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NONSEPARABLE WALSH-TYPE FUNCTIONS ON R¢

MORTEN NIELSEN

ABSTRACT. We study wavelet packets in the setting of a multiresolution analysis of
L?(R?) generated by an arbitrary dilation matrix A satisfying |det A| = 2. In particular,
we consider the wavelet packets associated with a multiresolution analysis with a scal-
ing function given by the characteristic function of some set (called a tile) in R?. The
functions in this class of wavelet packets are called generalized Walsh functions, and
it is proved that the new functions share two major convergence properties with the
Walsh system defined on [0,1). The functions constitute a Schauder basis for L?(R%),
1 < p < o0, and the expansion of LP-functions converge pointwise almost everywhere.
Finally, we introduce a family of compactly supported wavelet packets in IR? of class
C'(]RZ), 1 < r < oo, modeled after the generalized Walsh function. It is proved that this
class of smooth wavelet packets has the same convergence properties as the generalized
Walsh functions.

INTRODUCTION

Wavelet analysis was originally introduced in order to improve seismic signal pro-
cessing by switching from short-time Fourier analysis to new algorithms better suited
to detect and analyze abrupt changes in signals. It corresponds to a decomposition
of phase space in which the trade-off between time and frequency localization has
been chosen to provide better and better time localization at high frequencies in return
for poor frequency localization. This makes the analysis well adapted to the study
of transient phenomena and has proven a very successful approach to many prob-
lems in signal processing, numerical analysis, and quantum mechanics. Nevertheless,
for stationary signals wavelet analysis is outperformed by short-time Fourier analysis.
Wavelet packets were introduced by Coifman et al. [5] to improve the poor frequency
localization of wavelet bases at high frequencies and thereby provide a more efficient
decomposition of signals containing both transient and stationary components.

So far most work on wavelet packets has been done in one dimension or using sepa-
rable wavelet packets in higher dimensions (i.e., tensor products of one dimensional
wavelet packets). However, separable wavelet and wavelet packet bases both have
several drawbacks for the application to fields like image analysis since they impose
an unavoidable line structure on the plane. For example, the zero set of a separable
wavelet packet at high frequencies will contain a large number (same order of mag-
nitude as the frequency) of horizontal and vertical lines that may create artifacts in
the reconstructed image. Another potential problem is in the Fourier domain where
separable two-dimensional wavelet packets have four characteristic peaks making it
hard to selectively localize a unique frequency. Coifman and Meyer introduced the so-

called Brushlets in [11] to remove the “uncertainty” in frequency localization, however
1
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the Brushlets are essentially Fourier transforms of smooth local trigonometric bases
and are therefore no longer functions associated with a multiresolution structure. An-
other example of nonseparable orthonormal bases with good frequency resolution is
Donoho’s Ridgelets [7].

The aim of the present paper is to construct nonseparable wavelet packet bases for
L2(R%) with nice convergence properties. In section 1 we introduce wavelet packets
associated with the class of multiresolution analyses of L?(IR?) for which there are as-
sociated wavelet bases generated by only one wavelet. Section 1 is rather brief due
to the fact that the construction is similar to the well known one dimensional theory
of wavelet packets. The wavelet packets constructed provide the same large number
of orthonormal bases as wavelet packets in one-dimension, and they provide a good
platform for doing image analysis using the well known “best basis” algorithm of Coif-
man and Wickerhauser. The paper [3] contains several numerical experiments with the
wavelet packets of Section 1.

In Section 2 we study a special type of multiresolution analysis that generalizes the
well known Haar multiresolution analysis from L?(IR). Section 3 contains results on
a special wavelet packets construction that can be considered the multidimensional
generalization of the Walsh system on [0, 1). We prove that this multidimensional gen-
eralization share the two most important convergence properties of the classical Walsh
system: the new system is a Schauder basis for L?(R?), 1 < p < oo, and the expansion
of every LP-function in the system converges pointwise a.e.

Section 4 contains the main result of the present paper. There we consider a class of
smooth wavelet packets, called Walsh-type wavelet packets, which shares a number
of properties with the Walsh functions from Section 3. In Theorem 4.10 (and Corol-
lary 4.11) it is proved that the Walsh-type wavelet packet expansion of a function from
LP,1 < p < oo, converges pointwise a.e. More restricted results in the one dimensional
setting were considered by the author in [15].

Periodic versions of the smooth wavelet packets of Section 4 are considered in Section
5, and finally Section 6 contains some explicit examples of filters that can be used to

generate CF(IR?) wavelet packets for any k > 1.

1. NONSTATIONARY WAVELET PACKETS

We begin by recalling some facts about multiresolution analyses associated with a gen-
eral dilation matrix that we will use later in this section to define the wavelet packets
we have in mind. The reader can find a more extensive discussion of the topic in [21].

Let A bead x d-matrix such that A: Z¢ — Z“. If the eigenvalues of A all have absolute
value strictly greater than 1 then we call A a dilation matrix.

Example 1.1. The 2 x 2 matrices

1 -1 0 2

i) e B
are examples of dilation matrices with determinant +2. The first matrix is known as
the quincunx dilation matrix.
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We can define a multiresolution analysis associated with a dilation matrix A.

Definition 1.2. A multiresolution analysis associated with a dilation matrix A is a se-
quence of closed subspaces (V;);cz of L2(R%) satisfying

() V;C Vi, Vi€Z,
(i) Ujez V; = L*(RY)  and ez Vj = {0},
(iii) f € Vj & f(AY) € Vi, Vj€Z,
(iv) there exists a function ¢ € V; called a scaling function such that the system
{¢(- —7)},cza is an orthonormal basis for Vj.

The wavelet spaces W; associated with such a multiresolution analysis are given by
W; =V N V]-L, and one can easily check that f € W; & f(A:) € W1 and L*(R%) =
Djcz W;. A family of wavelets associated with the multiresolution analysis is a collec-
tion of s functions {Y"}>_; for which {Y"(- — 9)|y € Z4 >_1 is an orthonormal basis
for Wp. Suppose |det A| = g. It turns out that the number of wavelets needed to
generate such a basis for Wy is exactly 4 — 1. This makes the case |det A| = 2 espe-

cially interesting since the wavelet basis is generated by only one function just as in
the one-dimensional case. We will use the notation Py, and Py, to denote the orthogo-

nal projections onto the closed spaces V; and Wj, respectively. One can show that Py,

and Py, extend to bounded operators on L? (R%),1 < p < oo, provided that the scaling
function has a minimum of decay at infinity, see e.g. [21].

Let {V;}cz be a multiresolution analysis of L?(IR%) associated with a dilation matrix A
satisfying |det A| = 2. Suppose (P, ¥) is an associated scaling function/wavelet pair.
Then there exist 27t Z* -periodic functions my and m; such that

®(¢) = mo(DE)® (D)

¥(¢) = m(DE)®(Dg),
with D = (A*)~L. Since |det A| = 2 we can find T € Z¢ satisfying Z¢ = A*Z? U (T +
A*Z%). Then it is easy to check that the matrix

{mo(é{) mo(§+27TDr)}
m1(&) m (€ +27DT)

is unitary a.e. for ¢ € RY. This observation leads to the following definition. We let A
and I be related as above.

