ C M" or M C M’, and f'(z) = f"(z)
because they coincide on the smaller set.

Thus M is a complex subspace of V', M C M and F is a linear, norm preserving extension of
f to M. But now we claim that M must be equal to V; otherwise, we could find another extension
of F' by enlarging M in the same way as we did in the beginning of this proof. But this would

contradict the maximality of A,,. The proof is over.
O

11 The completion of a normed space

Lemma 11.1. Let (V.|| - ||) be a normed space, and denote by V* the linear space of all maps
f: V= C which are linear and continuous (i.e. linear functionals). Then V* can be organized as
a Banach space.

Proof. The following three statements are equivalent: (a) A linear map is Lipschitz continuous on
V, (b) A linear map is continuous at = = 0, and (c¢) A linear map is bounded. Clearly, (a) implies
(b). Assuming that (b) holds, then for every ¢y > 0 there exists dg > 0 such that |f(x)| < ¢ if
[|z]| < do. In order words, if y # 0:

=220 ()| < 50l

which implies (c¢). Finally, (c¢) implies (a) by using the linearity.
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For every f € V* we set |[f|[. := inf{C > 0: |f(z)| < Cllz||, Yz € V} = sup);,=1 |f(2)],
which defines a norm on V*. Let us prove that (V*,]|| - ||«) is a Banach space, i.e. every Cauchy
sequence is convergent. Let {fn}n>0 C V* be such a Cauchy sequence. For a given z € V,
the sequence of complex numbers {f,(z)},>0 C C is Cauchy, thus has a limit which we denote
with f(x). Using the linearity of each f, one can prove that f is linear. Moreover, because
{fn}tn>0 C V* is Cauchy, there exists some C' > 0 such that ||f,||« < C for all n > 0, and for
every x with ||z|| = 1 we have:

[f (@) = lim | f(2)] <limsup||full. < C.
n—0o0 n—00
Thus f is bounded, too. Finally, fix some x € V with ||z|| = 1. We have:

[f(@) = fo(@)| < [f(2) = (o) + | fp(2) = fo(2)| < |f(x) = (@) + |[fp = fall«

which leads to:

|f(x) = fa(z)] < lilr)risotip{lf(w) — fp@) + 1fp = folls} = lilgrisgp 1 fp = fall+s

or [|f — fqll« <limsup,_, . |[fp — fql|« for all ¢ > 0. But because the sequence is Cauchy, the right

hand side can be made smaller than any € if ¢ is large enough, and the proof is over. O
Theorem 11.2. Let (A,||-|ls) be a normed space. Then there exists a Banach space B with a
norm || - ||p and a linear mapping I : A — B such that

(@)l = [|2]la,  Va € A,
and I(A) is dense in B with respect to || - ||p. We call (B, || ||») the completion of (A, ]| ||a)-

Proof. Given A we can construct A* as in the previous lemma. Then we repeat this construction
one more time, where now V' is the normed space (A*, || -||+). In this way we obtain V* = A** as
the Banach space containing all linear and bounded maps g : A* — C. Let us prove that A can
be identified with a proper subspace of A**.

For every any = in A we define the map g, : A* — C given by g¢.(f) = f(z) for every element
f € A*. Then we have

Joz+y(f) = flax + By) = af(z) + Bf(y) = ag.(f) + Bgy(f), Vz,y€ A, Va,BeC,

which shows that gau48y = ags + Bgy. Clearly, if x = 0 then go = 0. The only thing remaining
to be proved is that ||g.||«« = ||2||a for every a # 0.

