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I = (a, b)
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x ∈ (a, b)
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f(x + h)
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(x, f(x))
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f(x + h) ≈ f(x) + hf ′(x).
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x + h ∈ I :�D 7 � >-3 , �! FE �"G 3B&' @ 5!&' 9HI�43

f(x + h) = f(x) +
h

1!
f (1)(x) +

h2

2!
f (2)(x) + · · ·+

hN−1

(N − 1)!
f (N−1)(x)

+
hN

(N − 1)!

∫ 1

0

f (N)(x + th)(1 − t)N−1dt. J faol¦�K
L?M2N �PO'� dJ@C�/Z]YS@CG�T�FXK��&O+�a\lFXKIY8T�FHKIk
@)\NP2@)Y�Gª�HK�ZN^X@)B�GªOU^XBD@�^�OHBD^H@�MD@)\��/Z]Y�Z]B�GI@)^XKIOUG[ZlFXB¢o
»AZ=YSG[OHKSGI@)K�k
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d

dt
f (k−1)(x + th) = hf (k)(x + th).
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hN

(N − 1)!

∫ 1

0

f (N)(x + th)(1 − t)N−1dt

=

[

hN−1

(N − 1)!
f (N−1)(x + th)(1 − t)N−1

]t=1

t=0

−
hN−1

(N − 1)!

∫ 1

0

f (N−1)(x + th)(1 − t)N−2(N − 1)(−1)dt

= −
hN−1

(N − 1)!
f (N−1)(x) +

hN−1

(N − 2)!

∫ 1

0

f (N−1)(x + th)(1 − t)N−2dt

= −
hN−1

(N − 1)!
f (N−1)(x) −

hN−2

(N − 2)!
f (N−2)(x)

+
hN−2

(N − 3)!

∫ 1

0

f (N−2)(x + th)(1 − t)N−3dt

ooo

= −
hN−1

(N − 1)!
f (N−1)(x) −

hN−2

(N − 2)!
f (N−2)(x) − · · · −

h

1!
f (1)(x)

+ h

∫ 1

0

f (1)(x + th)dt.
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h

∫ 1

0

f (1)(x + th)dt =
[

f(x + th)
]t=1

t=0
= f(x + h) − f(x).
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PN−1(x; h) = f(x) +
h

1!
f (1)(x) +

h2

2!
f (2)(x) + · · · +

hN−1

(N − 1)!
f (N−1)(x) J fao f=K

$ � 3 , � @ E �"G 3B&' 6 &"3 G'� &'H ( � � � 5 �  �=, N − 1 :
	 ,��  G $�$'� �

RN(x; h) =
hN

(N − 1)!

∫ 1

0

f (N)(x + th)(1 − t)N−1dt J fao®h2K
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x
FX^

h
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θ
�
0 < θ < 1
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RN(x; h) =
hN

N !
f (N)(x + θh). J fao¬n#K
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θ
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x
FX^

h
o
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|f (N)(x)| ≤ M 5!&' � 3)3B� x ∈ I :�D 7�� �  8 (

|RN(x; h)| ≤
|h|N

N !
M J f/o��2K

5!&' � 3)3B� h
� @ 7 ���

x + h ∈ I :
L?M2N �PO'� Q�@)YSLD\lG[OUG[@�G T��X\l^X@)K.LDk
Z]MDMD@C\]P7OUKSG T�KIO J f/o©n#KjFX^eOHB�GªOH^H@)\]YS@)KSBD@H�8k
@)B�MDO��aZZ]���H@.�7OHKc�/Z]YSG�MD@�GIG[@}KI@CYILD\�GªOUG)��Y[�
�/Z=�/Z]YS@)K_B/L"�s���XFHKIM7OHB J fao��2KJ�¡OHB�LNMD\]@CMD@)Y�LDM�T�KIO
J fao©h Kªoa»AZ=�7OHK

|RN(x; h)| =

∣

∣

∣

∣

hN

(N − 1)!

∫ 1

0

f (N)(x + th)(1 − t)N−1dt

∣

∣

∣

∣

≤
|h|N

(N − 1)!

