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Surface patch. Atlas for a regular surface

Definition
Let S ¢ R3.

o A surface patch for Sis a map o : U — R3 on an open set U C R? so
that there exists an open set V C R3 with o(U) = SNV and such

that
© o is smooth; 2y
@ o is regular, i.e., { -
Dyo : R? — R® has (maximal) rank 2 for all g € U; ﬁ

© The restriction o : U — SNV is a homeomorphism, i.e., @u‘
it has a continuous inverse map.
@ An atlas for S is a collection of surface patches for S such that every

point p € S is contained in the image of at least one patch in that
collection.

@ If S has an atlas, it is called a regular surface.
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Level surfaces

Question. When is the set of solutions of an equation f(x,y,z) =c a
regular surface?
Theorem

Let S C R3 have the property:

For every p = (xo, Y0, 20) € S there is an open subset p € W C R3, a
smooth function f : W — R, ¢ € R, such that

QO SNW={(xy,z) e W|f(x,y,z) = c},
@ Vf(x,y,z) #0 for all (x,y,z) e SNW.

Then S is a regular surface.

Proof.

Apply the Implicit Function Theorem to produce a graph patch in a
neighbourhood of p. Ol
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Parametrizations and reparametrizations

Theorem

Given a patch o : U — S C R3 for the smooth surface S and a point
peU.

Composition with projection There exists an open subset U' C U
containing p and a projection m : R — R? to one of the
coordinate planes such that the composition
moo: U = V' =(moo)(U) is a diffeomorphism.

Local smooth “inverse” With U’ as above, the restriction o|y: has a
smooth “inverse”, i.e., there exists a smooth map

F:V = U, o(U)CV CR3 V open, such that
(Foo)(u,v) = (u,v).
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Theorem

Local graph patch With U' and V' as above, there exists a smooth
reparametrization diffeomorphism ® : V' — U’ such that
(00 ®)(u,v) = (u,v, f(u,v)) with f : V' C R smooth (up
to order).

Smooth mapsto S Amap G: W — S, W C R™ is smooth at r € W if
and only if c=1 o G is smooth at r for a patch o around G(r)

onS
s N

Lisbeth Fajstrup (AAU) Differential Geometry 9 2016 5/11

V.




Transition functions

Given two regular coordinate patches o; : U; — V; N'S. They define a
transition function 02_1 ooy : al_l(Vl NnVy) — 02_1(V1 N Va)

— a diffeomorphism between plane open sets.

Interpretation: Change of coordinates is smooth (both ways)!
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Smooth maps between surfaces

Given smooth surfaces S; and S; and p € S;.
Definition
A map f: S — S, is called smooth at p, if there are surface patches

o;: Ui — S; and g € U such that 01(q) = p and f(o1(U1)) C 02(Uz)
and such that the composite map

g—02 of00‘1 Ui — Us

is smooth at g.
f is called smooth if it is smooth at all p € S;.

This definition is independent of the choice of patches Transmon

functions! 5' V o S

N
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Tangent planes

Smooth curves on a smooth surface S

Definition
@ A smooth space curve with parametrization v : | — R3 is a curve on
Sify(t)ye SforallteS.

@ The tangent plane T,S consists of the velocity vectors 4(0) for all
curves v on S with v(0) = p.
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Theorem
Let 0 : U— VNS denote a coordinate patch with o(q) = p.

o For a smooth curve vy : | — S C R® with y(tg) = p there exists an
interval J C I, ty € J, and a smooth curve § : J — U such that

y=00d. §() = 67 ox(t)

(All curves come locally from a smooth curve on a patch.)
e D40 : R?2 — T,S is a linear isomorphism.
@ T,S is a 2-dimensional linear subspace of R3.
D= — e
«(nz)—Ts Dg“‘ R*=TS
(D r) T S -J;HZ
-0 Ge) o) - )(0)
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The differential of a smooth map

Definition (Differential D f : 7,51 — T¢(5)S2 of a smooth map f at
peS)

Represent a tangent vector w = 4(0), « a smooth curve on 51, v(0) = p.
D,(f)(w) = (f o~)(0) — the tangent to the image curve (f o) at f(p).
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Theorem

@ The definition of Dy(f) does not depend on the particular choice of
the curve v, only on its tangent w = (0).

® Dpf : TpS1 — Tg(p)S2 is linear.

Proof.

Choose surface patches o; : U; — S; — as in the definition of a smooth
map. Then ~(t) = 01(d(t)) for some smooth curve 6 with 6(0) = q.
Hence, Wlthg—0'210f00'1, 5({\ 6” ox({)
Dp(f)(w) = (fo7)(0) = (foa106)(0) = (020g06)(0) = q(Uzog)(5( )

o depends only on §(0) = (Dyo1)~1(%(0)) = (Dgo1) "t (w).
® Dpf = Dy(q)02 © Dgg o (Dgo1) ™t is linear.
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