First, for every f € A* we have |g.(f)| = | f(2)] < ||f||«||%]|a, which means that ||g. ||« < ||2]]q-

Second, denote by M = {Az : A € C} the one dimensional linear subspace of A generated by .
For every y € M there exists a unique A, € C such that y = A\,z. Define fa/(y) = A\,||z||%. Clearly,
far is linear and || far|]« = ||z||o. The Hahn-Banach theorem provides us with a norm preserving
linear extension F' defined on the whole A. Then we have g,(F) = F(x) = ||z||2 = ||2||a]|F||«,
which shows that ||z[|s < supy g, =1 [92()] = [|gx]|xx-

In this way we have identified an injection map I : A — A** where I(z) = g, I(A) is a linear
subspace of A** and ||I(x)||«x = ||z||o. Now the Banach space B we are looking for is nothing but
the closure I(A) in (A**, || - |]xx)-

O

12 Baire’s Category Theorem

Denote the open ball of radius € and centred at z by B.(z) := {y € B : ||y — z|| < €¢}. The
complementary in B of a set S C B is denoted by S°.
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Theorem 12.1. Consider a Banach space B, and a sequence of closed sets {Sy,}n>1 such that
B = U S, (12.12)
n>1
Then there exists at least one set S, with non-empty interior.

Proof. Assume the contrary, that is each S,, has an empty interior. One can re-state this in a
more formal way: for every x € S, and for every € > 0, we have:

B (z)N S #£0, Ve>0. (12.13)

We can assume that all sets .S,, are non-empty. We also have that S¢ # (), since otherwise S,, = B
which would have a non-empty interior.
Let therefore x; be a point of Sf. Because S is closed, we have that S{ is open, therefore
there exists €; > 0 such that
B, (z1) C Sf. (12.14)

Starting from z1 and €1, we will inductively define two sequences {x,, },>1 C B and {e, }n>1 C Ry,
having several properties. First, we need:

€n

€nt1 < 3 " > 1. (12.15)
Second, we need that:
B (x,) C Sy, n>1, (12.16)
and third: ]
[|[Tnt1 — xnl] < 3" n>1. (12.17)

Let us investigate the consequences of having such sequences, and we will later on prove their
existence. First, (12.15) leads us to the estimate:

ej<ejT‘1<...<3f.fn, Vi>n>1 (12.18)

In particular, €, < €;/3""! — 0 when n — oo.
Second, we can prove that {z, },>1 is a Cauchy sequence, because for every p > 1 we can write

n+p—1 n+p—1
NEnip = 2nll = 1| Y i =l < D Majen — x|
j=n j=n
n+p—1 )
< Z Ej/?) < Z €j/3
j=n j=n
€n _r  €n
< — 37"=——=0, n—oo. 12.19

In the first line we used the triangle inequality, in the second line we used (12.17), and in the third
line (12.18).

Because B is a Banach space, {z,}n>1 is convergent and has a limit € B. But then we have
(use the triangle inequality)

€
lz = znll < |l = Tngpl| + ||Tn4p — 2all < |2 — Tpipl| + ?nv Vp=1

Since lim,so0 || — Zn4p|| = 0, taking p to infinity in the above estimate gives us ||z — z,|| < €n,

orx € Be, (), or x € S¢ (see (12.16)), or « € S,, for all n. But this contradicts (12.12).

Therefore the only remaining thing is the construction of our sequences. Let us first construct
To and €.
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(i). If z; € S5, then put z2 = x;. Then since S§ is open, we can find € > 0 such that

Be(z1) € S5. Now choose €2 to be the minimum between ¢ and €;/4. Clearly, (12.15) and
12.17) hold true for n =1 (we here have ||z; — z2|| = 0), while (12.16) holds true for n = 1,2.

(ii). If z1 & S, then of course x1 € Sa. From (12.13) we have that for every € > 0 we can find
y(€') € Be(x1) N SS, that is ||y(e') — x1|| < €. Define x2 := y(e1/4) € S5. Because S§ is open, we
can find €’ > 0 such that Bes(xz2) C S5. Finally define ez as the minimum between €¢” and € /4.
Then we have €3 < €1/3, ||z2 — 21| < € < €1/3, and B, (z2) C S5.