Definition 1.3. Let m( and m; be 27t Z* periodic functions for which

[mo(i) mo(<§+27TDT)}
mi1(¢) mi(¢ +27DT)

is unitary a.e., then we call (mg, m1) a pair of orthogonal quadrature filters associated
with (A, T).

We can now define the natural generalization of wavelet packets to the setting of a
multiresolution analysis associated with a dilation matrix A with |det A| = 2.
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Definition 1.4. Let {(mo ,m1 )}°° be a sequence of orthogonal quadrature filters

associated with (A, T'). We define the basic nonstationary wavelet packets {w,};’, by

k+1

wy = P, wy =¥, and for 2 < n < 2k+1 with binary expansion n = Z] €]2] 1 welet

k+1

(€)= | [ [ mE7? (D) | (D 12).

j=1
Remark 1.5. The stationary (or classical) wavelet packets consist of the special case of

Definition 1.4, where the filters {(mé , m1 )} 1 donot depend on p, and mél) and mgl)

are the low- and high-pass filter, respectlvely, associated with the underlying multires-
olution analysis.

Let us state two most important facts about the wavelet packets from the above defi-
nition. The two propositions below show how to extract orthonormal bases from the
wavelet packet construction above, and thus give us some new (and hopefully useful)
tools to signal and image processing. We have included a sketch of the proofs for con-
venience. However, the reader should notice that everything works exactly as in the
one-dimensional case, only the multiresolution structure matters.

Proposition 1.6. The basic wavelet packets
{w,(x —k)|0 <n <2, kez}
form a basis for V;. Furthermore,
{w,(x —k)|n € Ng, k € 2%}
form an orthonormal basis for L?(R?).
Proof. Let Q) = Span{wy(- — k) }.z4, and define 6f(x) = v2f(Ax). Using the QMF-
condition it is not hard to verify that 6Q);, = (o, ® (41 (see e.g. [21, p. 112]). Thus,
00y Ny =0
820060 =60 = d O
53006620 =60 D603 = Q& Qs D Qe & Qy

Ko 10 = Q1 @1 @ O Q.
By telescoping the above equalities we finally get the wanted result
F=MVy=Vi=pao Mo Qo _1,
and Uy Vg is dense in L?(IR?) by the definition of a multiresolution analysis. O
The results mentioned above can be generalized considerably. The following construc-

tion gives us a whole library of orthonormal bases each with different time-frequency
properties.
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Proposition 1.7. Let {wy} be a family of non-stationary wavelet packets associated with the
dilation matrix A. For every partition P of No into sets of the form I,; = {n2/,...,(n +
1)2/ — 1} with n,j € N, the family

{2/ 2w, (AT - —K)Yrezd 1, ep

is an orthonormal basis for L>(RY).

Proof. An argument similar to the one in the proof of Proposition 1.6 shows that
5 = Oy ® Dty @ -+ @ Dok(ny1)-1-

Moreover, the functions {2//?w, (AJ - —()}4ez4 span the space 6/Q), and

Y J0, =P, =L*RY,

which proves the claim. OJ

Our focus in the remainder of this paper will be on a special case of the above construc-
tion that can be considered the natural generalization of the Walsh system on [0, 1) and
on an associated class of smooth non-stationary wavelet packets. The Walsh func-
tions will be associated with dilation matrices that admit a Haar type multiresolution
analysis and thus a generalization of the Haar wavelet. We derive some properties of
generalized Haar wavelets in L below.

2. GENERALIZED HAAR FUNCTIONS

Let A be a d x d-dilation matrix with |det A| = 2. We are interested in the case where
there is an associated multiresolution analysis generated by a scaling function given
by the characteristic function of a set Q C RY, called a tile. For general A and d > 3
there is no guarantee that such a set Q exists, see [10, 9], so we have to restrict our
construction to dilation matrices A which admit such a tile. The situation is better for
1 < d < 3 since it can be proved that a tile always exists [10, 9]. For the remainder of
this paper we assume that A is such that an associated tile Q exists.

The set Q has many nice properties under the action of A. One can in fact show that
AQ = QU (Q+T) for some I'g € Z% and we always have |Q| = 1, see [21]. Hence
Q=A1TQUA T (Q+ I'p) and

(2.1) Xa(8) = mo(D)Xa(DE),

where my() = % + %e‘i<rQ'§>. Also, note that |[A~1Q| = %, so A~1 splits Q into two
sub-tiles of equal measure. We let

(2.2) Do={Q:Q=A7(Q+79),yeZ%j>0,and Q C Q}

denote the collection of Q-dyadic sets. Note that two Q-dyadic sets Q; and Q, with
|Q1| < |Q2| share the following important property of the dyadic sets on [0, 1), namely
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either Q1 N Q2 = @ or Q1 C Q. We also need the unrestricted collection of Q-dyadic
sets given by

D={Q:0=A7(Q+19),yeZ%jecZ}.
With this setup we can define the natural generalization of the Haar function on [0, 1).
Definition 2.1. With Q and I'g as above, we define the generalized Haar function by
H(x) = xa-10(x) — XA*l(QJrFQ)(x)'
The Haar system on Q is given by
{xo}U{2//2H(Alx —k)|j > 0,k € Z%, and supp(H(A/x — k)) C Q}.

Example 2.2. Let us consider an example to illustrate the rather technical Definition 2.1.
Figure 1 shows the twin-dragon tile Q generated by the quincunx dilation matrix

1 -1
=17
where we have chosen the coset representative I'o = (1,0). The differently shaded

areas show the regions (sub-tiles) A~1Q and A~!(Q +T'p) that generate the Haar func-
tion of Definition 2.1.

—06 —04 02 02 0.4 06

FIGURE 1. The twin-dragon tile Q for the quincunx dilation matrix with
the coloring indicating the two sub-tiles that form the associated Haar
function H(x).

There is a unique way to index the Haar functions by Dy. For () € Dy we simply let

Hgq denote the generalized Haar function (normalized in L?(Q)) with support equal to
Q.

One would suspect that the generalized Walsh functions form an unconditional basis
for LP(Q), 1 < p < 0, and this is exactly the conclusion of the following proposition.
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Proposition 2.3. Let {Hq}ep, be the generalized Haar system associated with the tile Q.
Then {Hq }aep, constitutes an unconditional basis for LP(Q), 1 < p < oo.

Proof. Let us first verify that the system is dense in L7 (Q), 1 < p < co. Let

K (x,y) = Y. Ha(x)Hn(y)
QeDy Q=27

be the kernel of the projection onto V,,. We have, fory € Q, |Q)] =277,
| Knte)ldx = 1Ha@)| | 2xa(4"x) dx = Ho)2" 27" =1,
and similarly, for x € (3,
| IKnCe )l dy = Ha( 227" = 1.