∫ 1

0

|f (N)(x + th)|(1 − t)N−1dt

≤
|h|N

(N − 1)!
M

∫ 1

0

(1 − t)N−1dt

≤
|h|N

(N − 1)!
M

[

−1

N
(1 − t)N

]t=1

t=0

h



=
|h|N

N !
M.
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baFHk @)B�LNk�ZlMDMD@)\lP7OHKj�UFXBDYI@C���X@)BNY�O¡T�bN�«GIBDZ]BD^�fao©h�YI@CY MD@�G+��OUG.YSGI�XKIKS@)\]YS@)B6�7�
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Z]LNk Ps@CMDKI@U�CQSF
B7��KIk
@)KS@}LNMN�/Z]��\]ZlBD^XYI�NLDBD��G[@�G_�/Z=YS@)K)�7FH^AQSF
�D�¡QS@CKI@�^XKIOHM<�3O+�/\]FXKS�sFH\l�/BDFXk
Z]@�G��7OHKCo

� � z~µ=¸�· �<´C¸�v

»AZ=^XZ��X@)KcB�L<BDFX^H\]@j@)��YS@)k
�D\]@CKc�7�uOHB��X@)BNMD@)\lYI@.OUT3�&O+�/\]FXKSY�T�FXKIk
@)\"GIZ]\"OH�D�DKSFX��YIZ]k�O¡�
G[Z]FHB�OUT�T�LDBD��GIZ]FXBD@CK)o7»AZ=Y�GªOHK�G[@CK�k
@)M-@)��YI�2FXBD@CB�G[Z�OU\lT�LDBD��GIZ]FXBD@CB

f(x) = ex
oD»AZ=�7OUK

T�FXKcMD@)BNBD@}T�LNBD��G[Z]FHB¢�7OUG
f (N)(x) = ex

T�FXKjOH\l\]@
N ≥ 1

o"?A@�G�T��X\]^X@CK)�sOUGjMD@�G�^X@)BN@)KI@C\]\l@��3O+�/\]FXKS�sFH\l�/BDFXk
Z]LDkmT�FHK
x = 0

@)K
^XZl�H@CG��X@CM

PN−1(0; h) = 1 + h +
1

2
h2 +

1

6
h3 + · · ·+

1

(N − 1)!
hN−1.

»AZ¢�U��\]^X@CKcB�L
N = 5

FH^
h = 0.1

o+Q�@)Y�G[\]@CMDMD@�G��¡OHB-M7O��/LDKIMN@)KI@CY_�H@)M

|R5(0; 0.1)| ≤
1

120
(0.1)5e1 ≈ 2.3 10−7.

�3O+�/\]FXKS�sFH\l�/BDFXk
Z]@�G�OUTD^HK[OHM�¹7KI@ G[Zl\]\]OHMD@)KsFXY�M7O�O¡G&P2@)KS@)^XBN@
e0.1 k�@CM.Y��/�}P2@CG��/MD@CBDMD@�)ZlT�KS@HoN»�Z=�7OHK

1 + 0.1 +
1

2
(0.1)2 +

1

6
(0.1)3 +

1

24
(0.1)4 ≈ 1.1051708.

bNOHk
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@)M<���HOUM�MDZlB<\]FXk
k�@CKI@C^XBD@)K«^XZl�H@)K��
�&FX\l�/BDFXk
Z]@�GcFX^u@)��YS�sFXBN@)B�G[Z]OH\lT�LDBN��GIZ]FXBN@)B<@)K_OUT�PDZl\]MD@�GcZ�£3Zl^XLDKA¦Xo
?A@�G_B7��YSGI@.@C�/YS@)k
�s@C\�@)Kck
@)M<T�LDBD��G[ZlFXBD@)B

f(x) = sin(x)
oD»�Z=�7OHK

f (N)(x) =



















cos(x),
T�FXK

N = 1, 5, 9, . . .,

− sin(x),
T�FHK

N = 2, 6, 10, . . .,

− cos(x),
T�FXK

N = 3, 7, 11, . . .,

sin(x),
T�FHK

N = 4, 8, 12, . . ..

n
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ex
FX^

P4(0; h)
o
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LDMN�/Zl�/\lZ]BD^HYI�DLDBN��GI@CG
x = 0

o��3O+�/\]FHKI�2FX\l�/BDFXk
Z]@�GEOUT¢^HK[OHM
YI@C�/YJ@)KEM7O
^XZl�H@CG��X@CM

P6(0; h) = h −
1

6
h3 +

1

120
h5,

FX^�T�@RQS\]\l@)MDMN@CG��¡OHB<�aLNKIMD@CKI@)Y��X@CM

|R7(0; h)| =

∣

∣

∣

∣

h7

5040
sin(θ)

∣

∣

∣

∣

≤
|h|7

5040
.

