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BI-FRAMELET SYSTEMS WITH FEW VANISHING MOMENTS
CHARACTERIZE BESOV SPACES

LASSE BORUP, REMI GRIBONVAL*, AND MORTEN NIELSENT

ABSTRACT. We study the approximation properties of wavelet bi-frame systems in L,, (R9).
For wavelet bi-frame systems the approximation spaces associated with best m-term ap-
proximation are completely characterized for a certain range of smoothness parameters
limited by the number of vanishing moments of the functions in the dual frame. The
approximation spaces turn out to be essentially Besov spaces, just as in the classical
orthonormal wavelet case. We also prove that for smooth functions, the canonical ex-
pansion in the wavelet bi-frame system is sparse and one can reach the optimal rate of
approximation by simply thresholding the canonical expansion. For twice oversampled
MRA based wavelet frames, a characterization of the associated approximation space is
proved without any restrictions given by the number of vanishing moments, but now the
canonical expansion is replaced with another linear expansion.

1. INTRODUCTION

Given a finite collection of functions ¥ = {y*, 4?2 ... ¥E} C Ly(RY) we use the notation
X (V) to denote the corresponding “wavelet” system,

X(U) = {29294 (27 - —k)|j € Z, ke 2 ¢=1,2,...,L}.
A wavelet bi-frame for L,(R?) consists of two sequences of wavelets

U= {9 "} CLyRY)  and U ={J" ¥7 ... P} C Ly(RY)
for which the systems X (¥) and X (¥) are Bessel systems, and satisfy the perfect recon-
struction formula
(11> f = Z <f7 r&f,k) ]{Im vf S L2(Rd)7

L
=1 jeZ,keZ

where A ‘
Y= 2002 - —k),  jE€Z, keZ
This definition implies that both X (¥) and X (¥) are frames for Lo(R%) and in fact the

roles of U and U are interchangeable in (1.1). The special case with W = W corresponds
to a so-called tight wavelet frame.
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The most common method to construct wavelet bi-frames relies on so-called extension
principles. The resulting bi-frames are based on a multiresolution analysis, and the gen-
erators are often called bi-framelets. The construction of multiresolution-based wavelet
frames have been studied extensively, see e.g. [6, 8, 22, 23, 24].

In this paper we study the nonlinear approximation properties of the systems X (V) and
X(¥) when the approximation error is measured in L,(R%). That is, we consider the
(nonlinear) set

En(X(9) = { 3 i

€A

¢; € C, g€ X(W),card A < m}

of all possible m-term expansions with elements from the system X(W). The error of
the best m-term approximation to an element f € L,(R?) is then o,,(f, X(¥)), =
infy, e, x| f — fmllr,®ae). A first problem (Problem 1) is to characterize the class
A of functions f € L,(R?) for which o,,(f, X(¥)), = O(m™®). A related problem
(Problem 2) is to characterize the class K, of functions f with expansions in X (V) that
are sparse in the sense that the /. norm of the expansion coefficients is finite.

In the special case where X () is indeed a (bi)orthogonal wavelet basis in L2(R%), it is
well known that when o« = 1/7 — 1/p, the two (families of) classes A“ and K, essentially
coincide and are indeed Besov spaces B2 (L.(R?)). The decay, smoothness, and number
of vanishing moments of the wavelet determine the range of values of 7 for which the char-
acterization is true. We refer the reader to, e.g. [25, 2] for a definition and some properties
of the Besov spaces. When X (V) is a redundant frame, since the perfect reconstruction
formula (1.1) only provides one among an infinite number of possible expansions of f in
the system X (W), one must a priori consider separately two families of “sparseness classes”
depending whether sparseness is measured in terms of synthesis or analysis coefficients.

Some results on approximation with tight wavelet frames were obtained by the authors
in [3], but the results in the present paper are more general even for the tight wavelet
case. For oversampled tight wavelet frames based on splines, the approximation spaces
associated with best m-term approximation in L,(R?) were completely characterized by
two of the present authors in [15].

We address Problem 1 in Section 5 and 6, where it is proved that o,,(f, X(V)), = O(m™?)
if and only if f belongs to (essentially) a Besov space. Put another way, the wavelet bi-
frame system completely characterize Besov spaces through the quantities o, (f, X (¥)),.
This characterization holds for smoothness parameters « in a certain range limited by
the number of vanishing moments of the dual frame X (¥). For a univariate orthonormal
wavelet system, smoothness and decay automatically imply a sufficient number of vanish-
ing moments, see e.g. [16, Theorem 3.4], but this is no longer true for wavelet bi-frame
systems.We use the standard approach to handle the characterization problem, deriving

so-called Bernstein and Jackson estimates for the system X ().

A nice corollary of the estimates in Section 5 and 6 is that smooth functions (in the Besov
sense) have very sparse canonical expansions (1.1) in the bi-frame system. This addresses
Problem 2 and, again, this is true for functions with smoothness « in a certain range

given by the number of vanishing moments of the analysis system X ().
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The set of approximation spaces we are able to characterize in Section 6 is limited by
the number of vanishing moments of the functions in the dual frame U. In fact, we show
in Section 3 that this limit cannot be improved in the general case. In Section 7, we
consider approximation with an oversampled version of the wavelet bi-frame dictionary
X (V) in dimension d = 1. For such oversampled systems we prove that there is a Jackson
inequality independent of the number of vanishing moments of the functions in W. This
leads to a complete characterization of the approximation spaces for oversampled wavelet
bi-frame systems.

The structure of the paper is as follows. In Section 2 we review the most common
method to construct wavelet bi-frames using the so-called extension principles. Section 3
is devoted to proving boundedness for certain matrix operators that will be needed to
obtain Jackson inequalities for nonlinear approximation with wavelet bi-frame systems.

In Section 4 we give some elements of (nonlinear) approximation theory: we define ap-
proximation spaces for a general dictionary and state the corresponding Jackson and
Bernstein inequalities. In Section 5 we prove a general Bernstein inequality for wavelet
bi-frame systems with compact support.

The matrix lemmas from Section 3 are used in Section 6 where we consider Jackson
inequalities for best m-term approximation with bi-frame systems in L,(RY), and we
discuss the fairly general case where a complete characterization of the approximation
spaces —associated with best m-term approximation in L,(R%) with bi-frame systems- in
terms of (essentially) Besov spaces is possible.