Hence, by standard estimates, the projection onto V,, is bounded on L”(Q), 1 < p < oo.
Now, each V}, is spanned by a finite number of Haar functions and x ¢ so it suffices to
show that P,,f — f in LP(Q)-norm as n — oo for every f € L*(Q) since such functions
are dense in LF(Q), 1 < p < . Let f € L*(Q), and suppose 2 < p < co. We have, for
p~t=a/2+(1—a)/(p+1), using the generalized Holder inequality,

f = Pufllp < UIf = PaflI3IIf — Puf 11,55

Hence, ||f — Puf||, — 0 since 0 < a < 1 and |f — Pyf||,+1 is bounded by a mul-
tiple of || f|[,41- The case 1 < p < 2 can be handled the same way. To prove that
the system is unconditional, we build the following regular martingale on the prob-
ability space (Q,dx). Write Dy = {Qp,()y,...} in such a way that |Q,| > |Q,41],
n > 0. Let By be the c-algebra generated by () = Q and @. Suppose B, has been
defined, then we let B, 1 be the smallest c-algebra generated by 5, and €}, 1. Let
f € LP(Q). Itis easy to check that the expectation EP" f is given by the projection onto
span{ Xy, XQys- -+ Xy}, SO fn = EB"f is indeed a regular martingale w.r.t. {B,}7",
and it follows from Burkholder’s theorem [4] that the martingale difference sequence
{fn+1 — fu}t;o converges unconditionally in LP(Q), 1 < p < co. However, {f, —
fan—1} are just the partial sums of the expansion of f in the generalized Haar system
and the result follows. O

3. GENERALIZED WALSH FUNCTIONS

The Walsh system on [0, 1) is the system of basic wavelet packets associated with the
Haar multiresolution analysis, and using the setup introduced in the previous section
we can use the same scheme to obtain a natural generalization of the Walsh system to
higher dimensional domains.

Let my(¢) = % + %e’“rQ’ ¢) be the low-pass for a generalized Haar wavelet as defined

by (2.1). We define the associated high-pass Haar filter by m;(¢) = % - %e‘i<rQ' ¢). We
have the following definition of the generalized Walsh functions.
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Definition 3.1. The generalized Walsh functions {W, };,_, are the basic wavelet packets
generated by the Haar low-pass and high-pass filters starting from the Haar scaling
function and wavelet.

Remark 3.2. The generalized Walsh functions can also be defined recursively by letting
Wo(x) = xo(x) and then we define {W;};> | by
Wanye(x) = Wy (Ax) + (—=1)Wu(Ax — Tg), e=0,1
The third possible definition is to view the generalized Walsh system as the product
system on the probability space (Q, dx) defined by the generalized Rademacher func-
tions. The generalized Rademacher functions are obtained by letting
= Y H(x—k) € L*(R%),
kezd

where H is the Haar function of Definition 2.1, and we define r,(x) = ro(A"x). Then
for n € Ny with binary expansion n = Z]?”:O ¢;2/ we have

W) = xo() [T (0"
=0

which can be proved easily by induction. Notice that an easy consequence of this
definition is that

(3.1) Wi (X)W (x) = Wham(x),

where @ is the bitwise “exclusive or” operator.

The first thing we want to check is that the generalized Walsh system constitutes a
Schauder basis for L(Q), for 1 < p < co. This will be the content of Proposition 3.5.
But first, let us recall some important facts about the classical Walsh system on [0, 1).
The system is defined recursively on [0, 1) by letting Wy = x|o,1) and

Wopie(x) = Wy (2x) + (=1) W, (2x — 1), e=0,1.
Clearly, this is a special case of our new construction with d = 1. One important fact
we need is that, for 2/ < n < 2/*1, we have

2/-1
Z (27 Wy (2 x —s).

The proof of this fact can be found in [15], and we will in fact prove a more general
statement in Section 4. The 2/ x 2/ matrix defined by (H)i11,11 = 2172w (j2— 1),

i,j=0,1,.. .2J — 1, is called the Hadamard matrix of order 2/, and it will be used in
Lemma 3.4 below.

The following lemma about the generalized Haar functions is elementary and we leave
the proof to the reader.

Lemma 3.3. Suppose F C Dy is a finite subset for which f = Y .acrcaHa € W;. Then

. 1/p
Il = 2f<1/2—1/p>( y |cQ|P) .

QeF
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From this simple Lemma, and from the fact that the classical Walsh system is a Schauder
basic for LF[0,1), 1 < p < oo, we can deduce the following property of the Hadamard
matrix

Lemma 3.4. Let H,, be the 2" x 2" Hadamard matrix of order n, and let D};, be the 2" x 2"
diagonal matrix with m ones in the upper left corner and zeros everywhere else. Then there
exits a constant C, independent of m and n, such that

| Hn Dy Hy || ep—er < C.

. 1
Proof. Given {cj}}?'il C Cwe form f = Z]Hzn cjoniWjand fi = Z}Z’:er Cji—on1Wj,

where {W;}, the Walsh system on [0, 1). We have, by the Schauder basis properties of
the Walsh system,
| fllp < ClIfllps

with C independent of m and n. Recall that the Hadamard matrix H, is the change
of basis matrix between the Walsh basis for W,, and the Haar basis for the same space.
Hence, by Lemma 3.3,

Ifllp = 2" V2P () lee and || fnllp = 2727 P | H DI H G [Ha ()]l er,
and we conclude that

| Hn Dy Hy || ep—er < C.
]

We notice that for 2/ < n < 2/*! the wavelet packet W, is given as a sum of exactly 2/
wavelets in W; with the expansion coefficients given by the procedure outlined in Def-
inition 1.4. The coefficients of the generalized Haar low-pass and high-pass filters are

the same as in the one-dimensional case, so we deduce that there is an ordering of the
generalized Haar functions {Ho }ep j0j—2- Such that the wavelet packets { W, }2]+1 .
is given by the Hadamard transform of the Haar functions w.r.t. this ordering. We can

now state and prove the following result.

Proposition 3.5. Let {W, };>_, be a generalized Walsh system. Then {W};_, constitutes a
Schauder basis for L (Q), 1 < p < 00,

Proof. The generalized Walsh system is dense in L7 (Q) since it is possible to write every
Haar wavelet H; as a finite linear combination of generalized Walsh functions and

the Haar system is dense in L?(Q) by Proposition 2.3. So, given f, = ] 0 an for
some sequence {c;} C C, it suffices to prove that there exists a constant C such that
[ fmllp < Cl|fullp whenever m < n. Define s,k > 0 by m = 2° +k, k < 2°, and write
fm = fos + (fm — f2s). Clearly, fos = Py, fy so || fos||p < C| fullp by Proposition 2.3. All
that remains is to bound fy,, — fos € Ws. Let M5 = [(W;, H)] ]25:215’ H,ew, be the change of
basis matrix from the generalized Walsh basis for Ws to the Haar basis for W;. There
exists an ordering of the Haar functions {Hq} q_,-j such that the change of basis

matrix is given by the Hadamard Transform, and the coefficients of f, — fos in the
Haar basis are thus given by,

s+1_
M, D5, M [M ()31,
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where D3, is the 2° x 2° diagonal matrix with m ones in the upper left corner and zeros
everywhere else. By Lemma 3.4,

s+1_ s+1__
||MSD7511M:[MS(C]'>]2‘:25 1]”4? < CHMSD%M:[MS(C]')]Z‘ZZS 1]””’1
with C a constant independent of m and s. Hence, from Lemma 3.3 we deduce that

Hfm _fZSHp < CHPstn”p < Clean,
and we are done. ]

For technical reasons we will need the following special class of dilation matrices.

