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Faraday effect

Carbon atoms

Ext. magnetic field (0,0,b),
light propagation
direction

m Polarization changes as the light travels through the layer.
(0 = 0,1 radian rotation reported in single layer graphene).
m Linear regime: 0j;peqr = Vbd, V is the Verdet constant.
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Faraday effect

Optical activity: phase differences for circular polarized waves of
opposite handedness in transmitted light-wave.
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Optical activity: phase differences for circular polarized waves of
opposite handedness in transmitted light-wave.

4 Y
anian
For a specific point in space, write
E(t) = 2F cos(wt — ) + §E cos(wt — 1hy).

If ¢y — 1y = m/2 then E(t) = ZE cos(wt — ;) + §E sin(wt — 1))
right-hand circularly polarized (RCP).

Egrcp(t) = Re {B(x — iy)e@t—v=)1
If Yy — Y, = —m/2 : left-hand circularly polarized (LCP).
Ercp(t) = Re {E(X + iy)e! @)}




Faraday effect

Maxwell’s equations in linear media, Ohm’s law, zero charge density.

oE 0B
VXB /,LO'E+[,L68t VXE__W7
V.-E—0, V-B=0.

apply curl and suppose E(z,y, z,t) = Re {Epexpi(wt — kz)}

OF

0
. 2 e —
V(V-E)-V°E = T (Lo E + pe—— 5 )

kK*E = —iwpgE + w?ueE.

RCP Ey = E(z —iy), LCP Eg = E(Z +iy) disregard z-components
02D — 3D
Tij

1 /) o o 1
2 2 v rx Ty
bl [j:z] = uel EW) [Uyr Uyy] b [ij



Faraday effect

g
ki = ihs)? = 14+ -
2 = (g +ire)? = wlue( o e

Suppose expansions of ;; (we show this for 0., (b) in our model):
0z (0) = ol + ollp 4 o 2p? 4
Oazy(b) = a[wll;b + a%b2

Transmitted beam: phase difference between RCP and LCP is
determined by difference in the real part of the wave vectors for circular
polarized waves of opposite handedness

nﬂ:(b) = f(axx(b) :l:o'xy(b))
(14(b) = 1-(b)) ~ D f (015}, 0) oLy b
UE?)], <> Verdet constant

Detail: 0,y = —0y, from symmetries. We will actually find oy,
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Graphene
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The (graphite) crystals are so extremely thin in a direction
perpendicular to the paper on which the above figure is
traced, that it is impossible to obtain any reflection.
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= {ma + na}, nez C xy-plane .
B = basis = {§1, . ,§4} C xy-plane ,
Q = unit cell = {f1a+ 02&}91.6[0,1} e S
I' = dual lattice = {ma™ + na*},, nez
a-a*=a-a* =2,

a-a*=a-a" =0.

Q* = First Brilluoin zone
={keR®: ||k|| < |k -, v €I*} i

Family of atom-sites:
A=T+B

origin unit cell origin
& yerl



QM model, Peierls substitution

Configuration space is £2(A) (Hilbert space of one-electron states).
Zero-field Hamiltonian Hj with int. kernel ¢:

t(x,a") = {6z, Ho 6p), (w,2' € A)
(t is the “Hopping matrix”) Nearest-neighbour interactions only:
t(z,2') =1, if x and 2" are neighbours, zero otherwise.

Peierls substitution; magnetic Hamiltonian Hy:

/

Hy(z, ') = @) ¢z, '), bz, ') = / a(s)ds =b ’

/ /
2Ly — Tyly

2

Symmetric gauge:

a(ri,ra) := = (—x2,21), Curla(r) = B(z)="b.

N o



N=4

Central region Ay of (2N + 1)2 unit cells

Av={(y+2) €A : y=ma+n m| <N, <N,zeB}). (1
Dirichlet Boundary Conditions:

X~ = the characteristic function of Ay (2)

Hy v = xnHpxn (3)
(notation: subscript N)



Light beam, time-dependent perturbation

X and Y are the position operators; X8, = 2105, Yz = 290,
Perturbation by incident polarized light-beam with complex frequency
w=uwp—ni, Re(w) =wp >0, Im(w) =-n<0:

Hpy(t) = Hy + Vi(t), )
Vi(t) = Ee cos(wot) X

E(t) = (Re [Eeim] ,0) = (Ee" cos(wot), 0)

Time-growth of the light-beam

t=0

Small 1 equals slow “turning on“. n — 0 is the adiabatic limit.



Density operator satisfies:

idd%(t) = [Hppn, on(t)]; m on(t) = f(Hpn). (7)

Current operator in the y-direction:

Jyn = i[Hp N, YN] = i[Hy N, Y] (8)
Current density in the y-direction at time ¢t = 0:

TN (E) = ’A—lN‘ Tr {on(t = 0) jyn} = E open(b) + O(EY).  (9)

(Defines oz, N (b)).



Kubo formalism, y-current density, oy. n

Schrédinger picture:

Hy = Hyn +VEN(L), operator Ay (time-independent)

Interaction picture:

5 . . d - 5
Ay = o Ay eitHo N id—tAN = [An, Hy n].

(at t =0, Ay=A ~.) Density operator in interaction picture:

@-%@N@) = [Ven (1), 8(t)]

(0E,N(to) = exp(itoHy N)oE N (to) exp(—itoHy n) — f(Hp ) as
to — —OO.)



