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Abstract

In this paper we use standard computer-search techniques to investigate
the existence of two types of structured digraphs.

One type is the directed strongly regular graphs introduced by A. Du-
val. They have the property that the number of directed paths of length
2 from vertex x to vertex y depends only on whether there is an edge
from x to y. We prove existence in the last open case in Duval’s list of
parametersets for directed strongly regular graphs with at most 20 vertices.

The second type of “strongly regular digraphs” are the normally regular
digraphs introduced by the author. Such digraphs have the property that
the number of common out-neighbours of two vertices only depends on
whether they are adjacent. In this case we construct some digraphs and
find that for 10 parametersets there exist no graph.

1 Normally Regular Digraphs.

A normally regular digraph (or NRD) is a digraph for which there exist numbers
k, A and pu, so that every vertex has out-degree k, a pair of vertices x and y
have exactly A common out-neighbours if x and y are adjacent and u common
out-neighbours if they are non-adjacent. It is assumed that the digraph is in fact
oriented, i.e. there is at most one edge between a pair of vertices.

This definition can be restated in terms of the {0, 1}-adjacency matrix, A, by
the following equation:

AAT = KT+ NA+ AT+ pu(J -1 - A - AT) (1)

with the additional condition that A + A" is also a {0, 1}-matrix.

It is shown in [7] that the adjacency matrix of a normally regular digraph is
normal, i.e., the properties of out-degree and out-neighbours holds for in-degree
and in-neighbours as well.



The number of vertices of a normally regular digraph is denoted by v. An
easy counting argument shows that

pv = (k+p =N =k +p— (1= N> (2)
Since we do not allow 2-cycles, we also have

v>2k+1 and k>2\+1. (3)

1.1 The search algorithm.

Since it is diffucult to determine existence of normally regular digraphs without
computer, we want to apply computer-search to normally regular digraphs with
small parameters in order to find such graphs or to prove non-existence.

In the computer a digraph is represented by its adjacency matrix. Since we
want to use an orderly search algorithm (see Read [12]) we choose one canonical
representation of the digraph among all possible adjacency matrices of a digraph.

If the rows of an adjacency matrix are written in one line; row 1 followed
by row 2, etc., then we may interpret this as a binary number. Among all the
adjacency matrices of a graph, there is one matrix for which this number is
largest. This matrix is said to be in maximal form.

We will always use the maximal form adjacency matrix of a normally regular
digraph. This means we want to have the 1’s as far left as possible in the matrix,
with highest priority to the first row.

The first row of an adjacency matrix in maximal form of a normally regular
digraphs has 0 on the first (diagonal) entry. The following k entries are 1, and the
remaining entries are 0. The second row has 0 on the first entry (since A+ A7 is
a {0, 1} matrix) it has 0 the diagonal entry, and then it has 1 on the following A
entries (since vertex 1 and vertex 2 are adjacent), 0 on the next k — A — 1 entries
and then & — A entries with 1 and the remaining entries are 0.

Suppose we have filled in rows number 1, ... ,r—1. Then row number r must
satisfy

e [t has exactly k entries 1 and v — k entries 0.
e Entry number r is 0.

e For ¢ < r,entry ¢ is 0 if entry r in row ¢ is 1.

If the matrix has 0 in entry (r,7) and in entry (¢,7) then the dotproduct of
row ¢ and row r is p, otherwise it is A, for: =0,... ,r — 1.

e The first r rows of the matrix is in maximal form.

For each possible way to fill in row r we repeat this procedure with r replaced
by r+1, etc., until either we find some r for which no row satisfies the conditions
or else all v rows are completed and the matrix satisfies the condition for a
normally regular digraph.



Even if the final result is that no normally regular digraph exist with a given
parameterset, there may be a very large number of matrices with r rows that
satisfies the conditions, for some r < wv. It is therefore usefull to have some
further conditions that must be satisfied in order to get a smaller number of
matrices with r rows that satisfies all conditions. The only such condition that I
know is the following:

e The dotproduct of any two columns is at most the maximum of x4 and A.
If it is already known that the two columns correspond to vertices that are
adjacent (non-adjacent) then the dotproduct is at most A ().