»AZ=�7OHKcMDON��OUG

P6(0; 0.2) ≈ 0.19866933333333,

|R7(0; 0.2)| ≤ 2.539 10−9,

sin(0.2) ≈ 0.19866933079506121546,

P6(0; 0.2) − sin(0.2) ≈ 2.538 10−9.
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sin(h)
FX^

P6(0, h)
@)K
OUT�PDZl\]MD@�GuZ�£3Z]^XLNK
fao�|�£3Zl^XLDKuhe�7OHK��/Z_OUT�PDZ]\lMD@CG

^XK[OUT�@CB T�FHK
sin(h)

�7�<Z]B�G[@CKS�UOH\]\l@CG
[0, 2π]

�=Y[OHk
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^XK[OHM ­ ����FX^<¦�gao���OHB-YI@CK)��OUG_�D��QS@CKI@�^XKIOHM<^XZl�H@)KcP2@)MDKS@.OU�D�DKIFH�/YSZ]k�OUG[ZlFXB¢o
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sin(h)
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	 N M � �j@)BDBN@)kuT��XKcMD@CG[OH\ QS@CKIBD@jZ=@C��YI@)k
�D\l@CG_k�@CM

f(x) = ex
o

��� 

	 N M � �j@)BDBN@)kuT��XKcMD@CG[OH\ QS@CKIBD@jZ=@C��YI@)k
�D\l@CG_k�@CM
f(x) = sin(x)

o

��� 

	 N M � d«@CYSGI@)k �&O��/\lFXKI�2FX\l�/BDFHk�Zl@CGcO¡T3^XKIOHM ­ T�FXK
f(x) = cos(x)

�7k
@)M<LDMa�
�aZl��\]Z]BN^XYI�DLNBD��G

x = 0
oXdJKILD^AMN@CG8GIZ]\aOUG8P2@)Y�G[@)k
k
@

cos(−0.2)
�UFH^A^XZl�}@CB��aLNKIMD@CKIZ]BN^

OUT&T�@�QS\]@CB¢o

��� 

	 N M�� d«@)Y�G[@Ck �3O+�/\]FHKI�2FX\l�/BDFXk
Z]@�G&OUT�^XK[OUM�n�T�FXK&T�LNBD��G[Z]FHBD@)B
f(x) = ln(x)

�
k�@CM�LDMN�/Z]��\lZ]BD^XYS�DLDBD��G

x = 1
o/d«KILD^ MD@CGJG[Z]\2OUGJP2@)YSGI@)k
k�@

ln(0.7)
o���Z��u@)B~�/LDKSMD@��

KIZ]BN^�O¡T&T�@�QS\]@)B"o

��� 

	 N M�
 ��OHB��¡OHB��X@CM�B�LDk�@CKIZlYI�H@�@C��YI�2@)KIZlk�@CB�G[@)K��aZlYI@U�¢OUG�T�@RQS\]\l@)MDMN@CGA@CK
OUTjMD@CB YSGI�XKIKS@)\]YS@)YSFXKIMD@CB¢�EYIFXk �&O+�a\lFXKIYuT�FXKSk�@C\�OHBD^XZ��X@)KCo |�MD@)BNBD@�FX�N^�O+�X@��/Zl\
�aZ�PDKSLD^X@ �&O+�/\]FXKS�sFX\��/BDFXk
Z]@)K�OUT�^XKIOHM�fa��nD��FX^ ­ �7T�FXK�OUG�OH�D�DKSFX��YIZ]k
@)KS@

sin(x)B7��K:B�LD\�oE»AZ�PNKILD^X@CK:@CG:\lFX^�OHKSZlGIk�ZlYI�X��\lFX^�OHKSZlG[kuZ�YI� �D\]FUG~T�FXK:O¡G:YI@��2FHG[@CBDYIFH�a�
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