The induction step from z, and €, to x,+1 and €, is identical to the one from 1 to 2. The
theorem is proved. O

13 The Open Mapping Theorem

Definition 13.1. Assume that (X1,]|| - ||1) and (X2,|| - ||2) are normed spaces. We say that the
map F: X1 — Xo is open if for any open set U C X5, the image F(U) C X2 is also open.

Lemma 13.2. Let F : X1 — X5 be a linear, bounded map between two normed spaces. Then for
all v > 0 we have:

F(B,(01)) C F(B,(01)).

Proof. Let x € B,(01). There exists {z,}n>1 C B,(01) such that ||z, — z|| = 0 when n — oo.
Since F' is bounded (thus continuous), we conclude that F'(z) is the limit of y, = F(x,) €
F(B,(01)), hence F(x) € F(B,(01)). O

Lemma 13.3. Assume that F : X1 — X5 is a linear map between two normed spaces. If there
exists d > 0 such that B4(02) C F(B1(01)), then F is open.

Proof. Using the homogeneity of F, we can show that By(02) C F(B1(01)) implies that for every
¢ > 0 we have:
Bcd(OQ) C F(Bc(Ol)), c>0. (1320)

Indeed, if y € B.q(02) then ¢~y € B4(02). There exists z € B1(01) such that ¢~ 'y = F(z), or
y = cF(z) = F(cx). But cx € B.(01), thus y € F(B.(01)).

Now let U be open in X;. We have to prove that V := F(U) is open in X5. Choose an
arbitrary yo € V. Then there exists xg € U such that F(zg) =yo € V.

If M and N are two subsets of the same vector space X, then we denote:

M+N:={z+yeX: V[relM, yeN|}
With this notation and using the linearity of F' we can easily prove that for every e > 0 we have:

Yo + F(Be(01)) = F(zo + Be(01)) = F(Bc(20)).

Because U is open, if € is smaller than some ¢y we have B(xo) C U and
Yo + F(Bc(01)) = F(Be(z9)) C F(U), Ve < €.
Coupling this with (13.20) where we replace ¢ by € we have:
Bea(yo) = yo + Bea(02) C yo + F(Bc(01)) C F(U) =V, Ve < e,

which shows that y( is an interior point of V. O
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Theorem 13.4. Let X; and Xo be two Banach spaces, and let F : X1 — X5 be a surjective,
bounded linear map. Then F is open.

Proof. According to Lemma 13.3, it is enough to prove that 0Oy is an interior point of the set
F(B;1(01)), which is the image through F' of the unit open ball in X;.

Let us consider the closed sets Sy, := F(By(01)), for n > 1. From Lemma 13.2 we see that
F(B,(01)) C S, for all n. Clearly:

F(X1) = |J F(B.(01)) € | Sn.

n>1 n>1

Because F is surjective, we have F(X;) = X5. It means that X, is a Banach space covered by a
countable set of closed sets. Baire’s Category Theorem 12.1 implies that there exists some N > 1
such that Sy has a non-empty interior. Thus we can find some yy € Sy and ¢y > 0 such that
B, (y0) C Sn. Hence:

Beo (yo) = 1Yo + Beo (02) C F(BN(Ol)) (1321)

Since F is surjective, there exists z¢p € X7 such that yo = F(x0). The linearity of F gives:
F(Bn(01)) = yo + F(—z0 + Bn(01)) = yo + F(Bn(—20)) C yo + F(BN+|jzo|, (01)),

and after taking the closure and coupling it with (13.21) we obtain:

Yo + BEU(OQ) C Yo + F(BN+\\10\|1(01))7

which implies:

Bey(02) C F(BN-jao|): (01))- (13.22)

Define 7 := ¢o(N + ||zo||1) ~}. Let ¢ > 0 be a fixed constant. Choose any y € B.,(02), i.e. we have
llylla < er. Then (N + ||zo||1)c™ 'y € Be,(02) and (13.22) implies that there exists a sequence of
points , € By jz|[, (01) such that

(N + llzoll)e ™ty = lim F(z,),  y= lim F((N + [laolly) ex,).