1.2 The design case: pu=Aor p= XA+ 1.

It follows from the above matrix-equation (equation 1) that in the case p = A
the adjacency matrix A is also the incidence matrix of a symmetric 2 — (v, k, u)
design, and in the case p = A + 1 the matrix A 4+ I is incidence matrix of a
symmetric 2 — (v, k + 1, ) design.

Design v| k| A| pl no. of NRD’s
PG(2,2) 712101 1
713111 1
Hadamard-design | 11 | 4 | 1 | 2 0
1115212 1
PG(2,3) 313101 5
314111 4
Hadamard-design | 15| 6 | 2 | 3 0
L7133 2
2-(16,6,2) 605112 16
616 |22 4
Hadamard-design | 19 | 8 | 3 | 4 0
1919 4|4 2
PG(2,4) 2004101 187
2005 |11 > 1000
Hadamard-design | 23 | 10 | 4 | 5 0
23115 | 5 37
2-(25,9,3) 25| 81213 >1
25191313 >1
Hadamard-design | 27 | 12| 5 | 6
271131 6 | 6 722
Table 1.

Table 1 contains the result of the computer-search for normally regular di-
graphs with g = A or p = A + 1 in all the cases with v < 30 where designs with



v > 2k exist (see Beth, Jungnickel and Lenz [1]). In this and the following tables
empty entries in “the number of graphs column” means that a search has not
been possible because of a very large number of cases. In other cases a partial
search has found some graphs, and so we have a lower bound on the number of
graphs.

In the case v = 2k +1 = 4\ + 3 the digraph is a tournament, i.e., every
pair of vertices is joined by an edge. Such tournaments are called doubly-regular
tournaments or Hadamard-tournaments, since their existence is equivalent the
existence of skew Hadamard matrices of order v + 1, see Reid and Brown [13].
These tournaments are also strongly regular in the sense of Duval. Such tourna-
ments with at most 27 vertices were also enumerated by Spence [14] (with the
same result as here).

We note that the normally regular digraphs with 4 = A + 1 related to
Hadamard-design do not exist for 4 < 5 except in the case u = 1, where the
Hadamard-design is PG(2,2).

1.3 The case p & {\, A+ 1,0,k}.

It is proved in [7] and [9] that normally regular digraphs with p =k or p = 0
are in one to one correspondence with Hadamard tournaments or certain sets of
Hadamard tournaments, respectively.

We therefore consider normally regular digraphs with

wd {0,k M A+ 1), (4)

There are 56 parametersets with v < 36 satifying equation 2 and inequalities 3.
26 of these parametersets can be excluded by the following Bruck-Ryser type
theorem, see [7].
Theorem 1 Suppose there exist a normally reqular digraph with parameters (v, k, \, p).
o Ifviseven thenn=Fk— p+ (u— N)? is a square.
e If v is odd then equation % + (—l)v_;rlqu = nz? has an integer solution

(x,y,2) #(0,0,0).

Further 11 parameterset can be excluded by the following combinatorial the-
orem, see [7].

Theorem 2 Suppose there exist a normally reqular digraph with parameters (v, k, \, p).
o If2u>k+ X\ then v — 2k divides v.
e I[fA=0 thenk>2u+%+\/2u+i, unless p=Fk or p=1.

The remaining 19 parametersets are listed in Tabel 2, with the result of the
computer-search.



The case (36,7,0,2) is one the easiest in table 2. A complete search was done
on a SUN Ultra 2 workstation in about 2 minutes. The case (31,10,2,5) took
about 30 hours. The cases that have not been searched all seems to be must more

difficult.

v| k| A| pl no. of NRD’s
1916 113 1
21 8 | 3 | 2 1
231 812 1|4 0
251 8 13 |1 0
271 8 |1 1] 4 0
271101 3 | 5 >1
28091214
281125 | 4
291 7121 4
2911215 | 3
31110 2|5 0
311104 |1 0
311124 |6 >1
31112 5| 2
351101 1|5 0
351121 3| 6
31415 |7
367102 2
36|10 3 | 2

Table 2.

1.3.1 The graphs found in the search.

In the cases (27,10, 3,5) and (31,12,4,6) Tabel 2 says that there is at least one
graph in each case. These graphs were not found by this computer search. They
were found in [7] as Cayley graphs of the groups Zz x Z3 x Z3 and Zs;, respectively.

The graph with parameters (19,6, 1, 3) is the Cayley graph of Z;9 generated
by {1,4,6,7,9,11}. It automorphism group has order 57 and is generated by the
maps ¢ — ¢+ 1 and ¢ — 7i.