Definition 3.6. Let A be a d x d-dilation matrix with |det A| = 2. We say that A is
almost isotropic if there exists an integer t such that Atd = 2tT, where 1; is the d x d
identity matrix.

Remark 3.7. One example of an almost isotropic dilation matrix is the quincunx dilation

1 -1
b
which satisfies A% = 161,.

Fix a Haar multiresolution analysis associated with a d x d-dilation matrix A with
|det A| = 2. Let Q be a tile associate with this matrix, and let {W,}, be the associ-
ated Walsh functions. The following operator will be fundamental in our study of the
metric properties of the Walsh wavelet packet library.

Definition 3.8. The Carleson operator G for the wavelet packet system {w;}, is de-
fined by

N
(GA(x)=sup |} ). (fiwal-—k)wa(x—k)|,

N>01n=0kez:|k|<N
for f € LP(Q),1< p < .

The Carleson operator picks out the partial sum with the worst pointwise behavior at
each point x € Q. It is clearly not a priori obvious that the operator for a given system
is finite at any point for general functions f, but Theorem 3.9 stated below will be
proved in Appendix A. We remind the reader that an operator T mapping L?(R?) into
the set of measurable functions is of strong type (p, p) if T is sub-linear and satisfies
ITfllp < Cpl|fllp for some finite constant C,.

Theorem 3.9. The Carleson operator associated with any generalized Walsh system generated
by an almost isotropic dilation matrix is of strong type (p,p), 1 < p < co.

Remark 3.10. There are several proofs of this fact for the one dimensional Walsh system,
seee.g. [2,16]. The proof we outline in the appendix is based on a technique introduced
by Thiele in [20].

The corollary below follows by standard arguments from Theorem 3.9.
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Corollary 3.11. Consider any generalized Walsh system generated by an almost isotropic di-
lation matrix. The associated Walsh wavelet packet expansion of any f € LP(Q),1 < p < oo,
converges a.e.

4. SMOOTH WALSH-TYPE FUNCTIONS

The expansion of L? functions in the generalized Walsh system is well behaved as
we have seen in the previous section, however, the basis functions are not continuous
which can be a problem for certain applications. The aim of this section is to introduce
a smooth analogue of the generalized Walsh system with the same nice LP-properties.
We call such functions Walsh-type wavelet packets, see Definition 4.1 below. The main
result of the section, and indeed of the present paper, is Theorem 4.10, where we prove
that smooth Walsh-type wavelet packet expansions converge pointwise a.e. for L-
functions, 1 < p < co.

Let us define the class of functions we have in mind.

Definition 4.1. Let {W;},>0kcz be a family of non-stationary wavelet packets con-

structed by using a family {(mép),mgp)) ;":

exists a constant | € IN such that (m(()p ), mgp )) is the Haar low-pass and high-pass filter,

respectively, for every p > |, and w; has compact support, then we call {W3},>0 a
family of Walsh-type wavelet packets.

1 of finite filters in Definition 1. If there

We have to state and prove a few technical lemmas before we can attack the main result
stated in Theorem 4.10 below. The lemmas below are well known results in the one-
dimensional case, and we just have to tweak the proofs a little bit to make them work
for almost isotropic dilation in R?. The techniques used should be well know to the

reader, so we will only give the outlines of the proofs. Further details on the techniques
can be found in [12, 13, 21].

Lemma 4.2. Let A be an almost isotropic d x d-dilation matrix, and let f' € CY(R%) N
LZ(]Rd), i = 1,2, be two functions for which

Ifi ()], 10/0x; fl(x)| < C(1+ |x|) "4, i=1,2,...,4j=12,

for some constant C. Suppose { f]’k =2/2f2(Al - —k)} jez kez is an orthonormal system for

i=1,2,and lete € (*(Z x Z%) with ||e||s» < 1. Then the operator T: L?(R?) — L?*(RY)
defined by

Tg= Y. el fifi

JEZ keZ¢

can be extended to a bounded operator on LP(R%), 1 < p < oo, with bound independent of e.

Proof. Fix the nonnegative integers s, t such that A® = 2/, and take any finite sequence
e € Z x Z% with |l¢||~ < 1. We can write any integer j as j = us + r with u € Z and



NONSEPARABLE WALSH-TYPE FUNCTIONS ON R¥ 12

0 <r < s. Hence

Tg = ‘ Z 8j,k<g’f]%k>f]%k

j€ZkeZ4
s—1 ’ '
=Y Y eusinxl(g 22f12MAT k)22 AT — k).
r=0yezZ kez?
It follows that
s—1
”TgHP <C Z Z 5us+r,k<g/ 2tdu/2f1 (2tuAr . _k)>2tdu/2f2(2tuArx . k) ,
r=0Wye7Z kezd P

where we have used that j = tdu + r. Now, it can be proved that each term on the
right is associated with a Calderén-Zygmund operator using a straightforward mod-
ification of well known estimates, see e.g. [21, 13], taking into account the decay of f'
and 9/9x; ff . O

The following Lemma generalizes Lemma 12 in [14].

Lemma 4.3. Let Y be a wavelet associated with an almost isotropic d x d-dilation matrix A,
and let H be a generalized Haar wavelet for the same dilation. Suppose ¥ € C'(R?) satisfies

¥ (x)], [0/ F(x)| < C(L+ |x))~",  i=12,...,d,

for some constant C. Then the wavelet systems generated by Y and H, respectively, are equiv-
alent unconditional bases for LP (R%), 1 < p < c.

Proof. We can use the same technique as in proof presented on pages 166-167 of [13].
The kernel for the operator P mapping one system onto the other is given by

Ke(x,y) = Y e 2H(Ax—k)¥(Aly—k).
j€Z keZ4

K:(x,vy) is smooth in the y-variable and we can use the same argument as in Lemma
4.2 to show that P is bounded on LP(IR%), 1 < p < 2. All that remains is to prove that
P* is bounded from L!(RRY) into Liveak(]Rd). To do this, we take f € L1(R%) N L2(IR%)
and make a Calderon-Zygmund decomposition of f at level & > 0 with the twist that
the decomposition is based on the Q-dyadic sets in D, and not on the dyadic d-cubes.
There is no problem making this type of decomposition following the outline in e.g.
[6, Chap. 9] since for a.a. x € R? there is a sequence {Q; ]?’il C D with [Q;] = 27
for which the Lebesgue theorem of differentiation holds. This is due to the fact that
A is almost isotropic (the eccentricity of the sets in D is uniformly bounded). With
this slightly modified Calderén-Zygmund decomposition in hand, we can complete
the proof of the lemma by following [13, p. 167]. O

We now use the lemmas presented above to obtain the first interesting conclusion
about the Walsh-type wavelet packets, the generalized Walsh-type wavelet packets are
equivalent to the Walsh functions in LP(R%), 1 < p < co.
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Proposition 4.4. Let {W,}%_, be a generalized Walsh systems and {Wj }*>_, a Walsh-type
system associated with the same almost isotropic d x d-dilation matrix. Suppose W§ € C'(IRY)
and

W5 (x)],10/0x: W5 (x)] < C(1+ [x|) "%, i=1,2,....4,

for some constants C,e > 0. Then there exists an isomorphism P: LP(R?) — LP(R%), 1 <
p < oo, for which PWy (- —k) = W3 (- —k).

