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Eksamenssattet: Findes pa de neeste 2 (to) sider.
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Problems 3 and 4 in English
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Opgave 1. Denne opgave omhandler uendelige rackker.

1. Er den uendelige rackke

e}

Z n2+3
1n4+n3+n2+4

konvergent eller divergent? Svaret skal begrundes.

Lgsning

3 < 3n? ogn4+n3—|—n2—|—42n4 giver

0 < n*+3 4
Tt nd4n? 447 n?

Reekken er derfor konvergent.

2. Er den uendelige raekke
i cos(mn)
n=1 \/ﬁ
konvergent eller divergent? Svaret skal begrundes.

Lgsning

Da cos(nm) = (—1)", er det en alternerende rackke. Da a, = —= er aftagende og
lim,, , a, = 0, er betingelserne i setningen opfyldt. Rackken er derfor konvergent.

3. Bestem konvergensradius for de tre potensrackker
Z 2", Z 37"2" og 2(2" + 3_")x".
n=0 n=0 n=0

1
Bestem derefter summen af de tre potensraekker for z = 3

Lgsning

Forste rackke: Rodkriteriet: (27)Y/™ = 2, sa konvergensradius er p; = %

Anden reekke: Rodkriteriet (37")!/" = 1, sd konvergensradius er py = 3.

Da forste og anden rackke er konvergente for |z| < %, og da forste rackke er divergent

for |z| > 1, folger at konvergensradius for tredje reckke er 1.

De tre summer har vaerdierne
3 9 33
8 8
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Opgave 2. Der er givet ligningerne
zsin(z —y) + 22 — v —y* = —1,
sin(z —xy) + z = 1.
Der er ogsa givet et punkt (zo,vo, 20) = (1,1, 1).

1. Vis, at punktet (zo, yo, 20) opfylder de to givne ligninger.

Lgsning

Indsaet tallene!

2. Vis, at der findes en kontinuert differentiabel funktion g: U — R? defineret i en
aben meengde U C R, med zy € U, saledes at g(z9) = (x0,%0) og (med g(z) =

(91(2), 92(2)))

zsin(gi(z) = g2(2)) + 2° = g1(2) = ga(2)” = -1,
sin(z — ¢1(2)g2(2)) + 2 = 1.

for alle z € U.

Lgsning

Vi skal verificere alle betingelserne i implicit funktionsssetningen.

_|zsin(z—y)+ 22—z —y*+1
Flz,y.2) = [ sin(z —xy) + 2 —1
er kontinuert differentiabel F': R* — R?, da alle indgiende funktioner er define-
ret overalt og kontinuert differentiable af deres argumenter. Vi har i fgrste del vist

F(z0,v0,20) = (0,0). Vi mangler Jacobi-determinantbetingelsen.

Jacobi-matricen er

[ R

o

som har determinant —3 # 0. Alle betingelser er derfor opfyldt og eksistensen af U
og g med de angivne egenskaber fglger.

Indseet (xq, Yo, 20) = (1,1,1)
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3. Bestem

dg, dgo
dz (Zo) 0g dz (Zo)-

Lgsning

Vi bruger implicit differentiation. Vi skriver x og dz/0z etc. for at forenkle notatio-
nen. Resultatet er

) or 0Oy ox oy
sin(x — y) + z cos(x —y)(a — @> + 2z — 5 2y§ =0
ox oy
cos(z — xy) — ycos(z — xy)& —zcos(z — my)g +1=0

Indsaettelse af (xo, o, 20) = (1,1, 1) giver

dg1
I
L 1] | 992 2
5(1)
Heraf fglger
99y 2 9924y _ 2

82():3’ 6?,2(1):3

Opgave 3. Show by using the calculus of residues that

/OO cos(x) dr — 371’672.
(@2t a)? 16

Solution
We have

> cos(z) e
W) g —Re | S dw =
/_Oo(:c2+4)2x e/_oo(:c2+4)2x

We use Proposition 9.4 from [AJ]. f(z) = 1/(2*+4)? is a meromorphic function with poles
of order 2 at £2i.
We have

it <
Orggﬂf(l%e )| < oy —0 as R — oo.

Thus we can apply the result in the Proposition. We need to calculate the residue at the
pole 2i. We have

eZZ 6’LZ

HE) = =20 oy = Gy

and then o A
ZeZZ 612
H'(2) = —2
C) = e ~ Yo

3
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Thus

which implies the result.

Opgave 4. We define the function

22— 2%2—1—2i
SRR

h(z) =

1. Show that the polynomial of degree two 2% — 2iz — 1 — 2i has the roots —1 and 1+ 2i.

Solution

This is verified by substitution the roots into the polynomial and showing that the
result is zero.

2. Determine the singularities of h and their type (removable, pole, essential). Determine
the order of any poles, and determine if h is a meromorphic function on C.

Solution

The numerator is factored as (z + 1)(z — 1 — 2i) and the numerator is factored as

(24 1)%(2 — 3 —iL2)2(z — L +i3)?

Since h is a rational function, it is meromorphic on C. The factorizations show that

e z; = —1 is a pole of order 1.
o 2 = % + z*/Tg is a pole of order 2.
® 23 = % — z*/Tg is a pole of order 2.

3. Determine the zeroes of A and their orders.

Solution

Using the results from the previous part, one can write
z2—1—2

G+ D=3 - P —f+igp

h(z) =

Thus 1 + 2 is the only zero of h and it is of order 1.
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4. Let v denote the circuit given by the triangle with corners in the points 0, —2+ 27, og
—2 — 21, traversed once with positive orientation. Sketch the circuit in the complex
plane and compute the integral

/ h(z)dz.

gl
Solution
The only pole inside the triangle is z; = —1, and it is a simple pole.
Res(h(2), —1) = —1-1-2 _ —2—2i
(—1— 1 —4¥L3)2(—1 -1 43y 9
Thus

—2—-21 4Am —idn
h(z)dz = 2mi = :
/ (z)dz = 2mi 5 5

Y

5. Let 0B(0,2) denote the circuit consisting of the circle with center in 0 and radius 2,
traversed once with positive orientation. Compute the integral

W(2)
/593(0,2) h(z) o

All three poles are inside the circle, and the zero is outside. Thus

Solution

/ M) 1 omi(—1 — 2 — 2) = 10w
oB(0.2) M%)