In the final section of the paper, Section 7, we prove a characterization of the approxi-
mation spaces for oversampled wavelet bi-frame systems, again in terms of (essentially)
Besov spaces.

Appendix A contains the analysis of the stability properties of wavelet bi-frame expansions
in L,(R%). We give a complete characterization of the L,(R%)-norm, 1 < p < oo, in terms
of analysis coefficients associated with the frame, and prove that the bi-frame expansion
gives an atomic decomposition for L,(R?). The characterization has the same form as the
classical characterization of the L,(R?)-norm by wavelet coefficients, see e.g. [20]. The
main use of the results in this appendix is as a tool to derive a Jackson inequality for
wavelet bi-frame systems.

2. MRA BASED WAVELET BI-FRAME SYSTEMS

In this section we will briefly describe how to construct MRA-based wavelet bi-frames
-called bi-framelets- through so-called extension principles. The extension principles to
construct bi-frames were introduced independently in [5] and [8]. We refer the reader to
either [5] or [8] for a more detailed discussion of MRA based bi-frames. Below we use the
notation of [8].

Let 7 = (0, 71,...,7) and T = (7, 71, ..., 71) be two sequences of 2rZ?-periodic essen-

tially bounded functions. Assume that 7y and 7y both generate refinable functions

A A

0(26) =0()d(&)  and  H(28) = 7 () (&),
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satisfying
lim (&) = and lim ¢(§)

£—0 £€—0
with
ess sup; Z \(ﬁ(& —k)*<oco and ess sup; Z |<z~5

kezd keZd

where ¢(¢) is the Fourier transform of the function ¢(z). We associate the wavelets to T
and 7 as follows

9426 = (08, U(26) = Fl©)o(E).
The spectrum o(¢) associated to ¢ is defined up to a null-set as

o(¢) == {w € [-m, 7% : p(w + 27k) # 0, for some k € Z%}.

The spectrum () associated to ¢ is defined likewise. Assuming that the systems X ()
and X (V) are both Bessel, we define the mixed fundamental function of the parent
vectors 7 and T by

oo L
ZZTg (296)7, 2J§ H 10(2™€) 70(2m§)

7=0 (=1

The following theorem proved in [8] is the main tool to create bi-framelet systems, the
theorem is called the Mixed Oblique Extension Principle.

Theorem 2.1 (Mixed OEP). Let 7 and T be the combined mask of the systems X (¥)
and X (W), respectively. Assume that the systems X (V) and X (V) are Bessel systems.
Suppose there exists a 2m-periodic function © satisfying

a) © is essentially bounded, continuous at the origin, and ©(0) = 1.

b) If € € 0(¢) N (p) and v € {0, 7} such that £ + v € o(¢) N _(g?)), then

(), ifr=0
0, otherwise.

L
O(28)70(&) f—i—l/ +ZTg Tg§+1/ {
=1

Then X (0), X (V) is a bi-framelet system.

Remark 2.2. In many (most) interesting cases the spectra o(¢) and o(¢) are both equal
to [—m,m]%. For example, if the integer translates of the scaling functions ¢ and ¢ are

Riesz sequences, this is the case.
When X (¥) = X (¥), Theorem 2.1 gives the so-called Oblique Extension principle, see

[8]. If, in addition, © = 1, Theorem 2.1 reduces to the Unitary Extension Principle, see
23, 24].

The reader can consult [5] and [8] for many explicit examples on how to construct framelet
systems using the different extension principles.
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3. SOME MATRIX LEMMAS

This section contains mainly technical matrix lemmas that will be used to derive Jackson
inequalities for wavelet bi-frame systems in Section 6. Given two functions ¢ and n with
a prescribed number of vanishing moments and degree of smoothness, we study the range
of 7 € (0, 00) for which the infinite matrix [(¢% 1/, 7] )] jez keze defines a bounded operator
on ¢, where p € (1,00), 1 =1/p+1/p’ and
(3.) Py = P Dy,

72 )
Notice that ||¢§»),kHLp(Rd) = |19l 1, ey for all j and k. We are especially interested in the
case where 1 is a function from a bi-frame system with some (possibly few) vanishing
moments and 7 is a “nice” wavelet.

In order to prove the main result of the section (Proposition 3.5) we need the following
technical results.

Lemma 3.1. Given p € [1,00), v > d and positive constants ¢y, co, let

2-mder form > 0,
b = b1, €2) = {2md02 form < 0

Denoting |z| the Euclidean norm of v € R?, for k, k' € Z¢ let

27mA/P(1 + |k — 2™k )™ form >0,
oamd/Y (1 |2k — K'|)™Y  form <0,

Ak k! = am;k,k/(’y) = {

where 1/p' =1—1/p. Suppose p(1 —¢1) <7 <p(l+cg) and T > 1. Then

S b (D el mil) < CleE

meZ j €L k' 7 kezd

Proof. Lemma 8.10 in [21] implies for any {dix}x € ¢-, 1 < 7 < o0,
Z (Z am;k7k/\dk|) < ¢omdd=7/p) Z |dk|™, form € Z.
k'ezd kezd kezd

The use of Lemma 8.10 in [21] is direct for m < 0 and a duality argument is used to get
the estimate for m > 0. This estimate yields

Z b Z Z (Z am;k,k’|cj’—m,k|>T

mezZ J €L K €7 kezd

< C Z bm2md(177/p) Z Z ‘Cj/fm,kr

meZ jIEZ kEZd
= (3 buld1,6)) I {es} 7.
meZ

where 6; = ¢; — (1 — 7/p) and 62 = c2 + (1 — 7/p). Now, the lemma follows since
(1 —c1) <7/p < (14 cq) implies 6; > 0 and J2 > 0. O
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With this lemma at hand we can now characterize a range of 7 for which the matrix
[bm@jr—jigo k] irez k ez defines a bounded operator on /.

Lemma 3.2. Given p € [1,00), v > d and positive constants cy,ca, let by, and G i be
as in Lemma 3.1. Then

> ( > bj/,jaj/,j;k,k/|cj,k|) < Cl{ejrtllz,
j' €Lk €L FEL KETLD
for any T in the range
Aer) <7< p(1+ ),

where

p(1—x) forxz <1—1/p,
(32)  Alx) =AMz, p,y/d) = (x+1/p)~ forl—1/p<z<~v/d—1/p,

d/~ for~/d—1/p < .

