wwerer - MATRICES, VECTORS,
AND SYSTEMS OF LINEAR
EQUATIONS

which arise in applications to such diverse disciplines as physics, biology,

economics, engineering, and sociology. In this chapter, we describe the most
efficient algorithm for solving systems of linear equations, Gaussian elimination. This
algorithm, or some variation of it, is used by most mathematics software (such as
MATLAB).

We can write systems of linear equations compactly, using arrays called matrices
and vectors. More importantly, the arithmetic properties of these arrays enable us to
compute solutions of such systems or to determine if no solutions exist. This chapter
begins by developing the basic properties of matrices and vectors. In Sections 1.3
and 1.4, we begin our study of systems of linear equations. In Sections 1.6 and 1.7,
we introduce two other important concepts of vectors, namely, generating sets and
linear independence, which provide information about the existence and uniqueness
of solutions of a system of linear equations.

T he most common use of linear algebra is to solve systems of linear equations,

1.1| MATRICES AND VECTORS

Many types of numerical data are best displayed in two-dimensional arrays, such as

tables.

For example, suppose that a company owns two bookstores, each of which sells
newspapers, magazines, and books. Assume that the sales (in hundreds of dollars) of
the two bookstores for the months of July and August are represented by the following

tables:

July August
Store 1 2 Store 1 2
Newspapers 6 8 and Newspapers 7 9
Magazines I 20 Magazines 18 31
Books 45 64 Books 52 68

The first column of the July table shows that store 1 sold $1500 worth of magazines
and $4500 worth of books during July. We can represent the information on July sales

more simply as

6 8
15 20
45 64

|
|
l
|
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‘ Such a rectangular array of real numbers is called a marrix.? It is customary to refer to
It real numbers as scalars (originally from the word scale) when working with a matrix.
I We denote the set of real numbers by R.

i Definitions A matrix (plural, matrices) is a rectangular array of scalars. If the matrix
has m rows and n columns, we say that the size of the matrix is m by n, written
m x n. The matrix is square if m = n. The scalar in the i/th row and jth column is

called the (i, j)-entry of the matrix.

Ty ———

If A is a matrix, we denote its (i,j)-entry by a;;. We say that two matrices A and
B are equal if they have the same size and have equal corresponding entries; that is,
a; = by for all i and j. Symbolically, we write A = B,

In our bookstore example, the July and August sales are contained in the matrices

6 8 7 9
B=1{15 20 and C=|18 31
45 64 52 68

Note that bj; =8 and ¢;3 = 9, s0 B 3 C. Both B and C are 3 x 2 matrices. Because
of the context in which these matrices arise, they are called inventory matrices.
Other examples of matrices are

2 40 3
[; ) 6:" 48 . and [-2 0 1 1].

The first matrix has size 2 x 3, the second has size 3 x 1, and the third has size | x 4.

Practice Problem 1 P LetA = ﬁ g]

(2) What is the (1, 2)-entry of A?

(b) What is ax? S |

Sometimes we are interested in only a part of the information contained in a
matrix. For example, suppose that we are interested in only magazine and book sales
in July. Then the relevant information is contained in the last two rows of B; that is,

in the matrix £ defined by
15 20
E= [45 64] '

E 1s called a submatrix of B. In general, a submatrix of a matrix M is obtained
by deleting from M entire rows, entire columns, or both. It is permissible, when
forming a submatrix of M, to delete none of the rows or none of the columns of M.
As another example, if we delete the first row and the second column of B, we obtain

the submatrix
15
45|

! James Joseph Sylvester (1814-1897) coined the term matrix in the 1850s.
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MATRIX SUMS AND SCALAR MULTIPLICATION

Matrices are more than convenient devices for storing information. Their usefulness
lies in their arithmetic. As an example, suppose that we want to know the total numbers
of newspapers, magazines, and books sold by both stores during July and August. It
is natural to form one matrix whose entries are the sum of the corresponding entries
of the matrices B and C, namely,

Store 1 2
Newspapers 13 17
Magazines 33 S1
Books 97 132

If A and B are m x n matrices, the sum of A and B, denoted by A + B, is the
m X n matrix obtained by adding the corresponding entries of A and B; that is, A + B
is the m X n matrix .whose (i, j)-entry is a; + b;. Notice that the matrices A and B
must have the same size for their sum to be defined.

Suppose that in our bookstore example, July sales were to double in all categories.
Then the new matrix of July sales would be

12 16
30 40
90 128

We denote this matrix by 2B.

Let A be an m x n matrix and ¢ be a scalar. The scalar multiple cA is the
m X n matrix whose entries are ¢ times the corresponding entries of A, that is, cA is
the m x n matrix whose (i,j)-entry is caj;. Note that 1A = A. We denote the matrix
(—1DA by —A and the matrix 0A by O. We call the m x n matrix O in which each
entry is O the m x n zero matrix.

Compute the matrices A + B, 34, —A, and 3A 4+ 4B, where
3 4 2 -4 10
A=[z -3 o] and B‘[ 5 -6 1]'
Solution We have
-1 5 2 9 12 6 -3 -4 =2
A+B=[ 7 -9 1}’ 3A=[6 -9 o}’ ’A—[—z 3 0}'

and

9 12 6] [-16 4 0] _[-7 16 6
3A+4B=[6 9 0}*[ 20 —24 4]_[26 33 4]'

Just as we have defined addition of matrices, we can also define subtraction. For
any matrices 4 and B of the same size, we define A — B to be the matrix obtained by
subtracting each entry of B from the corresponding entry of A. Thus the (i,j)-entry
of A — B is a;; — by;. Notice that A — A = O for all matrices A.
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If, as in Example 1, we have

342 4 10 00 0
A=L -3 J’B—[s -6 J,am 0‘& oo}

il [ 4 -1 0 73 2 3 42
oM —B_[_S 6 _]]. A—B—[:_3 3 _1], and A—O—[2 _3 O]'

é Practice Problem2 P letA= [2 -1 1] and B = [1 3 0]. Compute the following matrices:
3 0 -2 2 -1 4
(a) A—-B
(b) 24
(c)y A+3B |

We have now defined the operations of matrix addition and scalar multiplication.
The power of linear algebra lies in the natural relations between these operations,
which are described in our first theorem.

THEOREM 1.1 IR SRR T T Pl

(Properties of Matrix Addition and Scalar Multiplication) Let A, B, and C be
m x n matrices, and let s and t be any scalars. Then

(8) A+ B =B +A. (commutative law of roatrix addition)
b)) A+BY+C=A+(B+C). (associative law of matrix addition)
(c) A+ 0 =A.

(d A+(—-A)=0.

(e) (sHHA = s(tA).

) s(A+B)=3sA+sB.
(8 (s +1)A =sA+1A.

PROOF We prove parts (b) and (f). The rest are left as exercises.

(b) The matrices on each side of the equation are m x n matrices. We must
show that each entry of (A+ B)+ C is the same as the corresponding entry
of A+ (B + C). Consider the (i,j)-entries. Because of the definition of matrix
addition, the (7,j)-entry of (A + B) + C is the sum of the (i,j)-entry of 4 + B,
which is a;; 4+ bj;, and the (i, j)-entry of C, which is ¢;;. Therefore this sum equals
(aj + bij) + c;j. Similarly, the (i,j)-entry of A+ (B + C) is a; + (b + cip).
Because the associative law holds for addition of scalars, (a;; + by) + ¢ = a; +
(bij + cj). Therefore the (i,j)-entry of (A+ B)+ C equals the (i,)-entry of
A+ (B + C), proving (b).

