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Introduction

Honeycomb lattice




Graphene

m Wallace 1947, Theoretical investigation of monolayer graphite.
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m Wallace 1947, Theoretical investigation of monolayer graphite.
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(k € Q* C R? “quasi-momentum”, for certain K € * )

m Geim and Novoselov “Electric Field Effect in Atomically Thin
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m Nobel prize 2010. Huge interest.




pS ALy

&
&
§
=
z
s

Graphene

L, °
s o

Graphene Kit - Scotch Tape k
Value Package (Kish
Graphite + Tape + Si Wafer)

Figure: a) you can now order a graphene kit online at
http://www.graphenesq.com. b) S. Bae and others : “Roll-to-roll production
of 30-inch graphene films for transparent electrodes”, Nature Nanotechnology,

2010.
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The Setting

Two-dimensional crystal, two sites per unit cell. Notation and (solid
state physics) nomenclature:

I' = Bravais lattice = {y = (71,72) € R? : v =ma+na, m,n € Z},
-1 1
Q = unit cell = {(z1,22) : z =610+ 0, —3 < 61,0, < 5}

Choose numbering of a and a s.t. |Q| =aAa = ajaz — asd;.
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The Setting

Two-dimensional crystal, two sites per unit cell. Notation and (solid
state physics) nomenclature:

I' = Bravais lattice = {y = (71,72) € R? : v =ma+na, m,n € Z},
.1 1
Q = unit cell = {(z1,22) : z =610+ 0, 5 < 61,0, < 5}
Choose numbering of a and a s.t. |Q| =aAa = ajaz — asd;.

B = basis = {£, £}, (& =0),
A = atom-sites = I" + B,
Dual lattice:

a-a"=a-a*=27, a-a"=a-a*=0,
I'* = reciprocal lattice = {(77,75) : v* = ma* +na*, m,n € Z},
0" = 1st Brillouin zone = {(k1,k2) : ||k|| < |k —~7|, v* € T'}.




The Setting

A unit vector in £2(A) is the state vector of an electron. I-periodic
zero-field Hamilton operator:

Ho: (A) = *(A),  Ho(a+v,2") = Ho(z,2'~), (2,2 € Ajy €T).

2(A) = féi C? dk, Bloch-Floquet-Gelfand (BFG) decomposition
v elP(N),yeTl, z€B, ke Q*

(U)(k,z) =

_I =y +a),

~vel




1 ik
(kyz,2') = o > T Hy (2,2’ + 7).
l. ~el
lo (k)= | O 2e7752 cos(L2ky ) + 1
c.c. 0

’I Dirac cone

Dirac point




Graphene ba ructure calculation

Dirac points:

When expanding the fibers around

I%:k—K_i_,
one gets
- -3 0 ki —iky 4+ 3 450 Cak®
hS (ki ka) == |- - lal22 :
0(1 2) 2 k1 +dky + ... 0

~ Weyl Hamiltonian (Dirac Hamiltonian for massless fermions) for
1%l << min{[a*]], f|a[}




m C. L. Fefferman and M. I. Weinstein, 2012;

... the two-dimensional Schrodinger operator with a
potential having the symmetry of a honeycomb structure
has dispersion surfaces with conical singularities (Dirac
points) at the vertices of its Brillouin zone.
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m C. L. Fefferman and M. I. Weinstein, 2012;

... the two-dimensional

Schrodinger operator with a

potential having the symmetry of a honeycomb structure

has dispersion surfaces

with conical singularities (Dirac

points) at the vertices of its Brillouin zone.

External magnetic field.

m Graphene sheet in orthogonal constant magnetic field.

74
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m Energy gaps?

The setting
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Figure: From Petra Dietl, Frederic Piechon and Gilles Montambaux, “A new magnetic field dependence
of Landau levels on a graphene like structure”, PRL 2008. f = ¢/¢0, ¢ = (dnn)23bv3/2, ¢g = hc/e. See
also Guillement, Helffer, Treton: “Walk inside Hofstadter’s butterfly”, Journal de Physique 1989, and
“C*-Algebras in solid state physics: 2D Electrons in a uniform magnetic field”, Jean Bellisard.