Proof. For 7 > 1, Holders inequality (for the sum over j), with 1 = 1/7 4 1/7' yields

1/7'+1/7
> bpsag—galeral = Db D apgaleid

JEZ,kEZ4 JEZL kezd

< (Z bj'ﬁ) ” (Z bj—; <Z A — ik bt |Cj,k|) T) UT

JEL JEZ keczd

N 1/7
< C’(Z bm(Z am;k,k/|cj/_m,k|) ) )

meZ kezd

The result then follows using Lemma 3.1, provided that max(1,p(1 —¢1)) < 7 < p(1+ca).
For 7 < 1 we have

.
> ( > bj/,jaj/,j;k,k/|cj,k|) < YD Vi ggwlesl

j' €Lk €T FEL KETLD j' €L,k €28 jeL ke

- Z Z Z brTn(Z a:n;k,k'|cj,k|T>

meZ j' €L k' 7. kezd
S Y (3 el
meZ j' €L k' €74 kezd
In the last line we have used the fact that
b;ma’;m;k,k’ - bm(cla CQ)Ta;z;k,k’(’Y) = bm(éla 62)am;k,k’(§/) = Bmdm;k,k’
with ¢, = ;7 — 1/p(1 — 7), éo = co7 — 1/p/(1 — 7) and ¥ = y7. Notice that we have the
same structure as in Lemma 3.1. Thus, using Lemma 3.1 with {d;} = {|¢;x|"} € ¢* we

obtain that the result holds provided that p(1 —é) < 1 < p(1 + &) and 4 > d, which is
equivalent to

(3.3) 7 > max(d/y, (c; + 1/p) ).

Now combining the results for 7 < 1 and 7 > 1 we see that if ¢; + 1/p < 1, the set of
7 < 1 that satisfy (3.3) is empty, and as max(1,p(1 —¢1)) = p(1 —¢1) we get the first part
of the result. If ¢; +1/p > 1, we get the rest. U
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Definition 3.3. For N € N and v > 0 we let DAJ/V(]Rd) be the set of all functions f defined

on R? with N derivatives and decay v, i.e., for which there exists a constant ¢ < oo such
that

(3.4) 0°f(z)| < c(1+|z))™7  forzeRY aeN |a] <N,

where || is the usual length of a multi-index. Likewise, we let MY(R?) denote the set of
all functions f with N vanishing moments and decay, i.e., for which

/xo‘f(x)dq: =0 for o € N?, |a| < N,

and

(3.5) If(z)| < C(1 + |z|)~ N for r € R%

We need the following lemma in order to prove Proposition 3.5.

Lemma 3.4. Consider Ny, Ny € N and 71,72, > 0. Suppose n € DY (R?) N M2 (R?) and
¢ € DI?(RY) N MO (RY). Then, for j' > j, we have
-G~ (N1+d/2)

(36) s> y) @) < T i~ — iy

and for 7' < j
23" (N2+d/2)
(14 |27 — k' — 29" k|)»

(3.7) | (i e ) ()| <
where x denotes the convolution product.

The result is well known (see e.g. Lemma 3.3 in [13]) but will be shown here for the sake
of completeness.

Proof. We will simply prove Eq. (3.6), since interchanging the role of ¢ and n will then
provide Eq. (3.7). We notice that (n; x ¥ ) (2) = (nx 1y_j0) (272 —2777"k' — k). Thus,

it suffices to prove Eq. (3.6) for j = k =k’ = 0 and m := j' — j > 0. Since ¢ has N;
vanishing moments, a Taylor expansion of 7 gives

7% Ymo(2)] < (/ +/ )|1/1m,o(:v—y)HfE—y|N1E(:c,y) dy = A+ B,
ly—=|<|z|/2 ly—z[>|z|/2
where E(z,y) 1= Sup|g_n, SUPee (0,1 10°n(x +e(y—x))|/B! (with B! the standard factorial

for a multi-index 8 € N¢). By (3.4) we have |E(x,y)| < ¢(1+|z|)~" when |y —x| < |z|/2.
This estimate together with (3.5) applied on 1, yield

A< C/ [Ymo(z —y)||lz —y[Mdy - (14 |z])™
<C 2md/2/ (1+2m|y|)~ Wty M gy (1 [z])
ly—z|<|z] /2

< ¢ 2md/2 gmmNitd)(] 4 ),
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Moreover, since E is bounded, we have

Bgc{/ mol — 9)llz — 4™ dy
ly—z|>|x|/2

SCQW”/‘ (1427 — y|)~ Nt ¥ gy
ly—z|>|z|/2

< ¢ 2md/2 gmmNitd) (] 4|y,
This proves (3.6). O

We can now state the main result of this section.

Proposition 3.5. Suppose n € DN'(R?) N M (R?) and ¢ € DX*(RY) N MM (RY) for
some Ny, No € N and v > d. Consider the matrixz operator T given by

(3.8) (T(ein)) = D cinnlp V0 )
jEZL ke

forp € [1,00) and 1 = 1/p+ 1/p’. Then T is bounded on (.(Z x Z) for any T in the
range

(3.9) A(%)<T<p<1+%),

with A(x) = Az, p,d/v) given by (3.2).

Proof. By Lemma 3.4,
C2—3")(d/2+N1)

— for j/ > j
A+lk—27k)y 7 ="

[(Mjer Vi) | <
U —)(d/2+N2)

1+ [k — 27=ik|)

for j' < 7.

Recalling the definition of ¢%, and 77, in Eq. (3.1), this gives for j' > j,
o(i—3")(d/24+N1)
A+ F—27F)
2(—=3" )N
(14 |k —20=3"k!|)

G 02| < C23d/m=1/2)93'd0 /' =1/2)
D ’ 7% ! -

_ (103 (/p=d/2+d2) o~ (~d/pf +d/2+d/2)

. 9(i—3)(d/p+N1)
(1+ [k —27k|)

A similar argument shows that for j > j/,

24" =3)(d/p'+N2)

(1 [k — 2Ky

05 s V)| < C
We can thus write
(3.10) |05 s W50 )] < by (N1 /d, Nofd) ajrjogpr ()

The result now follows using Lemma 3.2. U
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It is the lower bound in (3.9), A(N;/d) < 7, that will be most important to us in the
subsequent sections. The following example shows that this bound cannot be improved
in the general case.