(f) The matrices on each side of the equation are m x n matrices. As in
the proof of (b), we consider the (i, j)-entries of each matrix. The (i,;)-entry of
s(A + B) is defined to be the product of s and the (i,;)-entry of A + B, which is
a;j + bjj. This product equals s(a; + bjj). The (i, j)-entry of sA + sB is the sum
of the (i,j)-entry of sA, which is sa;;, and the (i,j)-entry of sB, which is sbj;.
This sum is sa;; + sby;. Since s(a; + bij) = say; + sby;, (£) 1s proved. [ |

i -' Because of the associative law of matrix addition, sums of three or more matrices
: can be written unambiguously without parentheses. Thus we may write A + B + C
instead of either (A+ B)+ C or A+ (B + C).




Practice Problem 3 b

THEOREM 1.2
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MATRIX TRANSPOSES

In the bookstore example, we could have recorded the information about July sales
in the following form:

Store Newspapers Magazines Books
1 6 5 45
2 8 20 64

This representation produces the matrix
6 15 45
8 20 64/

6 8
B=115 20
45 64

Compare this with

The rows of the first matrix are the columns of B, and the columns of the first matrix
are the rows of B. This new matrix is called the transpose of B. In general, the
transpose of an m x n matrix A is the n x m matrix denoted by A” whose (i, j)-entry
is the (j,i)-entry of A.

The matrix C in our bookstore example and its transpose are

7 9
C=]18 31 and cT=[; ;? gé]
52 68

2 -1 1 I 30 . .
Let A = [3 0 _2} and B = [2 _1 4]. Compute the following matrices:

(a) AT
(b) 3BT
) A+ B) <

The following theorem shows that the transpose preserves the operations of
matrix addition and scalar multiplication:

(Properties of the Transpose) Let A and B be m x n matrices, and let s be any
scalar. Then.

(@ (A+B) =AT + BT,
) (AT =sAT.
() AT = A

PROOF We prove part (a). The rest are left as exercises.

(a) The matrices on each side of the equation are » x m matrices. So we
show that the (i,j)-entry of (A + B) equals the (i,j)-entry of AT + BT. By the
definition of transpose, the (i, j)-entry of (A + B)T equals the (j, i)-entry of A + B,
which is aj; + bj;. On the other hand, the (i,;)-entry of AT + BT equals the sum
of the (i,j)-entry of AT and the (i,j)-entry of B, that is, a; + bj;. Because the
(i,j)-entries of (A + B)" and AT + B” are equal, (a) is proved. ]




(a, b)

Figure 1.1 A vectorin R?
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VECTORS

A matrix that has exactly one row is called a row vector, and a matrix that has exactly
one column is called a column vector. The term vector is used to refer to either a
row vector or a column vector. The entries of a vector are called components. In this
book, we normally work with vectors, and we denote the set of all column
vectors with n components {

We write vectors as boldfa

ower case letters such as w and v, and denote the
2

ith component of the vector u by u;. For example, if u= | —4 |, then u; = —4.
7

Occasionally, we identify a vector u in R” with an n-tuple, (uj,us, ..., uy).
Because vectors are special types of matrices, we can add them and multiply them

by scalars. In this context, we call the two arithmetic operations on vectors vector

addition and scalar multiplication. These operations satisfy the properties listed in

Theorem 1.1. In particular, the vector in R" with all zero components is denoted by

0 and is called the zero vector. It satisfies u + 0 = u and Ou = 0 for every u in R”.

2 5
letu=|—4| and v= | 3 |. Then
7 0
-3 25
ut+v=|-11{, u—v=|-7]1, and Sv= 115
7 0

For a given matrix, it is often advantageous to consider jts rows and columns

as vectors. For example, for the matrix [(2) 411 _3] the rows are (2 4 3] and

[0 I —2] and the columns are [(2)], [ﬂ, and [_3]

Because the columns of a matrix play a more important role than the rows,
we introduce a special notation. When a capital letter denotes a matrix, we use the
corresponding lower case letter in boldface with a subscript j to represent the jth
column of that matrix. So if A is an m x n matrix, its jth column is

GEOMETRY OF VECTORS

For many applications,? it is useful to represent vectors geometrically as directed line

. al. .
segments, or arrows. For example, if v = p|isa vector in R?, we can represent v

as an arrow from the origin to the point (a, b) in the xy-plane, as shown in Figure 1.1.

2 The importance of vectors in physics was recognized late in the nineteenth century. The algebra of
vectors, developed by Oliver Heaviside (1850-1925) and Josiah Willard Gibbs (1839-1903), won out over
the algebra of quaternions to become the language of physicists.
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m Velocity Vectors A boat cruises in still water toward the northeast at 20 miles per

RIVER

W 45° :
E

Figure 1.2

hour. The velocity u of the boat is a vector that points in the direction of the boat’s
motion, and whose length is 20, the boat’s speed. If the positive y-axis represents

north and the positive x-axis represents east, the boat’s direction makes an angle of
45° with the x-axis. (See Figure 1.2.) We can compute the components of u = [ZIJ
2

by using trigonometry:
up =20c0s45° = 10v/2  and  up; = 20sin45° = 10v/2.

10v2
10v2

Therefore, u = I: } where the units are in miles per hour.

VECTOR ADDITION AND THE PARALLELOGRAM LAW

We can represent vector addition graphically, using arrows, by a result called the
parallelogram law.* To add nonzero vectors u and v, first form a parallelogram with
adjacent sides u and v. Then the sum u + v is the arrow along the diagonal of the
parallelogram as shown in Figure {.3.

(a+c, b+d)
N

(c, d)
u+ v

(4. b)

Figure 1.3 The parallelogram law of vector addition

Velocities can be combined by adding vectors that represent them.

Example 4

Imagine that the boat from the previous example is now cruising on a river, which
flows to the east at 7 miles per hour. As before, the bow of the boat points toward
the portheast, and its speed relative to the water is 20 miles per hour. In this case,

10ﬁ]

the vector u = [10 Sl which we calculated in the previous example, represents the

boat’s velocity (in miles per hour) relative to the river. To find the velocity of the
boat relative to the shore, we must add a vector v, representing the velocity of the
river, to the vector u. Since the river flows toward the east at 7 miles per hour, its

. . 7 ,
velocity vector 1s v = ol We can represent the sum of the vectors u and v by using

the parallelogram law; as shown in Figure 1.4. The velocity of the boat relative to the
shore (in miles per hour) is the vector

[ 10v2+7
utv= 03 |-

3 Ajustification of the parallelogram law by Heron of Alexandria (first century CE) appears in his Mechanics.

_—
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North
| boat
velocity u+ty
u
|
| 4
: 45°

; East

i v
’ i water

W velocity

Figure 1.4

To find the speed of the boat, we use the Pythagorean theorem, which tells us

that the length of a vector with endpoint (p, g) is v/p2 + ¢2. Using the fact that the
components of u+ v are p = 104/2 + 7 and g = 10+/2, respectively, it follows that

the speed of the boat is

v p? + g% = 25.44 mph.