But Z,, := (N + ||zo|[1) ez, € Be(01), thus we have that y = lim, o F(Z,) € F(B.(01)). To
conclude, what we proved until now is the existence of a positive number r > 0 such that the
following inclusion holds true:

BTC(OQ) C F(BC(O1)), Ve > 0. (1323)

We will now show that
BT(OQ) C F(Bz(ol)), (1324)

which according to (13.20) is equivalent with B,./5(02) C F(B1(01)), thus we can take d = r/2 in
Lemma 13.3 and conclude that F' is open. Now let us prove (13.24). Choose any y € B, (02).
Using (13.23) with ¢ = 1 it follows that y is an adherent point of F(B1(01)), thus there exists
x1 € B1(01) such that ||y — F(z1)||2 < r/2.
The vector y3 = y — F(x1) € B,3-1(02) is an adherent point of the set F(By-1(01)). Using
(13.23) with ¢ = 1/2 it follows that there exists zo € By-1(01) such that
r

llyr — F(x2)|l2 = ||y — F(z1 + x2)[|2 < 52"

By induction, for every n > 1 we can construct the points x,, € By—n+1(01) such that
r

on’? lzn|l <2771, Vn > 1.

ly— Fzy+ @+ 4 ap)l2 <
But thenz = )", ., x, converges absolutely in X; (remember that X, is a Banach space), ||z||; < 2

and y = F(z). The proof is over.
O
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Corollary 13.5. Let F : X1 — Xo an invertible, bounded linear map between two Banach spaces.
Then the inverse map F~1: Xy +— X1 is also linear and bounded.

Proof. The linearity of F~! is implied by the equality:
F(F™ (A + ) = Az + iy = AF(F~(2)) + pF(F~(y)) = FOF~1(@) + pF (1))

and from the injectivity of F'.

Since F' is surjective, the open mapping theorem implies the existence of § > 0 such that
Bs(03) C F(B1(01)). The invertibility of F implies F~1(Bs(02)) C B1(01). Now for any y € Xo
with [|y|la = 1 we have:

2715F 1 (y) = F~1(276y) € B1(0y),

ie. [|[F~Y(y)|l1 <2571 if ||y||2 = 1. This implies that F~! is bounded. O

14 The Closed Graph Theorem

Let H be a Hilbert space with its inner product denoted by (z,y). We denote by H' = H ¢ H the
linear space containing ordered pairs [x,y] with z,y € H, and

([, y], [, w]) = (,u) + (g, w), syl = Vel + [yl

It is easy to see that H’ is complete, thus a Hilbert space. Indeed, if z,, = [z,,y,] is a Cauchy
sequence in H’, then since

max{ ||z, — z4ll, [lyp — yqgll} < 2p *ZqH/a Vp,qg>1

it follows that both x,, and ¥, are Cauchy in H and converge to z and y respectively. Finally we
use
2 = [z, 9]l < llon — 2| + [lyn — yll-

Let A : H — H be a linear operator (not necessarily bounded). We define the graph of A to
be a linear subspace G4 C H ® H such that

Gy ={[z,Az] e HOH, VxeH}
Theorem 14.1. The linear map A : H — H is bounded if and only if G4 is closed in H'.

Proof. 1. Let us first assume that A is bounded. We will prove that every adherent point of G4
belongs to G 4. Indeed, assume that z, = [z,, Az,] converges to some point [z,y] € H'. Then z,,
must converge to z and Az, to y. Since A is bounded (thus continuous), we have that Az =y
and we are done.

2. For the second implication, assume that G4 is closed in H'. We will prove that A is
bounded. The linear space X1 := (Ga4,||-||') is a Banach space because G 4 is closed. Denoting
by Xo := (H,]|| - ||), define the linear map F' : X; — X given by F([z, Az]) := z. Clearly, F' is
invertible with F~1(y) = [y, Ay], and F is bounded:

1E (e, Aa))|| = lla] < ||l Aa]l/, Ve € H.