Proposition 3.6. Suppose 1 € Lo(R) has fast decay and exactly Ny € N wanishing
moments, i.e., | € Mévl (R) but ¢ & MéVlH(R) for any v > 1, and suppose n € C*(R)
is compactly supported. Consider the matriz operator T given by (3.8) in Proposition 3.5
for some p € [1,00). Then T is not bounded on €.(Z x Z) for any 7 < (N; + 1/p)~L.

Proof. 1t suffices to prove that >, |(n, f:kﬂT = oo for 7 < 1/(Ny + 1/p). Since v has
exactly N7 vanishing moments and fast decay, there exists a function 6 with fast decay,
such that ¢ = (=1)"0™) and [, 6(x) dz # 0, see e.g. [19, Theorem 6.2]. Observe that

(0, j) = /R n(x)2P(2x — k) da
= 27N ()M / n(x)Qj/2«9(Nl)(2jx — k) dx
R

=97 / n™)(2)2920(27x — k) dx
R
— 9-Ji(N1+1/2) (n(Nl) % w2—j) (2*j]€),

where w.(z) 1= e7'6(—x/e). Since n € C*(R) has compact support, lim._q (n™) *
w.)(z) = a-n™)(z) uniformly, where a = [, 6(z) dz, see e.g. [12]. Moreover, if we define
the Riemann sums s, = €Y., , ") (ck)|", 7 € (0,00), we have lim._os. = ||n™)||T.
Combining these two properties, there exists g > 0 such that

1Y xwl) () > en™ 7 for all e € (0, ).
keZ

Thus, since wffk = 2j(1/p/*1/2)@/)j7k, there exists jo > 0 such that for all 7 > jg,

Z |<777 5:k> |’T — 9—i(Ni+1=1/p")r Z | (n(Nl) * wg—j) (2_jk:)|T
kezZ kezZ
> 2 I NPT 9| (N 7

Now, in order to get >, |(n, f’lk)|7 < oo we need to have —(N; 4+ 1/p)7+ 1 < 0, that is
tosay 7 > 1/(Ny+ 1/p). O

4. APPROXIMATION SPACES

The remaining sections contain the core of the paper. We begin by introducing some
notions of approximation theory that will be used throughout the rest of the paper. In
Section 5 we prove a Bernstein inequality that provides “one half” of the characterization
of m-term approximation with “nice” wavelet bi-frame systems. In Section 6 we will con-
sider Jackson inequalities that match the Bernstein inequalities in order to get complete
characterizations.
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A dictionary D = {gi }ren in L,(R?) is a countable collection of quasi-normalized elements
from L,(R?). For D we consider the collection of all possible m-term expansions with

elements from D:
2m<D) = { Z CiGi
€A

The error of the best m-term approximation to an element f € L,(R?) is then

om(f, D)y = ; eigf(p) If — meLp(Rd)-

c; € C,card A < m}.

Definition 4.1 (Approximation spaces). The approximation space A% (L,(R?), D) is de-
fined by

o0 N 1 1/q
‘f|Ag(Lp(Rd),D) = (Z (m om(f, D)p)qg) < 00,
m=1
and (quasi)normed by || f||aa(z,@a).0) = Ifllp + |flag(z,®a).D), for 0 < g, < oo. When
g = oo, the ¢, norm is replaced by the sup-norm.

In what follows, we use the notation V' <— W to indicate V is continuously embedded in
W for two (quasi)normed spaces V and W, i.e., V. C W and there is a constant C' < oo
such that || - |lw < CJ - ||v.

It is well known that the main tool in the characterization of A% (L,(R?), D) comes from
the link between approximation theory and interpolation theory (see e.g. [11, Theorem
9.1, Chapter 7]). Let Y,(RY) be a (quasi)Banach space continuously embedded in L, (R?)
with semi-(quasi)norm |- |y,. Given o > 0, the Jackson inequality

(4.1) on(f. D)y < Cm™|fly, (ma), Vf € Y,(RY), Vvm € N
and the Bernstein inequality
(4.2) 1Sy, @y < C'm®|S,, VS € ¥,.(D)

(with some constants C' and C” independent of f, S and m) imply, respectively, the
continuous embedding

(Lp(R), Yp(R)) 5, , = A (Lyp(R?), D)

B/eq

and the converse embedding

(Lp(R), Yp(R)) 5, , <= A (Lyp(R?), D)

B/asq
for all 0 < f < a and ¢ € (0,00]. Here (X,Y )y, denotes the real interpolation space
between the Banach spaces X and Y. We refer the reader to [1] for the definition of the
real interpolation method.

Thus, to get a complete characterization of the approximation space A2(L,(R?), X (¥)),
we need to prove associated Jackson and Bernstein inequalities. In Section 5, a Bernstein
inequality for an MRA based bi-frame system is proved. In Section 6, a Jackson inequality
is proved for a general bi-frame system under mild assumptions on the smoothness, decay
and number of vanishing moments of its generators. The proof relies on the matrix lemmas
proved in Section 3 and provides, at the same time, a characterization of Besov spaces in
terms of the ¢, norm of the dual (properly re-normalized) frame coefficients that appear
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in Eq. (1.1). The set of approximation spaces we are able to characterize in Section 6
is limited by the number of vanishing moments of the functions in the dual frame .
In Section 7, Jackson and Bernstein inequalities for a twice oversampled MRA based
bi-frame system are considered. For such a system the Jackson inequalities are, in fact,
independent of the number of vanishing moments of the functions in W. This leads to a
complete characterization of the approximation spaces for oversampled framelet systems
without any assumptions on the number of vanishing moments.

5. BERNSTEIN ESTIMATES FOR THE BI-FRAME SYSTEM

Let us begin by proving a Bernstein inequality for bi-framelet systems, since such an
inequality will show us “how big” AP(L,(R?), X (¥)) can possibly be. In the following
we denote by W*(Ls(R?)) the Sobolev space consisting of functions with s distributional
derivatives in L., (R?). Given a function ¢ € L., (R?), let

I'={keZ |[{zc(0,1)% ¢(x — k) # 0} >0}.
We say that {¢(- — k) }eza is a locally linearly independent set if the set {¢(- — k&) }rer
is linearly independent. For MRA based bi-frame systems we have the following Bernstein
inequality.