SCALAR MULTIPLICATION

We can also represent scalar multiplication graphically, using arrows. If v = Z:, is

a vector and ¢ is a positive scalar, the scalar multiple cv is a vector that points in
the same direction as v, and whose length is ¢ times the length of v. This is shown
in Figure 1.5(a). If ¢ is negative, cv points in the opposite direction from v, and has
length |c| times the length of v. This is shown in Figure 1.5(b). We call two vectors
parallel if one of them is a scalar multiple of the other.

(a. b)

(ca, cb)
(a)c>0 Mec<0

Figure 1.5 Scalar multiplication of vectors

VECTORS IN R3

If we identify R3 as the set of all ordered triples, then the same geometric ideas that
a

hold in R* are also true in R3. We may depict a vector v= { b | in R? as an armow
¢

emanating from the origin of the xyz-coordinate system, with the point (a, b, ¢) as its
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o=t (a, b, ©)

(a)

Figure 1.6 Vectors in R3

endpoint. (See Figure 1.6(a).) As is the case in R2, we can view two nonzero vectors
in R? as adjacent sides of a parallelograra, and we can represent their addition by
using the parallelogram Jaw. (See Figure 1.6(b).) In real life, motion takes place n
3-dimensional space, and we can depict quantities such as velocities and forces as

vectors in R3.

EXERCISES

In Exercises 1-12, compute the indicated matrices, where

2 -1 5 1 0 =2
A=[3 4 l:| and B—[Z 3 4:|.

1. 44 2. —A 3. 44 -28
4, 3A +2B 5. 2B 6. AT + 28T
7. A+ B 8. (A+2B) 9. AT

10. A—B 11. —(BT) 12. (-B)T

In Exercises 13-24, compute the indicated matrices, if possible,
where

-4 0
3 -1 2 4 2 5
A‘[z s -6 —2] and  B=1_1 _3
0 2
13. —A 14. 38 15. (-2)A
16. (2B)T 17. A-B 18. A — BT
19. AT-B 20. 3A+2B7  21. A+B)T
22. (44)T 23, B — AT 24. (BT — AT
3 -2
In Exercises 25-28, assume that A = 0 16].
2 S

26. Determine aj).
28. Determine aj.

| T2 -3 04
In Exercises 29-32, assume that C = I:Ze 12 0:|'

25. Determine a3.
27. Determine aj.

29. Determine c¢;. 30. Determine c¢3.
31. Determine the first row of C.
32. Determine the second row of C.

North
y

30°

X
Bast

Figure 1.7 A view of the airplane from above

33. An airplane is flying with a ground speed of 300 mph
at an angle of 30° east of due north. (See Figure 1.7.)
In addition, the airplane is climbing at a rate of 10 mph.
Determine the vector in R* that represents the velocity
(in mph) of the airplane.

34. A swimmer is swimming northeast at 2 mph in still water.
(a) Give the velocity of the swimmer. [nclude a sketch.
(b) A current in a northerly direction at 1 mph affects the

velocity of the swimmer. Give the new velocity and
speed of the swimmer. Include a sketch.

35. A pilot keeps her airplane pointed in a northeastward
direction while maintaining an airspeed (speed relative
to the surrounding air) of 300 mph. A wind from the west
blows eastward at 50 mph.
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(a) Find the velocity (in mph) of the airplane relative to
the ground.

(b) What is the speed (in mph) of the airplane relative to
the ground?

36. Suppose that in a medical study of 20 people, for each i,
1 <i <20, the 3 x I vector u; is defined so that its com-
ponents respectively represent the blood pressure, pulse
rate, and cholesterol reading of the ith person. Provide an
interpretation of the vector Z’—O(ul +uy + -+ uyp).

In Exercises 37-56, determine whether the state-
% ments are true or false.

37. Matrices must be of the same size for their sum to be
defined.

38. The transpose of a sum of two matrices is the sum of the
transposed matrices.

39. Every vector is a matrix.

40. A scalar multiple of the zero matrix is the zero scalar.

41. The transpose of a matrix is a matrix of the same size.

42. A submatrix of a matrix may be a vector.

43, If B is a 3 x 4 matrix, then its rows are 4 x 1 vectors.

44, The (3,4)-entry of a matrix lies in column 3 and row 4.

45. In a zero matrix, every entry is 0.

46. An m x n matrix has m + n entres.

47. If v and w are vectors such that v = —3w, then v and w
are parallel.

48. If A and B are any m x n matrices, then

A—-B=A+(-1)B.

49, The (i,j)-entry of AT equals the (j, i)-entry of A.

50. If A= [; i:' and B = B i g] then A = B.

51. In any matrix A, the sum of the entries of 34 equals three
times the sum of the entries of A.

52. Matrix addition is commutative.

53. Matrix addition is associative.

54, For any m x n matrices A and B and any scalars ¢ and
d, (cA +dB) = cAT +dBT.

55. If A is a mainx, then cA is the same size as A for every
scalar c.

56. If A is a matrix for which the sum A + A7 js defined, then
A 18 a square matrix.

57. Let A and B be matrices of the same size.
(a) Prove that the jth column of A + B is a; + b;.
(b) Prove that for any scalar ¢, the jth column of cA 15
ca;.
58. For any m x n matnix A, prove that 0A = O, the m x n
ZEero maitrix.
59. For any m x n matrix A, prove that 1A = A.

61. Prove Theorem 1.1(c).
63. Prove Theorem 1.1(e).
65. Prove Theorem 1.2(b).

60. Prove Theorem 1.1(a).
62. Prove Thearem 1.1(d).
64. Prove Theorem 1.1(g).

66. Prove Theorem 1.2(c).

A square matrix A is called a diagonal matrix if a; = 0 when-
everi # j. Exercises 67-70 are concerned with diagonal matri-
ces.

67. Proye that a square zero matrix is a diagonal matrix.

68. Prove that if B is a diagonal matrix, then ¢B is a diagonal
matrix for any scalar c.

69. Prove that if B is a diagonal matrix, then BT is a diagonal
matrix.

70. Prove that if B and C are diagonal matrices of the same
size, then B + C is a diagonal matrix.

A (square) matrix A is said to be symmetric ifA = AT, Exercises
71-78 are concermed with symmetric matrices.

71. Give examples of 2 x 2 and 3 x 3 symmetric matrices.

72. Prove that the (i,j)-entry of a symumetric matrix equals
the (j,i)-entry.

73. Prove that a square zero matrix is symmetric.

74. Prove that if B is a symmetric matrix, then so is ¢B for
any scalar c.

75. Prove that if B is a square matrix, then B + B7 is sym-
metric.

76. Prove that if B and C are n x n symmelric matrices, then
sois B4+ C.

77. Is a square submatrix of a symmetric matrix necessarily
a symmetric matrix? Justify your answer.

78. Prove that a diagonal matrix is symmetric.

A (square) matrix A is called skew-symmetric if AT = —A.
Exercises 79-81 are concerned with skew-symmetric matrices.

79. What must be true about the (i,i)-entries of a skew-
symmetric matrix? Justify your answer.

80. Give an example of a nonzero 2 x 2 skew-symmetric
matrix B. Now show that every 2 x 2 skew-symmetric
matrix is a scalar multiple of B.