The Corollary 13.5 implies that F~! is bounded, that is there exists a constant C' > 0 such

that:
Ay[l < VIlyll? + [Ayl)? = [F ()l < Cllyll, vy eH,
i.e. A is bounded. O

The following corrolary is known as the Hellinger-Toeplitz theorem:
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Corollary 14.2. Let H be a Hilbert space and let A : H — H be any linear and symmetric
operator, i.e. it obeys (Ax,y) = (x, Ay) for every x,y € H. Then A is bounded.

Proof. We only need to show that the graph G4 is closed. The fact that G4 contains all its
adherent points can be characterized like this: if {x,},>1 C H converges to some = € H and in
the same time {Axy},>1 converges to some y € H, then Az = y. Let us prove that this indeed
happens when A is also symmetric.

Assume that z,, — « and Az, — y. We need to prove that Ax = y. From the equality
(Axp,z) = (x,, Az) which holds for an arbitrary z € H and from the continuity of the inner
product, we obtain that (y, z) = (z, Az) = (Az,z). This means that Az — y belongs to H*, thus
Ax =y and we are done. O

15 The spectral theorem for compact and selfadjoint oper-
ators

Let H be a separable Hilbert space, and let T = T* € B(H) be a selfadjoint, compact opera-
tor. This means that given any bounded sequence {z,},>1, one can always find a convergent
subsequence for {Tx,},>1. We assume that the dimension of A is infinite.

Theorem 15.1. There exists an orthonormal basis in H denoted by {1;};>1, and a sequence of

real numbers {A;};>1 converging to 0 and satisfying ||T|| = |A1| > || > ..., such that for every
f € H we have:
Tf =2 Awslf ). (15.25)
i>1

15.1 Proof of Theorem 15.1

Lemma 15.2. Let 2 € C. We have null(T — z) = {range(T — z)}*, and H = null(T — 2) @
{range(T — 2)}.

Proof. Let us prove the first equality. We know that 7 is symmetric, hence (T — 2)f,g) =
(f,(T —z)g) for all vectors f,g € H. If f € null(T — 2), then 0 = (f, (T — Z)g) for all g, thus
f € {range(T—2)}*. If f € {range(T—%)}*, then ((T'—2)f,g) = 0forall g € H, thus (T—2)f =0
and f € null(T — 2).
Let us prove the second equality. We know that for any linear subspace M we have { M+}+ =
M. Thus:
H =null(T — 2) ® {null(T — 2)}* = null(T — 2) @ range(T — %). (15.26)

O

Lemma 15.3. Let z = x +iy. Then ||(T — 2)f|| > |y| ||f|| for every f € H. In particular, if
y # 0, then null(T — z) = {0} and T — z is injective.

Proof. Tt is an easy consequence of the fact that (T'f, f) is real and:
AT = 21| = (T = 2)f, )l = [((T = 2)f, f) =iyl FIP] = |yl [[£]]°.

Lemma 15.4. Assume that for a given z, there exists 6 > 0 such that
(T = 2)fl] Z 8|l fll, VfeH. (15.27)

Then T — z is both injective and surjective, thus z € p(T).
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Proof. Clearly, T — z is injective. Our goal is to prove that range(T — z) = H.
Let us write z = x 4+ dy. If y # 0, then (15.27) is a consequence of Lemma 15.3. Thus we also
have that
(T =2)fl = dlIfll, VfeH. (15.28)

When y = 0, (15.28) coincides with (15.27).
In both cases, (15.28) implies that T — Z is injective, thus null(T — z) = {0}. Using (15.26)
with z replaced by Z we obtain that the range of T'— z is dense in H:

range(T — z) = H. (15.29)

The only remaining thing in the proof is to show that range(T — z) is a closed set, which
together with (15.29) would show the surjectivity of T' — 2.