Proof. Let K be the scale from which only the Haar filters are used to generate the
Walsh-type wavelet packets. Let {V;} be the Haar MRA associated with the general-

ized Walsh functions. Since Py, is bounded on L? (RY) it suffices to prove that PPy, and
P(1 — Py, ) are bounded. One can easily check that PPy, is bounded by brute force esti-

mates on the kernel using that only 2X different functions (and their integer translates)
are involved.
We turn to P(1 — Py, ). Let T: LP(R?) — LP(IRY) be one of the isomorphism from

Lemma 4.3 mapping the generalized Haar system onto some C!(R?) wavelet sys-
tem generated by the wavelet ¥. We use the map T to define an intermediate sys-

tem {W](x — k) o1 kezd defined by Wh(x —k) = TWyu(x — k). The new system is
clearly equivalent to the generalized Walsh system. Let U;’,k = 21/2W3 (Al - —k) and

87y = 2/2W (Al - k). Notice that

n n
{8j,k}2f<gn<zl<+1,(j,k)ezxzd and {Uj,k}zKgn<zf<+1,(j,k)62xzd

are both orthonormal bases for L?(R¥). It follows from Lemma 4.2 that there is an
isomorphism U : LP(RY) — LP(IR?) for which

Ughy =y, 28<n <2 (k) e ZxZ".
Let n > 2N*1. We expand W (x — k) to get

4.1) W,f(x —k) = Z cnlsvflé,s(x —k),

scF
with 2K < i < 2K+l and F c Z? a finite set (depending on 1). The coefficients c, s
depend only on 7 and the Haar filter. Thus, W} (x — k) has the same expansion:

(42) Wh(x —k) = Y cns8les(x — k).

scF
We conclude that UW](x —k) = W3(x —k) for n > 2K+L and k € Z¢, i.e., the iso-
morphism UT: LP(R?) — LP(R%), 1 < p < oo, maps Wy (x — k) onto W (x — k) for
n > 2K+1 This completes the proof of the claim. O]

Remark 4.5. The previous proposition shows that the generalized Walsh-type system
constitutes a Schauder basis for LP(R%), 1 < p < co. However, the system is bound to
fail as a basis for L' (R?) since the functions are uniformly bounded.
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Lemma 4.6. Let A be an almost isotropic d x d-dilation matrix associated with an MRA {V}
with scaling function @ satisfying

[ D(x)] < C(1+ |x])7",

for some € > 0. Then the Carleson operator, f — sup; | Py, f (x)|, associated with the projec-
tions onto V; is of strong type (p,p), 1 < p < .

Proof. By assumption, AS = 2], for some s,t € IN, and for j € Z we write j = su +r
with 0 <7 < s. Then the kernel of the projection onto V; can be written as

Ki(x,y) = Y 2®(Alx —k)D(Aly — k)
kezd
=2" Y 2PN ATx — k)P (21 ATy — k),
kezd

where we have used that s = td. From this and standard estimates we deduce that
IK;(x,y)| < C2M(1 + 2% |x —y|) 7475,

with C is a constant independent of j. But then it follows from [17, p. 62] that, for
f € LP(RY),

Pl =| [ K] < cms,
where M is the Hardy-Littlewood maximal operator. Hence, sup; [Py f(x)| < CMf(x)

and we are done. ]

Remark 4.7. The idea of using the maximal function to bound the scaling space projec-
tions is due to Tao [19].

Note that there are exactly 2/ values of k € Z“ for which the function xo(Alx —k)
has support contained in Q. Let F; C Z? denote the set of such k’'s. We let Q]{ =
supp{xo(Alx —k)}, k € F}.

Lemma 4.8. Let f; € L*(R?), and define { f, } n>2 recursively by
fonre(x) = falAx) + (<)°fu(Ax ~T),  e=0,1.
Then forn, ] € N, 2/ <n < 2/*1, we have

fle) = = (1047 [ W w)de ) A=k,

kEF]

Proof. Clearly, it suffices to prove that

W) = ¥ (1l [ Wit o) Wi(Alx -k

kEF]
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However, since 2/ < n < 2/*1, it follows from (3.1) that W, (x) = W, (x)W,(x).
Then the result follows from the fact that each W, _,;(x), 2/ < n < 2/*1,is constant on
each set Q]{ and supp{W;(Alx —k)} = Q,](. O

Remark 4.9. We will use the notation f (Q]{) to denote the average

\Q,{Fl /fo(w dw

We can state the main result about generalized Walsh-type wavelet packets.

Theorem 4.10. Let L be the Carleson operator for a basic Walsh-type wavelet packet system
{W3},, associated with an almost isotropic dilation matrix. Suppose Wy € C1(R?). Then L is
of strong type (p,p), 1 < p < oo.

Proof. Let us begin by reducing the problem. Choose N € IN such that supp(W3) C
[~N, NJ¥ for n > 0. Fix p € (1,00) and take any

f)= Y cuWa(x—k) € LP(R?).
n>0,kcz4

Define

fex) =Y Wi (x—k),  ge(x) = Y cppWalx —k).

n>0 n>0

We have || fx|lp ~ [|gk||p, with bounds independent of k, by Proposition 4.4. Note that
forg e 74,

freqt OV Lf) >0}l < = % /\Lfk )P dx,

k—q|<(N+1)4

so (using the Marcinkiewicz interpolation theorem) it suffices to prove that ||Lfi||, <
Cl| fx|lp, where C is a constant independent of k, since

Y. X AR < 2PN+ D)T Y IA

geZ4 |k—q|<(N+1)4 kezd
< 2N+ Y gl
kezd
< C2Y(N+1)|f]lp-
We can, w.l.o.g., assume that k = 0. Let K € IN be the scale from which only the Haar

filter is used to generate the wavelet packets {WS}n22K+1- Let m € IN and suppose
2/ <m < 2/t for some | > K+ 1. Clearly, for each x € RY,