81. Show that every 3 x 3 matrix can be written as the sum
of a syrametric matrix and a skew-symmeltric matrix.

824 The trace of an n x n matrix A, written trace(A), is
defined to be the sum

trace(A) = ay +axn + -+ an.

Prove that, for any n x n matrices A and B and scalar c,
the following stalements are true:

(a) trace(A + B) = trace(A) + trace(B).

(b) trace(cA) = ¢ - trace(A).

(c) trace(AT) = trace(A).

83. Probabiliry vectors are vectors whose components are
nonnegative and have a sum of 1. Show that if p and q are
probability vectors and a and b are nonnegative scalars
with a + b = 1, then ap + bq is a probabilily vector.

* This exercise is used in Sections 2.2, 7.1, and 7.5 (on pages 115, 495, and 533, respectively).
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In the following exercise, use either a calculator with matrix and
capabilities or computer software such as MATLAB to solve the 26 —13 07 —44
problem. 22 =26 1.3 =32
i i B=| 71 1.5 —83 4.6
84. Consider the matrices o 53 >

13 21 =33 60 33 =09 14 62

5.2 23—l 34
(a) Compute A 4+ 2B.

A=] 32 =26 1.1 —4.0
08 —-13 -—121 5.7 (b) Compute A — B.
-14 32 0.7 44 (¢) Compute A” + BT,

SOLUTIONS TO THE PRACTICE PROBLEMS

1. (a) The (1,2)-entry of 4 is 2. _[2 -1 1]+[3 9 0]
(b) The (2,2)-entry of A is 3. 30 =2 |6 -3 12
_[5 8 1]
2 =1 1 1 3 0 “lo =3 10
voneasf 3 2
30 =2|7 {2 -1 4 O
3. (a) AT = | —1 0
_ 1 4 -1 1 =2
=l 1 -6
36
3 9 01"
(v) <3B)T=[ J =[9 _3J
2 -1 1] J4 2 2 6 -3 12
(b)m‘z[z 0 —2]_[6 0 —4] 0 12
3
3 2 11
21 1t 30 (c)(A+B)T=[ ]= 2 1
oavan=2 ) Hasft 29 I I R

1.2 | LINEAR COMBINATIONS, MATRIX-VECTOR
PRODUCTS, AND SPECIAL MATRICES

In this section, we explore some applications involving matrix operations and introduce
the product of a matrix and a vector.
Suppose that 20 students are enrolled in a linear algebra course, in which two
131
Uy
tests, a quiz, and a final exam are given. Letu = | | |, where i, denotes the score

u0
of the ith student on the first test. Likewise, define vectors v, w, and z similarly for the
second test, quiz, and final exam, respectively. Assume that the instructor computes
a student’s course average by counting each test score twice as much as a quiz score,
and the final exam score three times as much as a test score. Thus the weights for the
tests, quiz, and final exam score are, respectively, 2/11, 2/11, 1/11, 6/11 (the weights
must sum to one). Now consider the vector

2 2 1 6

R TERRTRARTARETE
The first component y; represents the first student’s course average, the second com-
ponent y, represents the second student’s course average, and so on. Notice that y 1s
a surn of scalar multiples of u, v, w, and z. This form of vector sum is so important
that it merits its own definition.
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Definitions A linear combination of vectors uy, Uy, ..., u; is a vector of the form
auy +couz + -+,

where ¢y, ¢a,. .., are scalars. These scalars are called the coefficients of the linear
combination.

Note that a linear combination of one vector is simply a scalar multiple of that

vector.
In the previous example, the vector y of the students’ course averages is a linear

combination of the vectors u, v, w, and z. The coefficients are the weights. Indeed,
any weighted average produces a linear combination of the scores.

Notice that
2 1 1 1
ARG HE ]

2] is a linear combination of l:ﬂ, B:|, and [_”, with coefficients —3, 4,

s |
=[]k )

and |. We can also write

. . 2 . - 1 1 1
This equation also expresses g as a linear combination of 13l and il
but now the coefficients are 1, 2, and —1. So the set of coefficients that express one
vector as a linear combination of the others need not be unique.

(a) Determine whether [_

4
i
-4
-2

] 1s a linear combination of B] and ﬁ]

[e))
N

(b) Determine whether [ ] is a linear combination of [3] and [1]

3:| 1S a linear combination of B] and [6]

(c) Determine whether [ 4 4

Solution (a) We seek scalars x; and x; such that

=n ] en ] =]+ )= )

That is, we seek a solution of the system of equations

bt o

2 +3x= 4
30+ xp=-1.

Because these equations represent nonparallel lines in the plane, there is exactly

one solution, namely, x; = —1 and x; = 2. Therefore [_ﬂ is a (unique) linear
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combination of the vectors B} and B:I, namely,

-i]=orf] 2]

(See Figure 1.8.)

ol

:] is a linear combination of B] and [?]

Figure 1.8 The vector [_

(b) To determine whether :;] is a linear combination of [g] and [ﬂ we

perform a similar computation and produce the set of equations

6xy + 2x; = —4
3x1 + xp=-2.

Since the first equation is twice the second, we need only solve 3x; + xp = —2. This

equation represents a line in the plane, apd the coordinates of any point on the line
give a solution. For example, we can let x; = —2 and x; = 4. In this case, we have

2]=en 5] <[]

There are infinitely many solutions. (See Figure 1.9.)

=

Figure 1.9 The vector [:g is a linear combination of [g] and [12]

e 5 A S AR i S B e e |
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i (c) To determine if 2] 1S a linear combination of B} and [ 4:|, we must solve

the system of equations
3x) +6x3 =3
ZX1 + 4XZ =4,

If we add —% times the first equation to the second, we obtain 0 = 2, an equation
with no solutions. Indeed, the two original equations represent parallel lines in the

plane, so the original system has no solutions. We conclude that 4 is not a linear

|
combination of B] and [2] (See Figure 1.10.)

4

i

3] is not a linear combination of B] and [3]

Figure 1.10 The vector [4

m Given vectors u;, Up, and us, show that the sum of any two linear combinations of
these vectors 1s also a linear combination of these vectors.

Solution Suppose that w and z are linear combinations of u, u,, and u;. Then we
may write

w = au; + buy + cugs and z =a'u; +b'uy + c'us,
where a, b,c,a’, b’, ¢’ are scalars. So . )

w+2z=(a+adu +(b+bMy+(c + s, .

which is also a linear combination of ug, w,, and us.

STANDARD VECTORS

. al., . o
We can write any vector [b} in R? as a linear combination of the two vectors [OJ

and ,:(1):| as follows:




au ..o

bv

Figure 1.12 The vectorw s alin-
ear combination of the nonparal-
lel vectors u and v.
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| .
The vectors [0] and [(l)] are called the standard vectors of R?. Similarly, we can

a 1 0
write any vector | b | in R as a linear combination of the vectors | 0], | 1|, and
c 0 0
0 | as follows:
1
al 1 0 0
bl =al0|+b|1l]|+c|0O
¢ | 0 0 1
l 0 [0
The vectors | 0|, | 1|, and | O | are called the standard vectors of R3.
0 0 R
In general, we define the standard vectors of R" by
1 0 0
0 1 0
ey =1{.1, e =1.1, s €, =
0 0 1
(See Figure [.11.)
¥y z
82 e]
r R
€y x €; y

€|

The standard vectors of R? The standard vectors of R3

Figure 1.11

From the preceding equations, it is easy to see that every vector in R" is a linear
combination of the standard vectors of R”. In fact, for any vector v in R",

Vv=yve +w»ey+---+v,e,.