Single Dirac-cone fiber

Hy : /2(A) — £%(A) generated by fibers ho(k). For k € QF,
{ho(k;z,2")}z arem is a self-adjoint matrix (2 x 2). Suppose:
(a) each ho(-;z,2'): Q* — C, for fixed z,2’ € B, has an
extension which is C°°(R?) and I'*-periodic.
(b) 0 is an eigenvalue of ho(0) with degeneracy 2.
(c) Eigenvalues of ho(k), k # 0 satisfies A\ (k) < 0 < Aa(k).

(d) ho(k) = h (k) + hitem (k) where

0 k1 — tko

ho (kaka) = | R (1)

3C1 >0, |hg" (k)| < CullKI*. (2)
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Theorem

BerH

Peierls subst. Hy(y+ 2,7 + ') := e aean o(y+z,v +a).

Main result 12 /19



Theorem

, 2
Peierls subst. Hy(y +z,7 +2') :==¢' Jagqn B d "Ho(y +z,7 +2).

For fixed M =0,1,2,3,..., choose c1, co such that

V2M < ¢ <ca < +2(M+1),
then there exists by > 0, such that for all 0 < b < by we have
[61\/1—), 02\/[—)] C p(Hb).
o(Ho) o(Hy)
. - \/2(M+1)b" e
)\z(k‘)
' oMb e1vb
0 QO*

A1 (k)




The proof strategy: for z € K C Bj(0) \ {£v2mb}mez, K compact.
(Hp — 2)Sp(2) — I = Err(b; 2), sup||Err(b 2)]| = 0,b — 0.

zeK




The proof strategy: for z € K C Bj(0) \ {£v2mb}mez, K compact.

(Hp — 2)Sp(2) — I = Err(b; 2), sup||Err(b 2)]| = 0,b — 0.

zeK

Symmetric gauge,

a(z) = =(—z2,x1), B = b(0yya2 — Oyya1)




The proof strategy: for z € K C Bj(0) \ {£v2mb}mez, K compact.

(Hp — 2)Sp(2) — I = Err(b; 2), sup||Err(b 2)|| = 0,b — 0.

zeK
Symmetric gauge,
2(—1‘2,1‘1), B = b(@xlag — 8@@1)

Auxilliary function (area of triangle):

1
ol ') = 5ol A, /A | Br=to.7)
el

i

,y/
origin




Dirac (Weyl) operator:

0 (—20z; — bai(x)) — i (—i0zy — baz(x))

D= (i, — bai(2)) +i (=iday — bas(a)) ‘ |

essentially selfadjoint on C§°(R?) @ C2.

Sketch of proof



Dirac (Weyl) operator:

Dy — { 0 (—10z; —bar(x)) — i (—i0zy — bag(m)):|
Y7 |(—i8ay — ba1(z)) + i (—i8zy — baz(x)) 0 ’

essentially selfadjoint on C§°(R?) @ C2.

D= [(—ivx —ba(x))? —b 0 } ’

0 (—iVy — ba(x))? +b




Dirac (Weyl) operator:

Dy — { 0 (—10z; —bar(x)) — i (—i0zy — bag(m)):|
Y7 |(—i8ay — ba1(z)) + i (—i8zy — baz(x)) 0 ’

essentially selfadjoint on C§°(R?) @ C2.

~ [(=iVy —ba(z)? —b 0
D = [ 0 (—iVy — ba(x))? + b} ’

Landau levels: o = (2n + 1)b, n € Ng. For 22+ b ¢ oy,
(Dy = 2)" = (Dy+2)(D} = 2%)7".

