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Surface patch. Atlas for a regular surface

Definition
Let S ¢ R3.

o A surface patch for S is a map o : U — R3 on an open set U C R? so
that there exists an open set V C R3 with o(U) = SN V and such

that
© o is smooth; ?Wﬁtrhﬁ o‘F O’;‘ua\f
@ o is regular, i.e., @\u\m.z does ust
Do : R2 — R3 has (maximal) rank 2 for all g € U; ) “wuuel? S

@ The'restriction's : U — SN V is a homeomorphism, i.e.,
it has a continuous inverse map.
@ An atlas for S is a collection of surface patches for S such that every

point p € S is contained in the image of at least one patch in that
collection.

@ If S has an atlas, it is called a regular surface.
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Level surfaces

Question. When is the set of solutions of an equation f(x,y,z) =c a
regular surface?
Theorem

Let S C R3 have the property:

For every p = (xo, Y0, 20) € S there is an open subset p € W C R3, a
smooth function f : W — R, ¢ € R, such that

O SNW={(xy,z) € W|f(x,y,z) =c};
Q@ Vf(x,y,z)#0 for all (x,y,z) e SN W.

Then S is a regular surface.

Proof.

Apply the Implicit Function Theorem to produce a graph patch in a
neighbourhood of p. Ol
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