(See Figure 1.13.)
Now let u and v be nonparallel vectors, and let w be any vector in R?, Begin

with the endpoint of w and create a parallelogram with sides au and bv, so that w
is its diagonal. It follows that w = au + bv; that is, w is a linear combination of the
vectors u and v. (See Figure 1.12.) More generally, the following statement is true:

If u and v are any nonparallel vectors in R?, then every vector in R? is a linear
combination of u and v.
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Yy Z
vV =viep + v,
N . V383 |
2 :
: eV = viey Fovge, T ovaeg
i
x Vi y
Vi€ P
VAL e L
viep ¥ 18,
X
The vector v is a The vector v is a
linear combination of linear combination of
standard vectors in R2 standard vectors in R3.
Figure 1.13

. -1 _ ]2 3
Practice Problem 1 » Letw= [ 10] and S = {[1:‘ ) [_2]].

(a) Without doing any calculations, explain why w can be written as a linear combi-
nation of the vectors in §.
(b) Express w as a linear combination of the vectors in S. -«

Suppose that a garden supply store sells three mixtures of grass seed. The deluxe
mixture is 80% bluegrass and 20% rye, the standard mixture is 60% bluegrass and
40% rye, and the economy mixture is 40% bluegrass and 60% rye. One way to record
this information is with the following 2 x 3 matrix:

deluxe  standard  economy
B= .80 .60 40 bluegrass
- .20 .40 .60 rye Y

A customer wants to purchase a blend of grass seed containing 5 1b of bluegrass
and 3 b of rye. There are two natural questions that arise:

1. Is it possible to combine the three mixtures of seed into a blend that has exactly ’
the desired amounts of bluegrass and rye, with no surplus of either?
2. If so, how much of each mixture should the store clerk add to the blend?

i
i
)
Let x1, x2, and x3 denote the number of pounds of deluxe, standard, and economy
mixtures, respectively, to be used in the blend. Then we have

80x; + .60x3 + 40x3 =5
20x; + .40x + .60x3 = 3.

This is a system of two linear equations in three unknowns. Finding a solution of this
systern is equivalent to answering our second guestion. The technique for solving
general systems is explored in great detail in Sections 1.3 and 1.4.

Using matrix notation, we may rewrite these equations in the form

4 80xi + .60xy + .40x3 _ )
li 20x; + .40x; + .60x3 [~ 3]
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Now we use matrix operations to rewrite this matrix equation, using the columns of

B as
80 60 40] s
d [,20] +x [.40} + s [.60] = [3] ‘

Thus we can rephrase the first question as follows: Is B] a linear combination of the

80| [.60 40 .
o .
columns [_20], [ C]’ and [.60} of B? The result ip the box on page 17 provides an

affirmative answer. Because no two of the three vectors are parallel, B} is a linear

combination of any pair of these vectors.

MATRIX-VECTOR PRODUCTS

A convenient way to represent systems of linear equations is by matrix—vector prod-
X1
ucts. For the preceding example, we represent the variables by the vector x = | x»
x3
and define the matrix—vector product Bx to be the linear combination

80 .60 407 (™ 80 60 40
B"=[.2o 40 .60} 2 =A [.20}*"2[.40]“3[.60]
3

This definition provides another way to state the first question in the preceding

example: Does the vector equal Bx for some vector x? Notice that for the

)
3
matrix—vector product to make sense, the number of columns of B must equal the
number of components in X. The general definition of a matrix—vector product is given

next.

Definition Let A be an m x n matrix and v be an n x 1 vector. We define the
matrix—vector product of A and v, denoted by Av, to be the linear combination of
the columns of A whose coefficients are the comresponding components of v. That is,

Av =via; +v3; + -+ +v,a,.

As we have noted, for Av to exist, the number of columns of A must equal the
number of components of v. For example, suppose that

t 2 7
A=|3 4 and v:[g:lA
5 6

Notice that A has two columns and v has two components. Then

{ 2 7 1 2 7 16 23
Av= |3 4 [8:| =713|+8[4|=|[21|+]32|=]53
5 6 35 48 83
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6 ORTHOGONALITY

namely, addition and scalar multiplication. In this chapter, we consider such

geometric concepts as length and perpendicularity of vectors. By combining
the geometry of vectors with matrices and linear transformations, we obtain powerful
techniques for solving a wide variety of problems. For example, we apply these new
tools to such areas as least-squares approximation, the graphing of conic sections,
computer graphics, and statistical analyses. The key to most of these solutions is
the construction of a basis of perpendicular eigenvectors for a given matrix or linear
transformation.

To do this, we show how to convert any basis for a subspace of R" into one
in which all of the vectors are perpendicular to each other. Once this is done, we
determine conditions that guarantee that there is a basis for R" consisting of perpen-
dicular eigenvectors of a matrix or a linear transformation. Surprisingly, for a matrix,
a necessary and sufficient condition that such a basis exists is that the matrix be

symmetric.

l ] ntil now, we have focused our attention on two operations with vectors,

6.1 THE GEOMETRY OF VECTORS

In this section, we introduce the concepts of length and perpendicularity of vectors
in R". Many familiar geometric properties seen in earlier courses extend to this
more general space. In particular, the Pythagorean theorem, which relates the squared
lengths of sides of a right triangle, also holds in R". To show that many of these
results hold in R", we define and develop the notion of dot product. The dot product
is fundamental in the sense that, from it, we can define length and perpendicularity.
Perhaps the most basic concept of geometry is length, In Figure 6.1(a), an appli-
cation of the Pythagorean theorem suggests that we define the length of the vector u

to be,/ulz-i-uflz.

This definition easily extends to any vector v in R" by defining its norm (length),
denoted by ||v], by

IVl = o+ v+ o2
A vector whose norm is 1 is called a unit vector. Using the definition of vector norm,

we can now define the distance between two vectors u and v in R" as ||u — v||. (See
Figure 6.1(b).)

361
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uy

U

(b) The distance between vectors

(a) The length of a vector o in R?
uvand vin R”

Figure 6.1

mFind [la]l, v, and the distance between w and v if

1 2
u=|2 and v=|-=3|.
3 0

Solution By definition,

lull = V124+22 +32 = V14, |v]| = /22 + (=3)2 + 0% = V13, .

and the distance between u and v is

Ju— vl = /(1 =22 +(2 - (=3)2 + (3 — 022 = +/35.

Practice Problem 1 » Let

1 6
u=| -2 and v= |2
2 3

(a) Compute [Ju] and ||v].
(b) Determine the distance between u and v.

1 1
(c) Show that both —u and — v are unit vectors. <
vl .