Let us do that. Assume that {y,}n>1 C range(T — z) converges to yo, € H. We have to show
that yo, € range(T — z). There exists {z, }n>1 C H such that y, = (T — 2z)z,,. Using (15.27) we
can write:

1 1
[[Tnsk — 2nll < SH(T = 2)(Tntk — Tn)|| = g”ynﬂc —nll, Vn,k>1. (15.30)

Since {yn }n>1 is Cauchy, (15.30) implies the same thing for {z,},>1. Thus there exists xo, € H
such that lim,,_, o ;, = Too. Using this in the equality T'x,, = zx,+vy, together with the continuity
of T, we obtain Ty, = 2o + Yoo and:

Yoo = (T — 2)T0o € range(T — z).

O
Remark 1. The previous lemma shows that if T is a selfadjoint operator and if
T = 2)all 2 6>0, Vel =1, (15.31)
then z € p(T). Thus if A € o(T) we must have
nt 7= Nl =0,
or more precisely, there exists a sequence {zy, },>1 with ||z,|| = 1 such that
lim (T — z)z, = 0. (15.32)
n— oo

Remark 2. Lemma 15.3 and Lemma 15.4 prove that o(T) C R. Moreover, if |z| > ||T|| we can
write

_ 1.
(T — 2) 1:—Zzn+1T, (15.33)

n>0

thus o(T) C [=[|T]], [[T]]].

Let us now characterize the structure and nature of the spectrum of 7.

Lemma 15.5. If A € o(T) and X\ # 0, then there exists at least one eigenvector f # 0 such that
Tf=M\f.

Proof. Because A € o(T'), we have the bounded sequence {z,},>1 from (15.32). Since T is
compact, we can find a subsequence {x,, }r>1 such that {T'z,, }r>1 is convergent to some yo.. We
can write:

1
A

1

Tx, — (T —Nx,,,
k )\ k

T, =
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and since the r.h.s. converges to ;s we conclude that limy o0 T, = §¥oo. The continuity of T

implies that limy_,oo Ty, = %Tyoo. Hence:

1

k—o0 A

Moreover, ||y, || = 1 implies that ||ys|| = 1, thus we can choose our eigenvector to be f = yoo. O

Lemma 15.6. If \; # Ao belong to the spectrum, and if fi and fo are two corresponding eigen-
vectors, then (f1, f2) = 0.

Proof. Use the symmetry of T and write 0 = (T'f1, fa) — (f1, T'f2) = (A1 — X2){[f1, f2). O

Lemma 15.7. The spectrum of T cannot have other accumulation points outside 0. In other
words, o(T) \ {0} is a discrete set consisting from isolated points.

Proof. Assume that A # 0 is an accumulation point of ¢ (7). It means that we can find a sequence
of points {A,}n>1 C o(T), all distinct and not zero, such that

lim A, = A\
n—roo
From Lemma 15.5 we obtain at least an eigenvector z, ||z,|| = 1, such that Tz, = A\,x,, or

Ty = %Tmn. Since T' is compact, there exists a subsequence z,, such that T'z,, converges to

some y.n Thus
1

lim z,, = lim —Tx,, = —y.

k—oc0 Tk k—00 Apn, e )\y

Thus we have just constructed a convergent subsequence of {z,},>1. But since each z,

corresponds to a different )\, Lemma 15.6 tells us that ||z; — 2x|| = V2 if j # k, therefore this
sequence cannot have Cauchy subsequences. We arrived to a contradiction.

O

Lemma 15.8. Assume that A € o(T) \ {0}. Then the dimension of null(T — \) is finite.