The graph with parameters (21,8, 3,2) has automorphism group of order 7.
It can described as follows.

The vertexset is {a;, b;,¢; | i € Z7}. It has edges

from a;
from b;
from ¢

to  ait1, Giy2, i, bit1, biys, biys, i, Ciys

to bi—i—l; bi+2; Ciy Ci43, Cit4, Cit5, Aj41, Ai43,
to Ci+3y Ci+6y Qit1, Aj+3, Aj+4, Qit6, bi+57 bi+67
All the eigenvalues of this graph have multiplicity 1.

for ¢ € Z7,
for ¢ € Z7,
for ¢ € Zs.



In the case (29,7,2,1) one of the four graphs (is a 4-class association scheme
and thus) has four eigenvalues of multiplicity 7. It is the Cayley graph of Zag
generated by {z* | z € GF(29),7 # 0}. The other three graphs each have
automorphism group of order 7.

One of the graphs with parameters (36,7,0,2) was known previously, since
it is a 3-class association scheme (i.e., it has the additional property that the
number of directed paths of length 2 from vertex x to vertex y is 0 if x — y, 4 if
x < yand 1 if x and y are non-adjacent). It was found (in 1982-84) by Faradzev,
Klin and Muzichuk, who also found its automorphism group, PSU(3, 3) of order
6048, see Faradzev, Klin and Muzichuk [3], page 115.

Goldbach and Claasen [5] showed that it is unique as an association scheme.

The other normally regular digraph with parameters (36,7, 0, 2) has vertexset
{xi,jayi,j | 1= 1, ce ,6,j € Z3}, and edges

Tij = Tjj+1 and Yij — Yij+1 for ¢ = 1,...,6, ] S Z3 (5)
and
Tij = Yk jrivisk and yij = Tp 14k fori, k=1,...,6,j€Zs  (6)

where i % j € Zs3 is defined by the multiplication table

cCooc oo o~
NN R = O O
N =N O~ Ow
— O N = O
—H O N~ N Ot
O~ H NN OO

Sy O i W N~

It is easy to see that this graph has £ = 7. The common out-neighbours of z; ;
and y; ;+ is contained in {x;x, yi i | K € Z3}, since the graph is nearly bipartite.
x;; and x;;, j # j' cannot have a common out-neighbour y,, since it is not
possible that b= j+1+i*xaand b =7 +1+ix*a. z;; and zy j, 1 # ¢ have a
common out-neighbour y,, if b =j+1+i%xa = j + 1+ xa. But this equation
has two solutions, since row ¢ and row 4’ differ by j — 5 in exactly two columns
in the multiplication table. Since the map x; ; — y; ; and y; j = x; ; is clearly an
automorphism, y; ; and y; j» also have two (no) common out-neighbours if 7 # ¢’
(1 =1"). It follows that A = 0 and p = 2.

The automorphism group has order 2160. It is transtive on vertices. The
edges in equation 5 and 6 forms two edgeorbits.



2 Directed Strongly Regular Graphs.

A directed strongly regular graph is a digraph for which there exist numbers
n, k, p, A, t such that the digraph has n vertices, every vertex has out-degree and
in-degree k, the number 2-cycles incident with a vertex is ¢, the number of directed
paths of length 2 from vertex x to vertex y is A if there is an edge directed from
x to y, and it is u otherwise.

The adjacency matrix A satisfies

A2 =41+ NA+ p(J — I — A),

and
A =JA=FkJ.

Directed strongly regular graphs were defined by Duval [2]. Earlier Hammer-
sley [6] had considered the special case = A = 1.

2.1 The search algoritm.

We want to use an orderly search algoritm similar to the one used for normally
regular digraphs. But the problem is that comparing two rows of the adjacency
matrix does not give any information about the number of directed paths of
length two between the corresponding vertices. We have to compare a row and a
column!

This problem can be solved if we dont use the adjacency matrix A to represent
the graph but the matrix B = 24 + A”. Then row r of B contains information
about all edges directed into and out from vertex r.

We always represent a directed strongly regular graph by its B-matrix in
maximal form.

The first row of such a matrix has 0 in the first entry, 3 in the following ¢
entries, then 2 in k£ — ¢ entries, 1 in £ — ¢ entries and the remaining entries are 0.