Proposition 5.1. Let X(U), X () be a bi-framelet system and assume that X () is

based on a compactly supported refinable function ¢ where:

(1) ¢ € W(Loo(RY)) with s > 0;
(2) {o(- — k) }reza is a locally linearly independent set (this condition is void if d = 1);
(3) The functions 7,(§), 1 < ¢ < L are trigonometric polynomials (see Section 2).

Then the Bernstein inequality
(5.1) |S’Bga(LT(Rd)) < CmaHSHLP(Rd), VS € Zm<X(\I’)), vm >1
holds true for each 0 < a < s/d, 0 < p < oo, with 1/7:=a+ 1/p and C = C(«, p).

Proof. In the case d = 1, if the integer shifts of the function ¢ are not already linearly
independent, we can always find a perfect generator ¢ for the shift invariant space Sq :=
span{¢(- — k): k € Z}, i.e., ¢ is a compactly supported refinable function with linearly
independent shifts that generates Sy, see [18,~Theorem 1]. In particular, there exists a
finite sequence {ay}, such that ¢(x) = >, ard(x — k). In the arguments below we may
use ¢ in place of ¢.
By the result of Jia [17], for each 0 < o < s/d, the Bernstein inequality

|| paa(r, ey < Cm S|z, @ey, VS € Tin(X(0)),
1/7:=a+1/p, 0 < p < oo, holds true for the system

X(¢) = {¢(2jx - k)}jeZ,keZd-

Now, since X (¥) is based on ¢ we have finite masks {b} }; such that

= > bo(2x — k).

kezd
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Thus, for j € Z and k € Z%, we have
(5.2) P2 —i) =) b (2 e — 20— k)

kezd

That is to say ¢ € Yk (X(¢)) for some uniform constant K depending only the length
of the finite masks used above. Take any S € X,,(X(¥)), then S € Yk, (X (¢)). Using
the Bernstein inequality for X (¢) we obtain the wanted inequality,

S| Bae (L. mayy < C(EmM)*||S]| L, e
S Cm ||S||Lp(Rd)’ VS € Zm(X(\IJ))
]

Proposition 5.1 shows that, at best, the approximation space A2 (L,(R?), X(¥)) will be
(essentially) a Besov space. Indeed, as mentioned in Section 4, the Bernstein inequality
(5.1) implies the continuous embedding

(5.3) AJ(Ly(RY), X (¥)) = (Lp(RY), BF*(L-(RY)) 3.0

for 0 < f < a and ¢ € (0, 00]. It is well known (see, e.g., [9]) that the right hand side of
(5.3) equals the Besov space BY(Ly(R%)) when 1/q = 3+ 1/p.
Thus, in order to be able to completely characterize A2 (L,(R?), X(¥)), we need to obtain

a matching Jackson estimate for smooth functions in B (L.(R%)). We address this
problem in the following section.

6. JACKSON ESTIMATES FOR THE BI-FRAME SYSTEM

In this section, we derive a Jackson inequality that matches the Bernstein inequality
obtained in the previous section, and we obtain a complete characterization of m-term
approximation with “nice” wavelet bi-frame systems. The basic tool is the matrix lemmas
given in Section 3. The main result of this section is the following theorem.

Theorem 6.1. Let X(V), X(¥) be a wavelet bi-frame system and assume that X (V) is
based on a compactly supported refinable function ¢ where:

(1) ¢ € W¥(Loo(RY)) with s > 0;

(2) {P(- — k) }reza is a locally lmearly independent set (this condition is void if d = 1);
(3) The functions 1,(§) are trigonometric polynomials (see Section 2);

(4) U c CP(RY) N MM (RY) for some 3> 0, Ny € N and v > d.

Let p € (1,00) and 7 := (o + 1/p)~" where we assume
(6.1) 0<a< ! !
: « < min — =,
7 AR P

with A(z) = Az, p,d/v) given by (3.2). Then, for each 0 < 5 < «a, q € (0,00], we have
the characterization

(6.2) AL (R, X (0)) = (Ly(RY), B (L, (RY),,. -
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We refer the reader to Definition 3.3 for the class MY (R%). The above theorem is obtained
simply by combining Proposition 5.1 above with Proposition 6.2 below.

Proposition 6.2. Let X(¥), X(¥) be a bi-frame. Suppose U C MM (RY) for some

N, € N and v > d and suppose there exist 3, > 0 such that for all v € ¥ U ¥,
Y € CP(RY) and |(z)| < C(1+ |x])~%=. Then, we have the Jackson inequality

om(f, X () < Cm™ || f|| paec(r, (ma)

{07“1)7 € (l,00), A(X) <7 <p, and o = 1/7 — 1/p, with A(x) = A(z,p,d/) given by
3.2).

We will provide a detailed proof of Proposition 6.2 later in this section, but let us first
give an outline of the proof. First, using the characterization of Besov spaces in terms
of wavelet coefficients, we know that the wavelet coefficients of any f € B (L,(R%) are
in /.. Then, using the matrix lemmas from Section 3, we show that the wavelet-frame
coefficients in Eq. (1.1), once properly normalized, are also in ¢, for 7 admissible. Thanks
to the L,(R%)-stability of bi-frame expansions ~which we prove in Appendix A— we show
that this implies f € K, (L,(R?), X(¥)), where the latter class is a “sparseness class”
of functions in L,(R?) with well-defined ¢,-summable frame expansions in X (V). We
can then conclude and get the desired Jackson inequality by relying on a more general
“abstract” Jackson inequality with Y,(R?) = K, (L,(R?), X (¥)) proved in [14, Theorem
6].

Let us now give the definition of the sparseness classes K . (L,(R?), X (¥)). Then, we
will have all the tools in our hands to prove Proposition 6.2.

6.1. Sparseness Classes. It will be proved in the appendix that the bi-frame system
X (), once normalized in L,(R?), has the so-called ¢, ;-hilbertian property (see Corol-
lary A.4). Applying Proposition 3 in [14], it follows that we can define, for p € (1, c0),
7 <pand q € (0,00]:

L
Aube € b =3 0 vt}

=1 j€Z,kezd

Ko (Lo(RY), X (W) = {f e L,(RY

and | f|i, (L, (r?),x(w)) the smallest Lorentz norm ||{C§7k}j7k7g||gﬂq such that f =3, , cﬁk@/)fz
(see, e.g., (A.3) for the definitions of the Lorentz norm on ¢, ).