L - I
a2 0) =T {0 s | =T (om0 s

o.5(0) =togmoo{@m(to)+ /t: (f—S@N.E(s>> ds}

_f(HbN) /0 < [VEN( )’éE’N(S)D ds

) 8 [ (o) S (Hul) ds + O
main steps..

d . N . . .
itH —itH itH . —itH
a (6’ X ne N’*’) =T gy ve T

e isHa = () = 5 / e B f () (Hyy — =) d
¢



Main result 1

Tn(2) == (Hyn — 2 +w) e n(Hyn — 2) "y N,
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Tn(z) i= (Hyn — 2+ w) o v (Hp v — 2) " y,n,
Main result 1: Thermodynamic, adiabatic limit:

T n PR
oyt o=l i (e i (il (00

+Re 27T°~’1‘AN| [gdz f(z) Tr {TN(Z) +Tn(z+ W)})

- Im(z)
/ _\
W—/Re(z)

-




Main result 1

Tn(z) i= (Hyn — 2+ w) o v (Hp v — 2) " y,n,
Main result 1: Thermodynamic, adiabatic limit:

T n PR
oyt o=l i (e i (il (00

+Re 27T°~’1‘AN| [gdz f(z) Tr {TN(Z) +Tn(z+ W)})

\L - Im(z)
Geometric / _\
perturbation, W_/Re(z)

1. -w

—1 —1. —1-
= Re 2’Q|7rw0/ Z{ Hy, —z 4 wo) ™ jx(Hp — 2) Jy](&&)

xeQ
+ (Hy —2) "o (Hy — 2 — wo) 'yl (z,2) }



Main result 1

Problem: magnetic resolvents. .. Naive perturbation will not work:
Hy — 2= I+ (H,— Ho)(Ho—2)""| (Hy— ) (10)
(10) invertible for z € p(Hp), weak magnetic field, if
|Hy — Hol| - 0, b—0.
Naive pertubation theory in the linear regime:
[Hy, — Ho) (z,2') = (@) — Di(z,2') ~ ibp(z, 2 )t(z, 2')

does not work; no matter how close to zero b is!, ¢(x, z’) is unbounded.
workaround, why not contruct S(b), K(b) operators s.t.

(Hy—2)S(b) = I+ K(b), ||[K®)] <1when0<b<bg? (11)



Magnetic perturbation

Sp(x,2') := @) (Hy — 2) "N (x, 2')

Ky(x,2') = elb"’(‘”’x) ( bIFL) _ 1) Ho(z,2")So(z", 2")
a e
[FL] = ¢(z,2") + ¢(z",2') + ¢(2’, 2)

(Hb - Z)Sb =1+ K, HKbH < 1when 0 <b < bg (12)



Magnetic perturbation

Sp(x, ') = elbe(z, ml)(Ho —z)" ( ,z’)

Ky(x,2') = elb‘P(‘”’x) ( bIFL) _ 1) Ho(z,2")So(z", 2")
IIGA
[FL] = p(x,2") + p(a”, 2") + p(a’, )
(Hb - Z)Sb =1+ K, HKbH < 1when 0 <b < bg (12)

(Hy — 2)7" = Sp(2) = Sp(2)Kp(2) + (Hy — 2) ' Kp(2)*  (13)
ilel};{HKb(z)H} < b const. (14)

sup|[(Hy — 2) ' Kp(2)?)(x, 2")| < b? const. (15)
2€C



Magnetic perturbation

Sp(x,2') := @) (Hy — 2) "N (x, 2')

Ky(x,2') = elb‘P(’”’x) ( WIFL] _ 1) Ho(z,2")So(z", 2")
' EN
[FL] = p(x,2") + p(a”, 2") + p(a’, )
(Hy — 2)Sp, = I + Ky, HKbH < 1when 0 <b < bg

(Hy — 2)7" = Sp(2) = Sy(2)K(2) + (Hy — 2) 7 Ky (2)?
ilel};{HKb(z)H} < b const.

sup|[(Hp — 2) " Ky(2)?](x,2")| < b* const.
Z2EC

m Hy, (Ho— z)~! periodic in T
m Bloch-Floquet decomposition, k-space representation.
m b-dependence only in flux terms.



Bloch-Floquet decomposition

(2(A) unitarily equivalent with L?(Q*) ® C4, the zero field Hamiltonian
(hopping matrix) is a fibered operator

2 o) L =ik (@) )
U:A(A) = Ay, (UV)(k,z) mz i +7)  (16)

vyel

UHU ™! = /EB dk H(k), (17)

Bloch-Floquet decomposition formulae:

1 : /
H(Ea &l; k) _ W Ze—zk-(z-i-’y—ﬁ )t(£+ V;EI)-
vyel

_ 1
1| Ja-

r=z+v, =2+

t(z,2")

dk eik~(a:—x’)H( /. k‘), (18)

=
8

H(k) are 4 x 4 matrices. (Generally #5B x #9B matrices).



r . _ikga 3k 1
0 etkza 0 2e 2 cos (f2ya>
) ikga Sk
e~ikza 0 2¢~ 2 cos <7f2ya> 0
—ikga V3kya ik
0 2e 2 cos Ty 0 etz a
ikga V3kya ik
2e 2 cos Ty 0 ez a@ 0

a = nearest neighbour atom-atom distance.
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Main theorem 2

Short notation on this slide:
G(kélhkyvz) = (H(kzvky)_z)_la é: (H—Z+LU0)_1
oOH oH

Hy (ks  ky) = 8_1%(1%’]%)’ Hy(ks, ky) = ok, ——(kz, ky), etc
O*H .
Hij(kkay) = M(kxaky)a (ZWAS {ﬂfay}

Put
T(z) = {(N}xHxGy — Gy H,Gy
+ GH,G(H,Gy — HyGy) + (H,Gy — Hyé*z)HmG]} H
+ {(Gotlay — CyHya)G + G(HaGy — HyaGo) | H

then (second and last main result)

1 .
/* dk[g dz i f(z) Trq {T(z) + T(z +wo)}

doya(wo) _
b=0 167r3w0

db
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