To fill in row r, 1 < r < v, assume that rows 1,...,r — 1 are filled. The new
row must satisfy

e It hast 3’s, k —t 2’s, k —t 1’s and 0 in the remaining entries.
e [t has 0 in the diagonal entry.

e If entry (i,r) is 3, 2, 1 or 0, respectively then entry i in row r should be 3,
1, 2, 0, respectively, for . =1,...,r —1.

e If entry (i,7) is 3 or 2 (1 or 0) then there are exactly A (u) columns with 3
or2inrow ¢ and 3or linrow r,fore=1,...,r—1.

e If entry (r,¢) is 3 or 2 (1 or 0) then there are exactly A (u) columns with 3
or 2inrow r and 3or linrow ¢, fore =1,...,r—1.

e The first r rows is a matrix in maximal form.



2.2 Result of search.

Duval [2] made a table of all possible parametersets with n < 20 and k < %
satisfying the eigenvalue conditions and some other conditions.

In table 3 we list the same parametersets. The last column contains what
was known about existence of graphs with the given parameterset, before our
computer-search. This column also refers to the first paper that proved the
(non) existence: D is Duval [2], H is Hammersley [6], KMMZ is Klin, Munemasa,
Muzychuk and Zieschang [10], FKM is Fiedler, Klin and Muzychuk [4].

Column 6 of table 3 contains the number of non-isomorphic digraphs found
in the search described above.

Note that the two previously known non-existence result were confirmed by
this search. The case (n,k,u, A\, t) = (14,5,2,1,4) was done in about 1 second
on a SUN ultra 2 workstation. The case (n, k, u, A, t) = (16,6, 3, 1, 3) took about
70 minutes.

n| k| w| A| t| no. of graphs existence
6 | 2|1]0]|1 1 yes, D
813 ] 1|1]2 1 yes, H
014212 16 yes, D
1213|101 1 yes, D
121412102 1 yes, D
1251223 20 yes, D
14151214 0 no, KMMZ
1416|323 16495 yes, D
514|112 5 yes, H
55212 1292
663|113 0 no, FKM
672|415 1 yes, D
6| 713|314 yes, FKM
1814111013 1 yes, D
185|123 2 yes, FKM
8163|013 1 yes, D
8|1 713215 yes, FKM
181 813415 yes, D
1818143 |4 yes, D
200411101 1 yes, D
2007121314 yes, KMMZ
200 8 (412 |4 yes, D
20091141415 yes, D
Table 3.



2.2.1 The case (n,k,pu, A\ t) = (15,4,1,1,2).

Hammersley [6] found one such graph, which we denote by G;. This graph is a
special case of a general constructions in [2] and [8]. The 2-regular subgraph of
(G, consisting of undirected edges is the union of a 10-cycle and a 5-cycle. Its
automorphism group is the dihedral group of order 10.

Another graph G5 has vertex set {vp,...,v14}. The undirected edges form a
15-cycle vy <— vy <— ... < v14 <—> vy. The directed edges are

Vo+5h — UT+5h, US+5h

U145k — U345k, Ul1+5h
V24+5h — Vo+5h; Ull+5h
Uz4+5h — Us45h, U945h
Ugt5n — U245h, U945h

for h =0,1,2. The automorphism group Ss is generated by the maps v; — v; 45
and Ui > U15—j-

A third directed strongly regular graph with these parameters is G'3 with ver-
tex set {w_7,...,wr}. The undirected edges form the 15-cycle w_7 «— w_g +—
... ¢« wy «— w_7. The directed edges are w, — w,, w, = w, and (if z # 0)
W_y — W_y, W_y — w_, where (z,y, z) is one of the triples (0,2, —2), (1,7, —2),
(2,-5,-4), (3,5,-1), (4,-1,2),(5,7,-3),(6,4,—3),(7,—6,0). The only non-
trivial automorphism of G5 is the map w; — w_;.

The remaining two graphs with parameters (15,4, 1,1, 2) are G and G%, where
G is the graph obtained from G; by reversing the direction of all edges. G7 is
isomorphic to G;.