2K+1_1 21

m
ch,owg(x)z Z Cn,OW + Z CnOW ZCnOW
n=0

n=0 n=2K+1 n=2J
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so we have
m
sup | Y e oW (x)| < sup ch oW (
m>117n=0 1<m<2K+1 [ =
2/41
(4.3) + sup Z Cn,OWy?(x) + sup (Mjfo)(x),
J>K+1 1 j—oK+1 J>K+1
where
- S
(Mifo)(x) = sup | ) cnoWVy (%)
2l <m<2l+1 | y—oJ
We use brute force to estimated the first term of (4.3)
2K+171
sup Z Wi ()| <Y Tenol IWa () lloox - nnpa (%)
0<m<2K+1 | n= n=0
2K+1_1
<folly X IWE NIV () oo e (%)-
n=0
The second term of (4.3) satisfies
2/ 1 s
| s | 2 comin]| <cial,
J>K+1 1 p—K+1 p
by Lemma 4.6, since
2/ 41 S
Y. oWy (x) = Py fo(x) — Py, fo(x)
n=2K+1
SO
2/41

sup | Y. oWV (%) < 2sup | Py, fo(x)|-
J>K+1 | j—oK+1 ]

The challenge is to prove that the third term is of strong type (p, p). Note that

2K_1

M]fo Z

where
m

(M] fo) (x) = sup Y caoWi(x)|,

24 j2) " K<m<2) +(j+1)2) =K | y=2J 4 jo]-K

so it suffices to prove that

I sup (Mjfo)llp < Cllfollp,
J>K+1
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forj=0,1,..2K-1.Fix ] > K+1,0<j< 2K ~1,and 2/ + 2/ K <m < 2] +(j+
1)2] —K_ We have, using Lemma 4.8,

m
Y, cnoWi(x)
n:2]+]'2]71<
m Ik
— Z { Z Cn,OWn_zf_]'zlfK(Qs )}ng(ﬂ‘(A]_Kx—S) )
s€fj_k N\ n=2/+j2]-K
Define
m
Fu()= Y oWy o j«(t) and F(t)=  sup  [Fu(t)].
n=2/+j2I-K m<2)+(j+1)2/-K

From this we easily derive the following estimate

m

Y. Wi < Y FQU)IWs (A x =)L,
Tl=2]+]‘2]71< SEF],K
Then, using the fact that supp(WZSK +].) C [~N, N}¢, we obtain the following estimate
- S S J-K
Y a0 < Wi lle Y E@F),
n:2]+j2]*K SEF],KQS],K(X)

where S;_g(x) = A/ Kx + [-N -1, N+ 1]¢ ¢ R?. Notice that Sj—x(x) N Fj_k contains
at most 2¢(N + 1)% points. We need an estimate of F that does not depend on J. Note
that for 0 < k < 2/7K, using (3.1),

Woi 4 jo1-k(@)Wi(w) = Wy, jpr-k i (W),

since the binary expansions of 2/ + j2/=X and of k have no ones in common. Hence,

m

Z Cn,OWn (w)

n=2]+j2/-K

|En(w)] = [Wa 4 jo1-x (@) Fn(w)| =

7

so F(w) < 2(Ggo)(w), with G the Carleson operator for the generalized Walsh system.
Thus,

m
Y, aaWa@|<2Wi e Y 1Q5TT / . G8o(w) dw.
Tl=2]+]‘2]7K SGFI,KQS],K(X) QS

We let Q} be the smallest dyadic d-cube centered at x containing ngK. Note that
Qx| < C24(N +1)7]QL¥|. We have

m

Z Cn,OWS (x>

n=2/+j2]-K

(4.4) < C Wi, l2(N +1)2(MGgo) (x),

<2l L 1N Gt

SGF],KQS],K(X) Q:
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where M is the maximal operator of Hardy and Littlewood. The righthand side of (4.4)
does not depend on m nor | so we may conclude that

J0224(N +1)%4(MGgp)(x), a.e.,

sup (M) fy)(x) < ClIWse,,

J>K+1

and thus, since M and G are both of strong type (p, p) (see Theorem 3.9),

I sup (Mjfo)llp <Cligolly < Cillfoll,,  j=0,1,...25 =1,
J>K+1

and we are done. ]

The pointwise convergence result now follows by a standard argument (see, e.g., [8]).

Corollary 4.11. Let {W; },, be a Walsh-type wavelet packet system associated with an almost
isotropic dilation matrix. The Fourier expansion of any f € LP(R%), 1 < p < oo, w.rt.
{W3},, converges a.e.

The basic Walsh-type wavelet packets is only one out of an infinite number of the pos-
sible Walsh-type wavelet packet bases given by Proposition 1.7, and it is interesting to
know if we have the same convergence properties for other bases in the library. Fortu-
nately, it turns out that we can generalize the above corollary to any basis in the library,
and the key to this result is the possibility of decomposing the partial sum operator for
a given wavelet packet system in the basic wavelet packets. In fact, the proof below
shows that the basis wavelet packets always have the worst metric properties of all the
bases in the library.

Corollary 4.12. Let P = {I,,;} be a partition of Ny as in Proposition 1.7. Let f € LP(RY),
1 < p < oo. Define the partial sum operator for the Walsh-type wavelet packet system associ-
ated with P by

Snf(x) = Y (f, 2172 W3 (AT —k))2I2WS (Alx — k).
I, j€P:n-j<N kez4

We have Sy f (x) — f in LP(RY)-norm and pointwise a.e.

Proof. Consider Sy f(x). By the proof of Proposition 1.7 there is an N < N such that

N
Snf() =3 Y Af Wi (- = k)W (x — k).

n=0kez1

From this we obtain the pointwise bound |Snf(x)| < Lf(x), where L is the Carleson
operator for the Walsh-type system. Thus, the Carleson operator for the wavelet packet
system given by P, supy |Sn(f)(x)|, is bounded pointwise by Lf(x) and is thus of
strong type (p,p), 1 < p < oo. Both claims of the corollary follow easily from this
fact. O

Remark 4.13. In one dimension, the above corollary generalizes the results obtained by
the author in [15].
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5. PERIODIC WAVELET PACKETS

The process of 1-periodization works well for one-dimensional wavelet and wavelet
packets due to the fact that the one-dimensional multiresolution structure is based on
integer shifts. The same is true for the general multiresolution structure in Definition
1.2 so it should be no surprise to the reader that we can periodize the nonseparable
wavelet packets and obtain the same useful results as in the one dimensional case. We
should note that the periodic version of the one-dimensional Walsh system is the sys-
tem itself, so this case is not that interesting. However, for higher dimensional Walsh
systems, periodization has the advantage that it can transform the fundamental do-
main from the potentially complicated fractal tile Q to a less complicated fundamental

domain such as [0,1).

Let us state the results. We leave the easy details of the proofs to the reader. Let {W, },
be a wavelet packet system in R? for which each W, € L'(IRY). For the wavelet packet
Wh,j(x) =2 "2W, (Al (x — k)) we can define the associated periodized wavelet packet
by
WES(x) = xu(x)2/2 3 Wa(Al(x =) = k),
yezd

where ¥ is any tile of R such as Q itself or the fundamental domain [0, 1)¢. One can
easily verify that Proposition 1.7 is still true with the obvious modification that the
space (), be defined as the closed span of {WS%rk|k e Z}. Also, notice that the dimen-

sion of span{WEj’rk\k € Z%} is exactly 2/. For periodic Walsh-type wavelet packets we
obtain the periodic analog of Theorem 4.10.