Proof. Assume the contrary, i.e. the existence of infinitely many linearly independent vectors in
null(T — A). Up to a Gramm-Schmidt procedure, we can consider them to be orthogonal and
normalized to one. If {z,,},>1 is such a list, then again ||z; — zx|| = /2, thus it cannot have
any convergent subsequences. But since z,, = %T:z:n, the compactness of T" would generate a

convergent subsequence for {z,},>1, and we arrive to a contradiction.
O

Until now we know that the spectrum of 7' is contained in the interval [—||T||,||T|], it consists
from isolated points outside 0, and the nullspace associated to each of its nonzero points is finite
dimensional. Thus the nonzero spectrum is only composed from eigenvalues with finite geometric
multiplicity, and they can only accumulate at 0.

Lemma 15.9. At least one of the numbers £||T|| is an eigenvalue for T.

Proof. Without loss of generality, we may assume that ||T'|| > 0. From the definition of the
norm, we have ||T|| = sup, =1 [|T=|[. Thus there exists a sequence {zy}n>1, [|zn]| = 1 such
that lim, oo ||Tzy|| = ||T||- Since T is compact, we can find a subsequence z,, such that
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limg oo T%pn, = y, thus |ly|| = ||T]|- In order to simplify notation, denote ||T|| by A. Then we
have:

tim [|(T2 = A2)a, |2 = Jim (T2 = X2)ay,, (T2 = X))

k—o00
- kh_{goﬂT%an%nk) —2)7 <T2xnk7xnk> + )‘4Hxnk‘|2} = <Ty7 Ty> —2)? <y7 y> + A
= (Ty,Ty) — \* > 0. (15.34)

Thus we get ||Ty|| > A\2. Moreover:
0 < [T = M(T +Nyl* = [(T? = M)yll* = (T = )y, (T* = X*)y)
= (T?y, T?y) — 20*(T?y, y) + M||yl|* = (T, T?) — 2A*(Ty, Ty) + X'|y|*
< |IT%yl1* = A° < 0. (15.35)
In the last line above we used (15.34). Thus (15.35) implies (T' — A\)(T'+ Ay = 0. Now if

(T+XN)y = 0, it means that —X is an eigenvalue. If f = (T'+ )y # 0, then necessarily (T—\)f =0
which means that A is an eigenvalue. O

The previous result together with Lemma 15.8 imply the existence of a finite number of eigen-
vectors of T' which span the subspace My := null(T" — \) where A is one of the values ||T|| or

—|IT||. Denote by {wj(/\)}?i:ni(M*) an orthonormal basis of M)y, consisting of eigenvectors of T.

Denote by P the orthogonal projection associated to null(T — \):

dim(My)

Pafi= > (f(0)w; (N, (15.36)

Jj=1

By direct computation, one can show that Py = Py = PZ.
By convention, if A is not in the spectrum of T, then M, = {0} and Py = 0. Denote by

M,y = M+||T|| D M*HTH' (15.37)

Lemma 15.10. The subspace My is a finite dimensional, closed linear subspace, which is left
invariant by T (that is TMy C My ). The same is true for Mi-.

Proof. Every f € M; can be written as a finite linear combination of the type f = Ej (fr ).
Since all 9;’s are eigenvectors of T', then T'f € M;.
Now let us prove that Mi- is invariant under 7. Let g € Mi-. Then for every f € M; we have:

(Tg,f) = (9. Tf) =0,
since Tf € M;. Hence Tg € Mi-. O

Now consider the decomposition % = M; @ Mj-. The previous invariance result allows us to
write our operator T' as a direct sum T' = (||T|| Py 7 — ||T|| P 7)) ® T1, where Ty is simply the
restriction of 7' to Mi-. The next technical result is the following:

Lemma 15.11. The restriction T1 is also compact and selfadjoint. Moreover, ||T1|| < ||T].
Proof. The fact that T is compact and selfadjoint follows from
Ty =TQ = Py = Poyry) = (1= Pyyyryy = Py )T

Now let us prove that ||T1]|| < ||T||. Clearly, ||T1]] < ||T||, so we only need to prove that the
two norms cannot be equal. Assume that they are equal. Then applying Lemma 15.9 to 77, it
would provide an eigenvector ¢ € Mi-, ||¢|| = 1, for T;. But ¢ would also be an eigenvector for T'
corresponding to ||T|| or —||T||, thus ¢ € My, contradicting ¢ # 0. O
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Remark 3. We have the inclusion null(T) C Mj"; indeed, let f € null(7T) and let 1); one
eigenvector of T from M; corresponding to the eigenvalue A # 0. Then

1

> =

Thus f is orthogonal to any linear combination of v;’s, thus f € Mi-.