6.2. Proof of a Jackson inequality for the bi-frame system. We are now ready to
give the proof of Proposition 6.2.

Proof of Proposition 6.2. Take f € B3 (L,(R%)). The expansion of f in the Meyer wavelet
system {n'}27" is given by

241

f=22 2 awii.  Ur—1lp=aq,

=1 jeZ,kezd
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with coefficients ¢}, satisfying [[{c} .}, =< IIfl| po(r, (wa)), see [10]. Now we calculate the
bi-frame coefficients of f:

241
ni =X (X duunin).

i=1 *jeZkezd
Since n' € Df/v (R%) ﬂMf/V (R?) for any N and ~y, we can apply Proposition 3.5 for each £ and

i to get that [[{(f, 1/;5}?,;,)}”@7 < C||fll oL, wey)- According to Corollary A.4, the system
X (V) is £, 1-hilbertian so the canonical frame expansion (1.1), which can be rewritten as

L
(6.3) F=Y" Y0 (Lt

=1 jeZ,kez?
is unconditionally convergent in L,(R%). It follows that f € K, (L,(R?), X (¥)) and
|flic, o), xw)y) < Cllfll oL, waey. Eventually, using again the fact that the system
X (W) is ¢, 1-hilbertian, we obtain by [14, Theorem 6]

om(f; X(P)y < Cm™[flk. (L, @), x (W)
Cm™*|{(/, wfil,);;J}HéT

<
< COm™ || f oL, may-

(6.4)
]

Remark 6.3. Notice that the sparse representation of f € B (L.(R%)) we use to prove
that f € K,,(L,(R%), X (¥)) is exactly the canonical bi-frame expansion (properly nor-
malized in L,(R?)). Thus, to realize the rate of approximation given by the Jackson
estimate, we simply threshold the coefficients of the expansion (6.3).

6.3. Characterization of the sparseness classes. One of the interesting byproducts
of the proof of Proposition 6.2 is that, under the hypotheses of Theorem 6.1, we also get
a characterization of Besov spaces and approximation spaces in terms of the sparseness
classes. Indeed, one can deduce from the proof of Proposition 6.2 that

65)  BE(LRD) = { € LR, {05 hne € 0 F = Ko (L, (RY), X (1))

for « = 1/7—1/p and 7 admissible (see the statement of Proposition 6.2). The embedding
of B (L,(R%)) into the middle class in Eq. (6.5) is derived explicitly in the proof of
Proposition 6.2. The embedding of the middle class into K, ,(L,(R?), X(¥)) is trivial,
and the converse embedding, K, (L,(R?), X(¥)) — B (L,(R%) is a consequence of
the Jackson estimate K, (L,(R?), X (¥)) — A%(L,(R?), X (¥)) ~which follows from [14,
Theorem 6] and the Bernstein “embedding” (5.3) for the system X (V).

7. ON THE ROLE OF VANISHING MOMENTS

In this section, we discuss the role of the number N; of vanishing moments of the bi-
framelet system with respect to its ability to characterize Besov spaces through sparseness
spaces and /or approximation spaces. We say that a collection of wavelets ¥ has vanishing
moments of order N if each 1) € ¥ has at least N vanishing moments (i.e., 1» € M (R?)
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for some v > 0, see Eq. (3.5)) , and at least one of the functions in ¥ has exactly N
vanishing moments, i.e., ¥ ¢ Mffvl for any N’ > N. We denote by VM(WV) the order of
vanishing moments of .

At the beginning of this section, we discuss the fact that when VM(V) is “small”, the
range of smoothness parameters « for which Besov spaces are characterized by bi-framelet
expansions/approximations (see Theorem 6.1 and Eq. (6.5)) can be rather limited. Fol-
lowing an idea introduced in [15] we propose means to overcome this limitation: since
the system X (W) is redundant, one can choose another representation of any f than its
canonical frame expansion; by replacing the canonical frame representation with a “bet-
ter” one, it is sometimes possible to recover the characterization of Besov spaces even
when VM(\if) is small. However, the price we have to pay for getting better expansions is
that we can no longer expand the functions in the canonical system X (), but we have

to consider expansions in the twice oversampled system, which will be defined soon.

7.1. Limitations of the canonical frame expansion. Let us first motivate the need
for the results of this section by discussing the role of the number Ny := VM(¥) of
vanishing moments of the dual bi-frame, and some limitations of Theorem 6.1 when we

use framelet systems with few vanishing moments.

As stated in Theorem 6.1 the number of vanishing moments puts a limit to the range of
approximation spaces for the bi-framelets that can be characterized even if we assume the
wavelets are smooth and compactly supported. Notice that by Eq.(3.2),

(1/z—1)" - 1/p ifx<1-1/p,

11 :
m——: x ifl—1/p<ax<~/d—1/p,
b v/d—1/p ifv/d—1/p < .
Thus, if N;/d > 1 — 1/p, the set of admissible o in Theorem 6.1 is given by
N- 1
(7.1) 0<a<min{2,j,%—]—g}.

If Ny/d <1—1/p, the set is even more restricted. This shows the importance of the three
qualities of a wavelet: smoothness, vanishing moments and decay. A “good” bi-frame

system, X (U), X (W), in this context is when the functions ¥ are compactly supported and
smooth, and the functions ¥ have fast decay and a large number of vanishing moments.

On Figure 1 we display, as a function of N;/d (and with s, d, p and ~ fixed), the range of
admissible values of a.

VM(v) for univariate wavelets. For a univariate orthonormal wavelet ¢ € Lo(R)NC"(R)
with decay |¢(z)| < C(1+|z|)~"¢ for some ¢ > 0, it is well known that ¢ has (at least) r
vanishing moments, see e.g. [16, Theorem 2.3.4]. So for orthonormal wavelets, smoothness
and decay enforce vanishing moments, and we get the characterization

(72) A (Ly(RY, X (1) = (Ly(R), B (Lo(R)) 50

foralll1<p<oo,0<g<oo,0<f<a<r,and7=(a+1/p)~L
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FIGURE 1. A crosshatch of the range of admissible values of o in Theorem
6.1 (given by (6.1)) as a function of N;/d, appax = min{s/d,v/d — 1/p}.