Corollary 5.1. Consider a system of periodic Walsh-type wavelet packets {Wf;’eglo}n for which
Wo € CH(R?). Let f € LP(Z),1 < p < 0. Then
N

Z {f, WZ,E(:@)WZ%,()(X) — f, asN — oo,
n=0

in LP (X)-norm and pointwise a.e.

Remark 5.2. The result can be proved by using the compact support of the aperiodic
Walsh-type wavelet packets to bound the Carleson operator for the periodic system by
the Carleson operator for the aperiodic system.

6. SOME EXAMPLES OF CX(R?) WALSH TYPE WAVELET PACKETS

We have all the machinery to obtain nice nonseparable C¥(IR¥) wavelet packets with
good LF and pointwise properties provided that we can find appropriate low-pass
filters yielding compactly supported C*(R%), k > 1, scaling functions associated with
the given dilation matrix A. Unfortunately, such constructions are difficult in general
mainly due to the fact that not every nonnegative trigonometric polynomial of two
variables admits a spectral factorization. We remind the reader that it is still an open
problem whether the quincunx dilation admits a C!(IR?) compactly supported scaling
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function. However, a construction of Ck-wavelets, k > 1, is carried out in [1] for the
special case of a 2 x 2-dilation matrix A satisfying A2 = 21, such as

0 2
6D )

We can obviously use these compactly supported scaling function/wavelet pairs and
the associated filters in Definition 4.1 to construct examples of nonseparable Walsh-

type wavelet packets of type C*(R?), for k > 1.

APPENDIX A. A PROOF OF THEOREM 3.9

We give a proof of Theorem 3.9 based on an elegant technique introduced by Thiele
in [20], which he used to prove the same result for the one-dimensional Walsh system.
We have made some adjustments to adapted the proof to the present multidimensional
setting, but a large part of combinatorics involved in the proof of Theorem 3.9 is virtu-
ally identical to the combinatorics presented in [20] so we will only state those results
and refer the reader to [20] for the details.

First, some notation. Fix a generalized Walsh system {W, }, associated with the tile Q
generated by an almost isotropic dilation matrix A (the only place where this hypoth-
esis is used is in (A.2) below). The set 7 = Q x N is called the generalized Walsh
phase plane. Let () € Dy (see (2.2) for the definition of Dy) and j,n > 0. Consider sets
of the form o ‘
Qx {n2,n2 +1,...,n271 -1} ¢ Q x Np.

We call such a set a tile if 2/|()| = 1 and a bitile if 2/|Q)] = 2. We let 7 and B denote
the collection of all tiles and bitiles, respectively. Let P be a tile or bitile. We use the
notation P = Q)p x wp to separate the time and frequency sets of P. For E C F we
define the following projection operator

Mef(x) = ), (L Wa)Wa(x).

n:(xn)eE

The Carleson operator associated with the function b : Q — IN N [0,2"] is defined by
ITg, where E, = {(x,n) C Q x INp : n < b(x)}. It is clear that Theorem 3.9 will follow
if we can prove that Ilg, is of strong type (p,p) on LP(Q), 1 < p < oo, with bound
independent of b and N (the bound will depend on p).

We define a partial ordering on B by saying that P < P'if PN P’ # @ and Qp C Qp
(or equivalently wpr C wp).
We fix f € LP(Q), 1 < p < 0. For each P € B we define the associated density

dp = | log, sup ||I1p/fl|co |-
pP<pP’

Using the ordering of the bitiles we split B according to their density as follows
o h={PeB:dp=k}
e 7" = {maximal bitiles in 7; w.r.t. the given partial ordering of B}
o Tt ={P€T:2 <|P €T :P <P} <21}



NONSEPARABLE WALSH-TYPE FUNCTIONS ON R 21
o 7% = {maximal bitiles in 7; ; w.r.t. the given partial ordering of B}.

Each set 7} ; is called a forest, and for R € ’Tkr;‘ax we define the tree 7y ; g = {P € 7};|P <
R} and call R the tree top. One can easily check using the definition of the density d
thatif P;, P, € 7y ;g and P € Bissuch that P; < P < P, then P € 7;; . We call a set of
bitiles with this property convex.

LetP =Q x{n,...,n" —1} beabitile. Wesplit Pintoalowertilelp = Q x {n,...,(n+
n')/2 —1} and an upper tile up = Q x {(n+n")/2,...,n’'}, and let Ep be the set of all
points (x,n) contained in the lower tile of P, such that (x,b(x)) is contained in the
upper tile of P.

Then we have the following combinatorial type lemma.
Lemma A.1 ([20]). We have

(1) The union \Jp.g Ep is a partition of Ey,.

(2) Let E be a disjoint union of tiles, and let p be the collection of all tiles that are subsets
of E. Then E is the disjoint union of the minimal (maximal) tiles in p.

(3) The union of a finite convex collection of bitiles can be written as a disjoint union of
tiles.

(4) Let p be a tile and E a subset of the phase plane such that p C E. If E can be written as
a union of tiles, then E\p can be written as a union of tiles.

We let Tp = Ilg,, and from Lemma A.1.1 we obtain the finite decomposition I1g, =
Y pes ITp (the sum is finite since b is bounded). For finite subsets & C B we use the
notation Tz to denote the operator ) p = Tp.

We note that any bitile in 7; is dominated by at least one maximal bitile or else we could
obtain an infinite sequence of associated time intervals {Qp, };?; C Q with [Qp | = 2k
which is impossible since |Q| = 1. The same argument shows that each bitile in 7 ; is
dominated by at least one bitile in 7,7%*. Thus, 7} is partitioned by the forests contained
in it, and each forest is the union of its trees. The trees actually form a partition of of
the forest, which can be deduced as follows. Suppose a bitile P € 7} ; is smaller than
the two distinct tree tops Ry and Ry. Then Qp C Qg, NQg, # @. Notice that by the
definition of 7} ; there are less than 2i*1 bitiles of 7,7 greater than P, but at least 21 of
them greater than each of the tree tops, so that there must be a bitile M greater than
both tree tops, which means that wy C wg, Nwg, # @ so R and R; are comparable
and thus equal since they are maximal. Hence the partition 7} ; = U ReTm Tiir and we

obtain the corresponding decomposition of the Carleson operator

HEb = Z T77<,i,R'
i>0keZ ReTmax

The following two Lemmas will provide the estimates on “tree operators” we need to
prove Theorem 3.9.

Lemma A.2. For q € (1,00) there is a constant C, such that for every tree Ty ; g we have

1Tz, 2llg < Co-
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Proof. Define T; = {P € Ti;rllpNIlg = @} and T, = T;g\T;. Clearly, Ty, ., =
Tt, + Tt, and we will handle each of the terms separately.