Just as we nsed the Pythagorean theorem in R? to motivate the definition of the norm
of a vector, we use this theorem again to examine what it means for two vectors u and
v in R? to be perpendicular. According to the Pythagorean theorem (see Figure 6.2),
we see that u and v are perpendicular if and only if

2 2 2 a
v —uli™ = ffaf” + v |
) -
i —u)’ + 02 —w)’ = uf + 13 + v} + 3
v12—2u1v1+u‘2+v22—2u2vz+u22:u12+u22+v12+v22

—2u1vi — 2upv; =0

ujvy + upvy = 0.




N

& '\ Practice Problem 2 »
I
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H" = ulj

(vl

lu u ,
Figure 6.2 The Pythagorean theorem

The expression ujv| + upvs in the last equation is called the dotz product of u and v,
and is denoted by u.v. So u and v are perpendicular if and only if their dot product

equals zero.
Using this observation, we define the dot product of vectors u and v in R" by

WV =V +uUpvy+ -+ Upvp.

We say that u and v are orthogonal (perpendicular) if u.v = 0.

Notice that, in R", the dot product of two vectors is a scalar, and the dot product
of 0 with every vector is zero. Hence 0 is orthogonal to every vector in R"*. Also,
as noted, the property of being orthogonal in R? and R* is equivalent to the usual
geometric definition of perpendicularity.

Determine which pairs of these vectors are orthogonal.

Solution We need only check which pairs have dot products equal to zero.

u-v = (2)(1) + (-H4) + 3)(=2) = -8
u-w=(2)(-8+(-1D3)+3)2)=-13
vew = (1)(=8) + () (3) + (—=2)(2) =0

We see that v and w are the only orthogonal vectors.

Determune which pairs of the vectors

-2 1 -3
u=|-5{, v=|-1], and w= 1
3 2

are orthogonal. <
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reorem o1 [N T [ |

It is useful to observe that the dot product of u and v can also be represented as
the matrix product u’v.

wv="lu; uo - w]| . | =wvi+ugva 4 Fupv, =uev

Notice that we have treated the 1 x I matrix u’v as a scalar by writing it as ;
uvy + uzva + - - - + u, v, instead of (u1vy +uavy + -+ upvyl. 'i

One useful consequence of identifying a dot product as a matrix product 1s that ,' .
it enables us to “move” a matrix from one side of a dot product to the other. More
precisely, if A is an m x n matrix, u is in 7%”, and v is in R™, then

Ausv =u.ATv.

This follows because 1
Au.v = (An) v = @ ATy =u"@Tv) = u.ATv. f'r a
i

Just as there are arithmetic properties of vector addition and scalar multiplication,
there are arithmetic properties for the dot product and norm.

For all vectors u, v, and w in R" and every scalar ¢, |

(a) u.n = [ujl® _
(b) w.u =0 if and only if u=0. I
(©) u.v=ve.u. '8
(d) ae(v+w)=u.v+u.w.

(e) (v+wru=v-u+w.u

@ (cw).v=c(a-v)=u-(cv).

® leull = fe] u.

PROOF  We prove parts (d) and (g) and leave the rest as exercises.
(d) Using matrix properties, we have
u-(v+w)=ul (v+w)

=u'v + u’w

=u.v+u-w.
(g) By (a) and (f), we have

llewl? = (cu)-(cu)
=c%u.u

2
= c?|lul®.

By taking the square root of both sides and using Vel = ||, we obtain |
eull = leflful. !
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Because of Theorem 6.1(f), there is no ambiguity in writing cu . v for any of the

three expressions in (f),
Note that, by Theorem 6.1(g), any nonzero vector v can be normalized, that s,

1
transformed into a unit vector by multiplying it by the scalar ™I For if u = "—lﬂv,
\ 4
then

1
vl = —livil = L.
vl

fiv

FEENRE
I 7T AT

This theorem allows us to treat expressions with dot products and norms just as
we would algebraic expressions. For example, compare the similarity of the algebraic

result
(2x + 3y)% = 4x% + 12xy + 9y?

with
120 + 3v]? = 4ul® + 12u.v +9||v|.

The proof of the preceding equality relies heavily on Theorem 6.1:

12u 4 3v|2 = 2u + 3v) - (2u + 3v) by (a)
= (2u)-(2u + 3v) + (3v): (Zu + 3v) by (e)
= (2u) - (2u) + (2u)- (3v) + (3v)- (2u) + (3v) . (3v) by (d)
=4(u-u) + 6u-v) + 6(veu) + Hv.v) by (f)
= 4|Jul® + 6(u-v) + 6(u-v) + 9jiv|? by (a) and (c)

= 4(lu))® + 12(u.v) + 9 v)?

As noted earlier, we can write the last expression as 4(luli? + 12u. v + 9||v|%. From
now on, we will omit these steps when computing with dot products and norms.

Expressions such as u? and uv are not defined.

It is easy to extend (d) and (e) of Theorem 6.1 to linear combinations, namely,
Ue(crVi+ Va4 -+ Cp¥p) = ClUV] + UV + -+ -+ Cpunv,
and
(civi+ava+ -+ cpVp)-u=c ViUt Vel + -+ CpVp el

As an application of these arithmetic properties, we show that the Pythagorean
theorem holds in R".

THEOREM 6.2 g s ey I

{Pythagorean Theorem in R") Let u and v be vectors in R"”. Then u and v

are orthogonal if and only if

B+ )12 = [luf? + {vi®
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PROOF Applying the arithmetic of dot products and norms to the vectors u and
v, we have

a4 v)I2 = [a)? + 2u-v + |v]

Because u and v are orthogonal if and only if u-v = 0, the result follows imme-

diately. |

ORTHOGONAL PROJECTION OF A VECTOR ON A LINE

Suppose we want to find the distance from a point P to the line £ given in Figure 6.3.
It is clear that if we can determine the vector w, then the desired distance is given 1
by |lu — w||. The vector w is called the orthogonal projection of u on £. To find w

in terms of u and £, let v be any nonzero vector along £, and let z = u — w. Then

w = cv for some scalar ¢. Notice that z and v are orthogonal; that is,

0=z.v=(u-w).v=(u —cv)-v:u-v—cv-v=u-v—c|}v]|2.

n.v
Soc = i "2, and thus w = Wv Therefore the distance from P to £ is given by
v

u.v
u——v
fIvil?

flu—wi =

Figure 6.3 The vector w is the orthogonal projection of u on L.

m Find the distance from the point (4, 1) to the line whose equation is y = %x.

Solution Following our preceding derivation, we let
R R
L izt s (1]
41 9
L]-zHH Il[ =5

Then the desired distance is




6.1 The Geometry of Vectors 371

EXERCISES

In Exercises 1-8, two vectors u and v are given. Compute the ~1 —1

norms of the vectors and the distance d berween them. 3 —1
16. u= and v = 3

o -2
5 2
1,\u=[_3] andv=[4} 4 2
In Exercises 17-24, two orthogonal vectors w and v are given.