Lemma 1.

p(Dy) € C\ {£V2nb : n € Ny}




We expand (Dy, — z)~! acting in L?(R?) ® C? in Pauli matrices:
|10 101 10— |1 0
gp = o 1’ g1 = 1 ol g9 1= i ol g3 1= 0 —1|-

(Dy—2)"" =

ri(2) ® 0.

3
=0




We expand (Dy, — z)~! acting in L?(R?) ® C? in Pauli matrices:
|10 101 10— |1 0
gp = o 1’ g1 = 1 ol g9 1= i ol g3 1= 0 —1|-

(Dy—2)"" =

rj(2) ® 0.

S,
o

Choose
L [k <1 (k)
e C®(R?), k) = , (k) =g ~),
g€ CP(R) g(k) {o, k] > 2 ge(k) =g ;

for € > 0. (we will choose €(b) — 0, as b — 0)
Ge : (2(A) — 2(A), inverse BFG transform of ge(k) = g(%):

Ge(x,2") = %e%(e(m —1a')).




Resolvent approximation, near part:

3
Stomear (V' + 2,7 +2'52) = /W dy eP* Gy 4 2 y)ri (45 2)o (2" 2)
j=0




Resolvent approximation, near part:

3
Stomear (V' + 2,7 +2'52) = /w dy eP* Gy 4 2 y)ri (45 2)o (2" 2)
j=0
“Far” part of resolvent approximation:

| €9(e/ay (1, k2) ki — iky Rem
hek) : [ ki +ika  —e€g(eja)(ki, k2) o (R k2)

®
UHU* ::/ he(k) dk,  H.:*(A) — £2(A).

*

Lemma 2. H. has a spectral gap:




L, °
s yod©

Hop(y+ 2,7 +2') = e Ho(y + 2,9 + ')

Lemma 3. If there exists ¢g,C' > 0, s.t. |He||' < C' < 00, for € < e,
then there exists a constant C' > 0 s.t.

dy(o(He),0(H.p)) < CVb.

(H. Cornean, R. Purice: “On the regularity of the Hausdorff distance between spectra of

perturbed magnetic Hamiltonians”, Spectral Analysis of Quantum Hamiltonians 2011)

Sketch of proof
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Hop(y+ 2,7 +2') = e Ho(y + 2,9 + ')

Lemma 3. If there exists ¢g,C' > 0, s.t. |He||' < C' < 00, for € < e,
then there exists a constant C' > 0 s.t.

dy(o(He),0(H.p)) < CVb.

(H. Cornean, R. Purice: “On the regularity of the Hausdorff distance between spectra of

perturbed magnetic Hamiltonians”, Spectral Analysis of Quantum Hamiltonians 2011)

Lemma 4. Pute=>b"* We can find by > 0 such that for 0 < b < by,
there exist §(b) > 0 s.t.

Bin)(0) € p(Hp).

Sketch of proof



Suppose A : (2(A) — £2(A).

[All g := max {SURZIA(SC,HC’)I, SHRZIA(% ﬂc')l} :
TEA T T'eA T,

Lemma 5. If ||A|lgy < oo, then A is bounded with ||A|l < ||Allgy-

)

4] = max § sup 3 (14 far — 2] + o> — 25| Az, o)
meAac’EA

sup Z(l + |y — 2| + |72 — x’z\)‘A(x,x')‘}

z’'eA zEA

Lemma 6. If |A|l' < oo, then A is bounded with
1Al < [|Allsz < 1AIN"




Resolvent approximation

3
(Dy —2)"t = Z ri(2) ® oj, he(k) = €geja(k)os + ho(k)
=0

Sketch of proof



Resolvent approximation

3
(Dy —2)"t = Z ri(2) ® oj, he(k) = €geja(k)os + ho(k)
=0

Gl = Negiee =2, Culea!) = Peg(ete — )i

2




Resolvent approximation

3
NP
Sbmear(Y' +2,7 +2'52) = /[R2 dy PTG (Y + 2 y)ri(y, 4 2)o (@, )
=0

. " 1’ —
Snpar(r” +a"ai) = 30 30 O (1 GO e [(Hep = 2) 7] @ a52),
gll/e%,y//le[\

Sb(.’L’”, 517/; 2) = Sb,near (:L,//7 xl; Z) + Sb,far (xlla xl; Z)