2.2.2 The case (n,k,u, A\ t) = (15,5,2,1,2).

When we started this search project the case (15,5,2,1,2) was the only case from
Duval’s table that was still open. We have settled the existence problem in this
case by showing that there are exactly 1292 non-isomorphic graphs with these
parameters. The matrix B = 24 + A’ in maximal form of one of these graphs
is shown below. This graph has no non-trial automorphism. All these graphs
have small automorphism groups of order at most 5. The number of graphs with
automorphism group of order 1, 2, 3, 4, 5 is 1174, 100, 10, 5, 3, respectively.



0332221110000¢O0O0
3 0322200011100 0
3300001101002 22
11 0000330122220 0
11 000031232200 20¢0
11 00001323¢0200 2
2023320010001°01
20232300001O0O0T11
2000112000213 320
02223300000111020
020110021002 3¢0 3
0201010022100 33
0011002¢0323¢0¢0 21
001010023203 10 2
1001 001220033210 ]

2.2.3 The case (n,k, pu, \,t) = (2m?,2m —1,1,m — 1,m).

For every integer m > 2 we construct a directed strongly regular graph G,

with 2m? vertices {z;;,y;; | i,j = 1,...,m}. For each i = 1,...,m the sets
{zi1,...,2im} and {1, ... ,Yim} span complete graphs K,,. Furthermore the
graph has edges x; ; — y;; and y; ; — x;; forevery ¢, 5,0 = 1,... ,m. In particular

the undirected edges between the complete subgraphs are z;; <+— y;;. (An
algebraic construction of these graphs from generalized quadrangles is given by
Klin, Pech and Zieschang [11]).

The map B : x;; = vij, Yi; = %;; is an automorphism and for any two
permutations p and ¢ of {1,... ,m} the map ayp g : @5 = Tp@i)q()s Yij = Yali)p()
is an automorphism. It follows that G,, is vertex transitive. For m > 3 is it easy
to see that the automorphism group of G, is imprimitive with three systems of
blocks

o X={w;;|t,7=1,... m}, Y=A{yi;|,j=1,... ,m}.

L4 Xz = {xi,la--- 7xi,m}7 Y; - {yi,l;--' 7yi,m}7 1= ]-7 , M.

L {xi,ja yj,i}: Z)] = ]-7 cee M.

(this is true even for m = 2).

Let 7 be an arbitrary automorphism of GG,,. If 7 interchanges X and Y then
we replace 7 by 73. So we may assume that X and Y are fixed by 7 as sets.
There exist permutations p and ¢ in S, so that 7 maps X; to X,;) and Y; to Y
fori=1,...,m. A vertex in X; that dominates Y} is mapped to a vertex in X
that dominates Yy(;). Thus 7(x;;) = 2p3) (). Similarly, 7(v;;) = Yq@)p)- Thus
T =qy,, and so {a, 0" | p,q € Sm, i = 0,1} is the full group of automorphisms.
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Every vertex in the graph has degree £ = 2m — 1 and is incident with ¢ = m
undirected edges.

Since G, is vertex transitive we need only consider directed paths of length
2 starting at x,;. Let x;; be a vertex so that we do not have z,; — z;;, i.e.,
i # 1. A directed path x; ; — 2z — ; ; must satisfy z = y,, for some u,v. Since
Ti1 — Yup, v = 1. Since y, , — x; j, v = %. Thus there is a unique path of length
2 from T11 to Tij-

Let y; ; be a vertex so that 1, /4 y,;, i.e., ¢ # 1. Since z1; does not have
any out neighbour in {y;1,...,%im}, a vertex z so that x,; — 2z — y; j, must
satisfy y = x1; for some [. Since z;; — ¥, j, [ = ¢. Thus there is aunique path of
length 2 from x;; to y;; and so p = 1.

The vertices 2z that satisfies x1; — 2 — @1 ; are the vertices z = x;, where
i #1,7,and 2 =y ;.

The vertices z that satisfies 1, — 2 — y;; are the vertices z = ¥, ,;, where
t# 7. Thus A =m — 1.

For m = 2, (G5 is the unique directed strongly regular graph with parameters
(8,3,1,1,2).

For any vertex z € G, the set {v € G,,, | = = v # z} spans a complete
graphs with m — 1 vertices, and the set {v € G, | v — z /4 v} is an independent
set. It follows that for m > 2 the graph G, obtained from G,, by reversing the
direction of all edges is not isomorphic to G,,.

For m = 3, G3 and G} are the only directed strongly regular graphs with
parameters (18,5,1,2,3).
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