First we consider Tt,. Take P, P’ € T, with P # P’. We claim that up Nup = @. The
only nontrivial case of the claim is when P and P’ are comparable, say P < P’ < R.
But then P, P/, and R have a common nonempty intersection necessarily contained in
Ip N Ip by the definition of T,,. It follows that wp: C wp and the inclusion is strict since
P # P'. Thus wp C wy, so up and up are disjoint as claimed. It follows that Tpf
and Tp: are supported on disjoint sets. Recall that for any tile p there is exactly one
generalized Walsh wavelet packet 1V, with time-frequency support equal to p. Hence,

(A-l) pr(x> - XQp(x) Z <f/ Wwap>WQ><wp = <f/ Wprwp>WQp><a)pz
Q:|Ql[wp|=1

from which we get
(A2)  [Tof(x)] < [T F(x)] = [(F, Wy, )W, (x)] < —— / f)ldy < CMf(x),
|le| Q’p

where we have used that A is almost isotropic which implies that the sets Q,, have
bounded eccentricity so there exists an d-ball B centered at x such that Q; C B and
|Qu,| = c|B| with c independent of p. We conclude that } pcp, Tpf(x) can be bounded
pointwise by a constant times Mf(x).

Next, we turn to Tt,. Pick a frequency N € Ig, and let Ty = I, 4)n<ny- Notice that
|Tn|lg < C4 by Lemma 3.5. Suppose we can find two tiles p and p’ such that

(A.3) T f(x) = (TN S)(x) = (T T f) (x).

Then, using the same argument as above, we can bound T, f (x) by 2CMTy f (x) which
will prove the Lemma.

Suppose T, f(x) # 0, and define E, = {n|(x,n) € P;}. We let P be a minimal bitile
in P; such that (x,b(x)) € up and let P’ be a maximal bitile with the same property,
and define p = ), x wp where (), is defined such that p is a tile and x € ), and
we let p’ = up. The decomposition (A.3) will follow at once if we can prove that
E. = {nln < N,n € wp, andn ¢ wy} equals Ex. Given (x,n) € Ey with U € P,
then (x,b(x)) € uy and (x,n) € ly;. Moreover, U < R so wr C wyy which implies that
(x,N) € uy (note that (x,N) ¢ Iy since U € P;). Hence n < N and wy C w, since
wp = Qpand P < Uson € wy. Also, (x,b(x)) € uyNup # @ so wy, C wy, since
U< P.Butnc wy, son ¢ wy C wy,. Hence Ey C E.. Conversely, given n € E,, then
n < Nand {(x,N), (x,b(x))} C up but (x,n) ¢ up. Thus, n < b(x) and we can find a
bitile V such that (x,n) € Ey satisfying P < V < P’ so V € Ty ; r by convexity. It also
follows that V' € P; which implies E, C E, and we are done. Il

Lemma A.3. For q € (1,00) there is a constant C, such that for every tree Ty ; g,
1Tz, fllg < C2|0R[17,
where C does not depend on the fixed function f.
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Proof. The area E of the tree 7 ; g is a convex union of bitiles so it follows from Lemma
A.1.3 that E can be written as a disjoint union of tiles. E\[p is also a disjoint union
of tiles, so using (A.1) we obtain that for P € 7y r the projections Ilg,;, and 11, are
orthogonal. Hence,

I, Ig = 1L, (I, + gy, ) = 0,10, =113,

and we deduce that Tpf(x) = Tpllgf(x). Consequently, Tr,, .f = Tg Ilgf and
1Tz, o flg < [Tz ¢ llgl[TIEf[lq- The support of I1gf is contained in Qg. Fix x € Qg
and let P be the minimal bitile in the tree containing x. Then wp is exactly the frequen-
cies n such that (x,n) € E. To see this we suppose (x,n) € E. Then there is a bitile
P’ containing (x,n). Since P’ and P are smaller than R, their frequency intervals both
contain a point /i € wg. Hence P and P’ are comparable and P < P’ by the definition
of P. Thus (x,n) € P. The opposite inclusion is trivial. Hence, IIgf(x) = IIpf(x) so
from the densities of the bitiles in 7y ; r we get | TIgf|lo < 2K Using that the support
of Il is contained in (g we get the estimate |[IT¢f||; < 2k+1100R |14, Combined with
the previous lemma this gives us ||T7, ;. fllq < C2K|Qr |11, g

Completion of the proof. The area of two distinct trees 7y ; r, and 7 ; g, from the
same forest are clearly disjoint so we have, for 4 > 0,

Tr f)T= ) Tz, S,

max
ReT

which combined with Lemma A.3 implies

1/q
(Ad) ||Tﬁ,if||qsc2"( Y |0R|) .

max
ReT:

For P € 7, consider the bitiles R in 7;7** which are smaller than P. The time in-
tervals of these bitiles are contained in ()p and must be pairwise disjoint because oth-
erwise the frequency intervals of two such bitiles with nonempty intersection would
both contain wp and thus make two of the bitiles in 7, 7% comparable, which is clearly
not the case. This observation gives us the following estimate

Yo 1Ok < 1Qp)
Re?}(ﬁ?aX:R<P

We add this inequality up for all the bitiles P € 7%, using the fact that each R € 7,7
dominates at least 2/ bitiles from 7,7, to obtain

(A.5) 20 Y |kl < YD |Qpl

max max
Re?}(,i PeT}
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Next, we observe that any tile p we have the important property that |[I1,f[j3 =
ITT, 1|%,|Qp|, which follows from (A.1) Thus for any bitile P,

2 Tpf1I3 = 2(ITLup f113 + 1L, £113)
= 2|Qp| (I TTup f11% + ITT1, £1I3)
> ||TIpf %[

From the fact that the time intervals of the bitile in 7,®* are pairwise disjoint, we have

1 1
A6 3= L IMeflF> ) SITefl%lQe] > 52% 3 |00,

pe/];(max pe/];(max Per];(max

where we used the definition of the density of the tiles in 7,"%*. We use (A.5) in (A.6)
and combine with (A.4) to conclude that

ITg fllg < C2H||f||2/ T2~ @i/,

Fix K € Z, and let ¢ > 2. We add all bitiles with density less than or equal to K to get

Y oof| <cla¥t ¥

P:ap<K q k<K,i>0

ok(1-2/4)

2/ _
< C|IfI 2502,

from which we obtain the following weak estimate

K(7-2) 2
(A89) {x:] ¥ Tofo] > 28] < clpipt g = .

PZﬂpSK

To get the general result we follow R. Hunt and verify that restricted type inequalities
holds for the Carleson operator, and then use interpolation of the restricted type in-
equalities (see e.g. [18, Chap. V]) to get the full result. Let us suppose f = xq, Q C Q.
Then ||f5 = | f ||5 for 1 < p < co. Notice that no bitile can have density larger than
1 so taking taking K = 1 in (A.7) immediately gives us the bound ||Tpf||, < C|f||,,
which is the required restricted inequality. For 1 < p < 2weputr—p = p(r —s) in
(A.8) to get

{x:] ) Tpf(x)’>2PK}’§CHfH%:CHfHF€

K K -
P:ap<pK 27 27

Next, consider ¢ = Y p.;,~pk Tpf. If x is in the support of g then x is contained in the
time interval of some bitile with density larger than pK, and it follows from (A.2) that
Mf(x) > C2PK. Hence

{x: lg()] > 275 < {x: MF(x) > crky| < I _ I
. - . - sz ZPK .

The strong estimate now follows by interpolation. O
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