Sketch of proof



Resolvent approximation

3
(Dy —2)"t = Z ri(2) ® oj, he(k) = €geja(k)os + ho(k)
=0

Gl = Negiee =2, Culea!) = Peg(ete — )i

3
NP
Sbmear(Y' +2,7 +2'52) = /[R2 dy PTG (Y + 2 y)ri(y, 4 2)o (@, )
=0

. " 1’ —
Snpar(r” +a"ai) = 30 30 O (1 GO e [(Hep = 2) 7] @ a52),
gll/e%,y//le[\

Sb(.’L’”, 517/; 2) = Sb,near (:L,//7 xl; Z) + Sb,far (xH, xl; Z)

Lemma 7. There exists by s.t. K C Bs)(0) \ {£V2mb}imen, when
b < by, K= [c1Vb, caVb] . Furthermore, for z € K, we have

(Hp — 2)Sp(z) — I = Err(b; 2), sup||Err(b; 2)|| g5 — 0,0 — 0.
ze




Resolvent approximation

[HySbmear ()] (@2) = 3 3 e Hp (2, >Z/ ay PO G @y (0.7 2o

1 7
,z)
// "///

collect the phases:

cibe (v, gibe (Y ) eib[s@(%y)Jr%(’Y”*y)/\(’vf’vl)]
consider
3 o
AV " ’ " ’
> /[R2 dy "*? O SO S  Hg (2, 2 ) G (27 y)rs (v, 7 2oy (2, 2)
i=0

a!! !

. 17 -~
/ dy PPy Z Z <|Q*‘ dk @ o (ks z”)) Ge(a" y)rj(y, 75 2)05 (2", 2).

i i ik(y—y) A (2! i —_ 1 —ik(~y" +z' —y)
multiply with e , express G¢(z', y) in e Ser ey = o e .

3
Z/ dy e WZ i / dk ge ()™ @V ho (ki 2")r; (v, 7 )y (2 2').
j=0




Resolvent approximation

°
s yod©

Substitute for ho(k) the leading order terms kjoy(z,z'') + kooa(z, z'’) :

1 )
dk etF(@=v) (k1ff1(L ') + kaoa(z, z”)) ge(k)rj(y, 7' s 2)o; (", 2’)

3
b (v,y)
Do, dy e >
j=0 '/R2 2! [Q*| Jax*
commute the phase e???(7:¥);

2 . ~
== [ > LZ:l((—iayu +bay (1)ow (2,2") + bay (@ = y)ow (@.2") (P Ge(a,v))

3
ce (Z iy, Z)frj(z”,z/)>
j=0

x

[(Hy = )b near (@ 2) & [ dy Gele, )™V 50/ = )38,

. ’ -~
=G (2,4))8, L,

Sketch of



Resolvent approximation

°
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(HySp par() (@a) = 3 20 Vg e, 2"t

m/’ yml,,eA

YI-Ge)(" 2"y (Hepy —2) "t (2, ).

"
)

. 1 ; mr
~ Z et (7 Z o] Jor dic k(=== )ho(k;g, z')(1 - 9e (k)01 11 (Hep — z)_1 [C)

" z!

=3 D (1~ GO H (2,2") (Hey — )7 @2

o/

. 1" 1" 1’
=AY (1 Gy (e, 2"V H (@ 2") (Hep —2) T (7, 2)),

2! !

Q2

: "
SO U GO+ + 2V 8y g

~! !

((Hp — 2)Sp, far(2)) (z,2")

— e (1~ Gy (e, ).

h of proof



	Introduction
	The setting
	Main result
	Sketch of proof