VM(W) for univariate tight spline framelets. The relation between smoothness and van-
ishing moments satisfied by orthonormal wavelets, is far from true for wavelet frames. The
most well-known example is the family of spline-based tight wavelet frames built through
the unitary extension principle: the smoothness s, which corresponds to the degree of
the splines, can be arbitrarily high; however at least one of the framelets will have only
one vanishing moment, see [§], hence Ny = VM(¥) = VM(¥) = 1. In this case, since
the wavelets have compact support, we can take v > N; and check that the range of
admissible « is exactly 0 < o < Ny = 1 while the smoothness s of ¥ might be arbitrarily

large.

Wavelet bi-frames with few vanishing moments in L,(R?). Suppose the decay v and

smoothness s are large compared to the number N; of vanishing moments of X (V):
s > N 1
vo> d+ N1

and that the latter is not too small, i.e., Ny > d. Then, again, the range of admissible «
is exactly 0 < oo < Ny/d.

At first sight, it seems that the possibly limited number of vanishing moments of bi-
framelet systems is an obstacle that prevents them from having good approximation
properties, in the sense that the characterization (7.2) is for a limited range of «. The
rest of this section is devoted to showing that this restriction can be avoided by using an
oversampled version of the framelet system.

7.2. Beyond the canonical frame decomposition. We have mentioned that to get
characterizations of Besov spaces with systems with few vanishing moments, we will need
to oversample them. Given a wavelet bi-frame X (¥), X(¥) and R > 1 we let Xg()
denote the oversampled system,

Xp(W) = {20924 . —k/R)|j € Z,k € 2%, 0 = 1,2,...,L}.
Just as the non-oversampled system, the oversampled one Xx(V) is a frame in Ly(R)
and is ¢, -hilbertian in L,(R?) after proper normalization. See, e.g., [15, Theorem 4.11]

for a proof in the case R = 2, which directly extends to arbitrary oversampling factors
R € N. Denoting ¥4(-) = 27%2*(2/ - —k/R),I € Dp, where Dpg is the collection of
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all “oversampled dyadic intervals” I = 277([0,1]¢ + k/R), we can thus define sparseness
classes for p € (1,00), 7 < p and ¢ € (0, 00| as follows

Ko (Ly (B2, Xp (1)) := {f e L,(RY

Hetre € leg, [ = Z C§¢§’p}a

IeDrtcE

and |fli, ., ®?),x(v) the smallest Lorentz norm ||{C§}]7g”g7’q such that f = ZM cﬁbﬁ’p.

It turns out that, when X (¥), X () is a “nice” wavelet bi-frame, the oversampled sys-
tem Xg(V), again, gives rise to an approximation space no larger than a Besov space.
Indeed, using refinability in (5.2) we can prove a corresponding Bernstein inequality for
the oversampled system Xpr(W), by exactly the same arguments as given in the proof of
Proposition 5.1 (see [4] for details on how to use refinability to deal with the oversampling).

Proposition 7.1. Let X(V), X (V) be a bi-framelet system with X (V) based on a com-
pactly supported refinable function ¢ where:

(1) ¢ € W¥(Loo(RY)) with s > 0;
(2) {o(- — k) }rpeza is a locally linearly independent set (this condition is void if d = 1);
(3) The functions 7,(§), 1 < ¢ < L are trigonometric polynomials (see Section 2).

Then, the Bernstein inequality
‘S‘Bﬁa(LT(Rd)) < CmaHSHLp(Rd)a VS e Em(XR<\I/)), VYm > 1

holds true for each 0 < a < s/d, 0 < p < oo, with 1/7:=a+ 1/p and C = C(«, p).

Again, in order to get a complete characterization of Besov spaces in terms of the approx-
imation spaces based on Xz(V), we need to prove a matching Jackson estimate. Just as
in Section 6, we will use the fact that we can find a “nice” orthogonal wavelet system
with a sparse expansion in Xz(V). However, the sparse expansion that we will consider is
no longer expressed in terms of canonical frame coefficients of the orthogonal wavelet(s),
but rather on adequately chosen sparse synthesis coefficients, as can be seen in the next
lemma.

Lemma 7.2. Let X (U), X (V) be a wavelet bi-frame system. Let 1 € Ly(RY) for which
there exists a sequence {d},cp, reze and R € N such that

o) =33 dio'(z — k/R).

Then, for 1 < p < oo, and T < p such that {d} € {1 N L, we have

Krr(Ly(RY), X (¢)) = Krr(Ly(R), Xr(D)).
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Proof. Let f € K;7(Ly(R), X(4)). Then f =", c;xtf,, for some sequence {c;s} € ¢
We rewrite this as

F= Y 2Pyl —k)

JEZ,kEZA

L
Do Y cndh P2~k K/R)

JEZ,keZ =1 k'eZ4

L
= 3 3TN il @202 —n/R)

JEZ,kEZ £=1 neZd

5 (et i

JEZMEZ =1

It is easy to check using brute force for 0 < 7 < 1, and Young’s inequality for 1 < 7 < p,
that

>y

2 :CJ kdn Rk
JE€EZEZ =1

and we conclude that indeed f € K, ,(L,(R), Xz(0)). O

"< L ma (& e (T - Do el

jez. kel

The following corollary gives more details on how Lemma 7.2 will be used to prove the
desired Jackson inequality.

Corollary 7.3. Let X (U), X () be a wavelet bi-frame system, X({W}2 1) a bi-orthogonal
wavelet basis and r > 0 such that

B (Ly (RY) = Kor (Lp(RY), X({'}E1), 0O<a=1/r=1/p<r.
Assume that for 1 < i < 2% — 1 there exists sequences {di’i}geEVkezd € l1/(r4+1), such that

=3 Y dtute -k R).

=1 kezd

Then, for 1 <p <oo, and 0 < a =1/ —1/p <r, we have the Jackson inequality
om(f, Xr(Y))p < Cm=?|| f] pao(z, (ma))-

Proof. First, notice that we have (see [14]), for 0 <a=1/7—1/p <,

2d_1

B (L, (RY) = K- (Ly(RY), X ({¢/}251) Z Krr(L X(@")).
Then, since 7 = (a+1/p)~' > (r+1/p)~' > (r+1)~! we have {1,441y C ¢1. Hence, using
the fact that {df;’z} € l1/(r41) N ¥y C Ly N Yy we can apply Lemma 7.2 to get, for each 7,
Krr(Lp(RY), X (1)) <= K7 r(Lp(RY), Xp(T)).