Now the proof of Theorem 15.1 is almost over. If Mi- = null(T), then we have H = M;@®null(T)
and T' = (||T[| Py — [|T]|P-jzy) & 0.

Otherwise, define M, as the subspace of M- corresponding to null(7; +||Ty||) ©null(Ty — ||T1]|)
and decompose H = M; ® (My ® Mj"). Here Ty decomposes as

Ty = ([| TPy — 1 TAP-ymy)) @ T
By induction, we obtain the decomposition
H=MoM: - o(M,oM;)
and
T = &5 (1511 Py — 1T P-yjzy))) © T,

where T, is the restriction of T},_; to M;-. By convention, Ty = T. Reasoning as in the proof of
Remark 3, we get that null(T) C M. If they are equal, then we stop. Otherwise, we continue
the reduction procedure.

Now assume that we never get null(7)) = M,-. It follows that T}, # 0, and also lim,, ., ||T},|| =
0 because Lemma 15.7 forbids the accumulation of eigenvalues outside 0.

Lemma 15.12. We have @;j>oM; = range(T).

Proof. Fix f € H. The vector Z;‘L:_ol(HTjHPJrHT]-Hf — || T5|1P—jj1;) f) can be seen as an element
of ®;>0M;, where all components with an index larger than n 4 1 are zero. We know that

T.f=Tf- Z?;&(||Tj||P+||Tij — | T5[|P- ;)1 f), and [|T5, f|| — O when n grows. Thus we can
approximate 1'f arbitrarily well with elements of @;>¢M;. O

Corollary 15.13. We have the decomposition H = {®;>oM;} & null(T).

Proof. Put z =0 in (15.26) and use Lemma 15.12.
O

We can now conclude the proof of Theorem 15.1. The orthonormal basis consists from the
eigenvectors of T' corresponding to non-zero eigenvalues, put together with an arbitrary basis in
null(7). The numbers A;’s are either the nonzero eigenvalues of T' or zero. The operator T has a
finite rank if a finite number of A;’s are nonzero.

16 The singular value decomposition of a compact operator

Theorem 16.1. Let H be a separable Hilbert space, and let A be a compact operator. Then
there exist two orthonormal basis of H, {e;};>1 and {f;};>1, and a nonincreasing sequence of
non-negative numbers s; > 0 accumulating at zero such that for every f € H we have:

Af =Y si(fe)fs

Jj=1
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Proof. Let T := A*A. We see that T is compact, selfadjoint and non-negative. Moreover,
null(A) = null(T); indeed, if € null(A) then Tz = A*(Az) = 0, thus = € null(T). If € null(T),
then 0 = (z,Tz) = ||Az||? thus Az = 0 and z € null(A).

According to Theorem 15.1, there exists an orthonormal basis {e; } j>1 consisting of eigenvectors
of T, and let A; be their corresponding (non-zero) eigenvalues. We have

Af = (f.e;)Ae; (16.38)

Jjz1

In the above sum, only those e;’s appear which are not spanning the null space of 7'. Denote by

fi= mAej, if Ae; # 0. Clearly, from (16.38) it follows that the f;’s span the closure of the

range of A. Now let us prove that the f;’s are orthogonal on each other. If j # k we have

1

(fi> fu) = m@jﬂ’@w =0.

We can extend the f; basis in an arbitrary way to range(A)*. Finally, let us denote by
s; = ||Aej|| = /(ej, A*Ae;) = /Aj. From (16.38) and the definition of f;’s and s;’s, the

theorem is proved.
O
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