Compute the quantities ||u||2, ||v|lz, and |[w + v|2 Use your
results to illustrate the Pythagorean theorem.

and v =
24, u=

In Exercises 9-16, wo vectors are given. Compute the dot prod- In Exercises 25-32, two vectors u and v are given. Compute the
uct of the vectors, and determine whether the vectors are orthog- quantities ||, |[v], and [ju + v{i. Use your results to illustrate

szal; the triangle inequality.

l: 9{.‘/11 = [_;] and v = [2] @ _ B] :l
10. u= [;] and v = m 2. u

(g e[}

1 -1
12, u= 3:,mdv=[4 28.
1

1] 29.
-2

|
ENgFeN

|
oW
hihar'

It
I_I_II_—|I_|
—_ W = W
| I

il
—
[
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In Exercises 33-40, two vectors u and v are given. Compute the
quantities ||ul|, IIvll, and u.v. Use your results 10 illustrate the

Cauchy-Schwarz mequality.
/3/3}u= -2 and v = X
NI/ T S

34. u= ‘_i:l
4 0
35. 0= [1] and v = [_2]

-3 "1
36. u= 4} and v = [2]

[ e 1
37.u=|~-1|andv= 4
L 2 -1
(0 -2
38.u=|1|and v= 1
|1 3
F4 2
3. u=|(2|andv=| -1
| 1 -1
( 3 1
40. v=|-1|andv=| 3
| 2 -1

In Exercises 4]1-48, a vector w and a line L in R? are given.
Compute the orthogonal projection w of w on L, and use it to
compute the distance d from the endpoint of u to L.

42. v = [2] and y = 2x

E
4l.u=[o]andy—0 3

43.u={3:|andy=—x 44.u=[i]andy:—2x

45.u:‘?]andy:3x 46.u=[_3:,andy=x

2
5

For Exercises 49-54, suppose that v, v, and w are vectors in R"
such that fufl =2, fvil=3, [wj=S5 vev=—1, u-w=1,
and vew = —4.

@ompute (U4 v)+w.
7 Compute Ju + v|2.

53. Compute [|v — 4w|)?.

47.u:[]andy:—3x 48.u=[§]andy:—4x

50. Compute [[4w]|.

52. Compute (u + W)« v.

54. Compute ||2u + 3vi|%.
For Exercises 55-60, suppose that v, v, and w are vectors
in R" such thatu-u =14 u.v=7, u-w=-20, v.v=2]1,
v.w= -5 and w-w = 30,

56. Compute ||3u]|.

58. Compute w+{u + v).

60. Compute ||v + 3w||.

55. Compute ||v]2.
57. Compute v . u.
59. Compute [|2u — v|I°.

menls are true or false.

% In Exercises 61-80, determine whether the state-

61.

75.

76.

77.
78.

79.

80.

. The dot product of two vectors in " is a vector in R".
. The norm of a vector equals the dot product of the vector

. The norm of a multiple of a vector is the same multiple
. The norm of a sum of vectors is the sum of the norms of
. The squared norm of a sum of orthogonal vectors is the
. The orthogonal projection of a vector on a line is a vector
. The norm of a vector is always a nonnegative real num-

. If the norm of v equals 0, then v = 0.

. Ifusv=0,thenu=0orv=_0.

. For all vectors w and v in R", |u-v| = [Jul - ||v]}.

. For all vectors u and vin R”, u«v = v.u.

. The distance between vectors u and v in R” is [f[u — vJ|.
. For all vectors u and v in R” and every scalar c,

Vectors must be of the same size for their dot product to
be defined.

with itself.

of the norm of the vector.

the vectors.

sum of the squared norms of the vectors.
that lies along the line.

ber.

L

(cu).v =u-(cv).

For all vectors u, v, and w in R”, 1
u«(v+w)=usv+u-w ‘
If Ais an n x n matrix and u and v are vectors in R, ‘
then Au « v=1 .« Av. i

For every vector v in R”, [[v]l = || — vI|.
If u and v are orthogonal vectors in R”", then 1
flu~+ vt = jfll + v ;
If w is the orthogonal projection of v on a line through
the origin of R2, then u — w is orthogonatl to every vector
on the Jine. !

If w is the orthogonaj projection of u on a Jine through i
the origin of R?, then w is the vector on the line closest

to u.

81.
82.
83.
84.
85.
86.

87.

88.

Prove (a) of Theorem 6.1.
Prove (b) of Theorem 6.1. -
Prove (c) of Theorem 6.1. i
Prove (e) of Theorem 6.1.
Prove (f) of Theorem 6.1.
Prove that if u is orthogonal to both v and w, then u 1s
orthogonal to every linear combination of v and w.
Let {v, w} be a basjs for a subspace W of R", and define

vVew

Z=W-— —Y.

Vev
Prove that {v,z} is a basis for W consisting of orthogonal
vectors.
Prove that the Cauchy-Schwarz inequality is an equality |
if and only if u is 2 multiple of v or v is a multiple of U




99.

100.

101,
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[—1 I3
102. u= i I:| and v = _1]
(1] 1
103. u= 2|andv=|1
|1 2
[ 2] !
104, u = l|andv=|-3
-3 2
1] -1
105, u=| -2 andv= 1
1 0
(1] 1
106. u=|2|andv=|1
1] 0
Let u and v be vectors in R3. Define u X v to be the vector
Uvz — Uzvy
uzvy — uyv3 |, which is called the cross product of u and v.
Usvy — UpWy |

For Exercises 107-120, use the preceding definition of the cross
product.

ict to 89. Prove that the triangle inequality is an equality if and only
A if u is a nonnegative multiple of v or v is a nonnegative
R multiple of u.
sctor 90. Use the triangle inequality to prove that | (Jv]| — |lw| ] <
- [[v — w| for all vectors v and w in R”.
tiple 91. Prove (W +Vv)ew=u-w+ v.w for all vectors u, v, and
win R™.
s of 92. Let z be 2 vector in R". Let W = {ueR": u.z=0}.
Prove that W is a subspace of R”".
the 93, Let S be a subset of R” and
ctor W={ueR":u.z=0forall zin 8.
i Prove that W is a subspace of R".
94. Let W denote the set of all vectors that lie along the line
with equation y = 2x. Find a vector z in R? such that
W = {u € R?: u-z = 0}. Justify your answer.
95. Prove the parallelogram law for vectors in R":
" o + vl + llw = vI* = 2{jul® + 20jv)>
96. Prove that if u and v are orthogonal nonzero vectors in
R", then they are linearly independent.
972 Let A be any m x n matrix.
i) (a) Prove that A4 and A have the same null space. Hint:
28 1l Let v be a vector in R” such that A7 Av = 0. Observe
T that ATAv.v = Av.Av =0,
' (b) Use (a) to prove that rank ATA = rank A.
th \
r f
h Jul v
5t
Figure 6.6

e . "

S

983 Let u and v be nonzero vectors in R? or R3, and let 8 be
the angle between u and v. Then u, v, and v — u determine
a triangle. (See Figure 6.6.) The relationship between the
lengths of the sides of this triangle and & is cailed the law
of cosines. It states that

v = ull? = lu? + §viI* = 2l v} cos .

Use the law of cosines and Theorem 6.1 to derive the

formula
u-v = [[ufl vl cosé.

In Exercises 99-106, use the formula in Exercise 98 to determine
the angle between the vectors u and v.

2 This exercise is used in Section 6.7 (on page 439).
3 This exercise is used in Section 6.9 (on page 471),

107

108.

109.
110.

L1t

112.

113.

114.

115.

116.

. For every vector u in R, prove that u x u = 0.

Prove that u x v = —(v x u) for all vectors u and v in
R3.

For every vector u in R, prove thatu x 6 = 0 x u = 0.

For all vectors u and v in 3, prove that u and v are
parallel if and only if u x v = 0.

For all vectors u and v in R and all scalars ¢, prove that
cuXv)y=cuXxv=uXxcv.

For all vectors u, v, and w in R>, prove that
ux(V+W)=uxv+uxw,

For all vectors u, v, and w in R3, prove that
B+ V)XW=UXW+VXW.

For all vectors u and v in R3, prove that u x v is orthog-
onal to both u and v.
For all vectors u, v, and w in R, prove that

\
UuxVv).w=u-(vxw),.
For all vectors u, v, and w in R>, prove that

ux(vxw)=(Uu-wyv-—(u-v)w.
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117. For al} vectors 1, v, and w in R3, prove that

(uxv)yxw=(wsu)v — (W.v)U.

118. For all vectors w and v in R3, prove that

flu x vI2 = fal?ivI® — - v)*

119. For all vectors u and v in R3, prove that |u x v|| =

fujl]v{l sin 8, where 8 is the angle between u and v. Hint:
Use Exercises 98 and [18.

120. For all vectors u, v, and w in R3, prove the Jacobi identity:

uxwxwt+(vxw)xu+wxu)yxv=_y_0

Exercises 121-124 refer to the application regarding the two
methods of computing average class size given in this section.
In Exercises 121-123, data are given for students enrolled in
a three-section seminar course. Compute the average vV deter-
mined by the supervisor and the average v* determined by the

investigator.

121.
122,
123.

124.

SOLUTIONS TO THE PRACTICE PROBLEMS

Section 1 contains 8 students, section 2 contains 12 stu-
dents, and section 3 contains 6 students.

Section 1 contains 15 students, and each of sections 2 and
3 contains 30 students.

Each of the three sections contains 22 students.

Use Exercise 88 to prove that the two averaging methods
for determining class size are equal if and only if all of
the class sizes are equal.

In Exercise 125, use either a calculator with marrix capabilities
or computer software such as MATLAB to solve the problem.

{25. In every triangle, the length of any side is less than the

surn of the lengths of the other two sides. When this
observation is generalized to R”, we obtain the triangle
inequaliry (Theorem 6.4), which states

e+ vif < Ju)l + livil

for any vectors u and v in R". Let

M1 -8 2.01
ae |2 ve |6 | 401 and
3 T a4l M 6.01 |’

| 4 5 8.01

[ 3.01
vy = 6.01

9.01

12.01

(a) Verify the triangle inequality for u and v.

(b) Venfy the triangle inequality for u and v,.

(c) Verify the triangle inequality for u and v,.

(d) From what you have observed in (b) and (c), make a
conjecture about when equality occurs in the triangle

inequality.
(e) Interpret your conjecture in (d) geometrically in R2,

1.

{a) We have lull = 12+ (=2)2+22=13 and {v| =

V¥ 22432 =1,

(b) We have Jlu—v| = ||| —4
-1

= (=5 + (=47 + (-1 = V2.

(c) We have
-
IV LT (1] | e O
a3 5 “" Ve Te T
3.
and
- ¢
Lv’_zi B | .
Wil 7 |5 [12]] V4o 4940
- 7

. Taking dot products, we obtain

uev = (=2)(+ (=5H-D+ B3 =9
u-w=(--=-3)+(=5N+ 32 =7
vew = (=3 + DD+ @) =0.

So u and w are orthogonal, but u and v are not orthogonal,
and v and w are not orthogonal.

3. Let w be the required orthogonal projection. Then

wev M HE-DHO |
124 (=12 +22 )

YRS

6.2 ORTHOGONAL VECTORS

It is easy to extend the property of orthogonality to any set of vectors. We say that
a subset of R" is an orthogonal set if every pair of distinct vectors in the set i§
orthogonal. The subset is called an orthonormal set if it is an orthogonal set consisting

entirely of unit vectors.
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35. h 43. 0]-5{1]|-6]0
(b) 50+/37 + 6+/2 & 337.21 mph 45.T 46.F  47.T 48T  49.T
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5. (a) A basis doefs not exist baicausefthe sum;)f the mul- 5 |ufl = JIL, vl = J5, andd = J14
tiplicities of the eigenvalues of the stan ard matrix _ _ _
P T is not 4 7.l = 7, vl = JI5, and d = /26
_1 0 11 15 5 9. 0, yes 11. 1, no 13. 0, yes 15. =2, no
-1 |-t 10 81 | 10 17, ull? = 20, Iv]}? = 45, lu+ Vit =63
ORI R B ask P 10, Jul = 13, VI = 0, fu+vI* =13
0 1 3 ] 21, ful? = 14, Ivi? =3, w42 =17
X 23, Jul? = 14, (vl = 138, llu+ viiz = 152
- 25, Jjull = VI3, vl = V44, lu+ VIl = V13
' X3 27, (all = ~/20, vl = V10, flu+ VIl = V50
X 29, full = V21, vl = V11, fu+ Vil = V34
Lo 3 Y 31, Jul = VT4, vl = VT7, hu vl = /53
—-3.Uxy Oxy —U.2X3 UX4 — — Y= —
165w 42235 — 3.6x3 + 557 || 3. lull = ff il = /34, u-v = -1
45% — 830+ 1.6x3 + 1.5x%4 35. Jlull = 17, vl = 2,u.v= -2
(c) T is not diagonalizable. 37, fjull = V4L, IVl = J18,u-v=0
x) 39, [ufl = /2L, vl =6, u-v=3
X2 _ e _
T@T || l]= 41.w_[0] andd =0
Xa 1M-1 72
11.5% — 13.7xp + 3.4x3 — 4.5% 43. w= 5{ 1] and d = —~
5.5%x — 590+ 1.8x3 — 2.5%4 0.7
—6.0x; + 10.8x — 1.6x3 45. W = [ _1] and d = 1.1/10
5.0x) = 5.6x2 + 126 = 305 s -3 sLil s34 552
(b) Answers are given correct to 4 places after the 57' 7 59 "‘9
decimal point. : ’
3.0000 5 0000 ] [o4142 ¢ T 6.F 6.F 64F 65. F
2.0000 1.0000 —8.2426 0.2426 66. T 67.T 68. T 69. T 70. F
1.0000 | ' | ~2.0000 —247279 | 7 | 07279 71. F 72.T 73. T 74. T 75. T
1.0000 1.0000 1.0000 1.0000 76. E 7. T 78. F 79. T 80. T

3 Answers are given correct to 4 places after the decimal 99

103. 60° 105. 150°

point.
~ _ 26 244
2344 121, v=—7"R 8.6667 and v = —— = 9.3846
1934 3 26
: 123. v=v*=22
by |.1732 1},
2325 Section 6.2
L1665 1. no 3. no 5. no 7. yes
fs37 [5.86117] [5.8610 1 3
5.2 4.8351 48351 9. (a) =
© |51] 43299 |, | 4.3299 1 0
6.1 5.8114 5.8114
|33 4.1626 4.1625

(d) Al%p ~ 25v
9. 7, =(02)3 2"~ 02)(=2)" +4+ 2(—-1)"

Chapter 6

Saction 6.1
L (ull = /34, Iivli = /20, and d = ~/58
3. fufl = V2, vl = /5. and d = NE