The conclusion follows just as in the proof of Proposition 6.2. U
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We can now combine Corollary 7.3 and Proposition 7.1 to get the following complete
characterization of the approximation spaces AZ(L,(R%), X5(¥)). Notice the extended
range for o as compared to Theorem 6.1.

Corollary 7.4. Suppose X(¥), X () satisfy all the assumptions of Proposition 7.1 and
Corollary 7.3 with parameters s and r, respectively. Then, for 0 < a < min{s,r}, 0 <
B < a, q€ (0,00], we have the characterization

(7.3) AL, (RY), Xa(W)) = (L, (RY, BE(L,RY) . .
Now the task is to show that the assumption of Lemma 7.2 is satisfied for interesting
framelet systems. This will be done in the following subsection where we restrict to the
univariate case d = 1.

7.3. Constructing wavelets out of framelets in the univariate case. In our stra-
tegy to get a Jackson inequality for the (oversampled) framelet system Xz (W), the crucial
issue is to identify some “nice” wavelet(s) that can be expanded sparsely in terms of
oversampled bi-framelets. In [4] such a construction is proposed in the multivariate case
for wavelet type systems that need not be frames, however there is no control on how large
the oversampling factor R must be, and the proof is not constructive. In the univariate
case for spline-based tight wavelet frames, it was shown in [15] how to get a finite expansion
of a nice semi-orthogonal wavelet in the twice oversampled (R = 2) framelet system. Here,
still in the univariate case, we propose a construction which is valid for more general
wavelet bi-frames and only requires R = 2. It is an interesting but open question whether
similar constructions are possible in the multivariate case.

The constructed wavelet will be the “standard” orthogonal wavelet associated with the
MRA underlying the bi-framelet system.

Definition 7.5. Let ¢ be a univariate scaling function generated by the refinement filter
70(§), and let P(&) := 3", ., [#(§—k)|?. The “standard” orthonormal wavelet ¢ associated
with the scaling function ¢ is defined by
6(¢)

P(¢)

Let us recall that the number of vanishing moments of the standard orthonormal wavelet
associated to ¢ is given by

VM(¢) = min{N, |ro(¢ + )| = O([¢]") around & = 0},

see, e.g., [20]. Moreover, as discussed previously, if ¢ is r-regular (see [20]) then so is v

and we have VM(¢)) > r.

(7.4) $(26) = e E(€ + 1)

Proposition 7.6. Let X (V), X(¥) be an MRA-based wavelet bi-frame system with com-
bined mask T = (10,71, ...,71) and T, and let ¢ and 1 be respectively the scaling function
generated by 7y and the associated standard orthonormal wavelet. Suppose that

e cach filter 7,, 0 < ¢ < L, is a trigonometric polynomial;

o S/ (&) > 0 for £ £ 0;

e ¢ is an r-reqular scaling function (not necessarily orthonormal);
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o VM(T) < VM()).

Then 1 can be expressed as a linear combination

sz (-—k/2),  U={ 2 ... ),

(=1 keZ

where {di.} € N,y l-

Remark 7.7. It is clear that such a construction will fail if we have VM(¢)) < VM(¥). This
follows from the fact that a sparse expansion of functions with at least VM(W) vanishing
moments will also have (at least) VM(¥) vanishing moments, while the orthonormal
wavelet will have exactly VM(¢)) < VM(¥) vanishing moments. However this is not a
problem since, in such a case, X(¥) has enough vanishing moments to get a Jackson
inequality from the theory developed in Section 6.

Proof. We want to expand the standard orthonormal wavelet ¢ in the twice oversampled
framelet system. In the frequency domain the problem is to find “nice” 2m-periodic
functions @Qy(§) such that

ZQZ £/2)m(€/2)9(€/2)-

We will look for @, of the form Q(¢) = Q(€)7,(€). Using Eq. (7.4), we see that the
problem will be solved if (), has fast decaying Fourier coefficients and () satisfies

L e % I
O3 n(e) = %

Hence, we define for & # 0
W) mErn e

Sl lm@©F  VPE)
Let us check that (), can be readily extended at £ = 0 and that the resulting extension has

no pole on the unit circle. First, we have!, for & close to zero, S0 |7(€)[* = &[> VM®),
Then, we use the fact that, for £ close to zero,

[76(€)To(€ + m)] = O(JE|MIHVME)) = O(JePVMD),

We conclude by proving that the Fourier coeflicients of (), decay faster than any polyno-
mial. Notice that P(£)71/2 is C* (see, e.g., [20]) so its Fourier coefficients decay faster
than any polynomial. The factor

(7.5) Qe(§) =

7u(§) - To(€ + )
> m(€)P?

in (7.5) is a quotient of two trigonometric polynomials with no pole on the unit circle, so its
Fourier coefficients decay exponentially which can be seen from its Laurent expansion. [J

By combining Corollary 7.3 and Proposition 7.6 we get

1By F =< G we mean that there exist two constants 0 < ¢ < C < oo such that ¢cF' < G < CF.
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Corollary 7.8. Let X(¥), X (V) be an MRA-based wavelet bi-frame system with combined
mask T = (70,71,...,71) and T, and let ¢ and ¢ be respectively the scaling function
generated by 7y and the associated standard orthonormal wavelet. Suppose that

e cach filter 7,, 0 < ¢ < L, is a trigonometric polynomial;

© X [l€)? > 0 for € #0;
e ¢ is an r-reqular scaling function (not necessarily orthonormal);
e VM(V) < VM(v)).

Then, for1 <p<oo, 0 <7 <p,
Ko (Lp(R), X () = Krr(Ly(R), Xo(1)).
In particular, for 1 <p < oo and 0 < a=1/7 —1/p <r, we have the Jackson inequality

om(f, X2(¥))p, < Cm™ | f] Ba (L. (m))-

Proof. Using Proposition 7.6, we get the sparse expansion coefficients which make it possi-
ble to apply Lemma 7.2 to obtain IC, - (L,(R), X (¢)) — K, -(L,(R), X2(¥)). The second
claim follows from Corollary 7.3 using the fact that K, (L,(R), X(¢)) = B2(L.(R)),
a€ (0,r), a=1/T—1/p, see e.g. [10]. O

Remark 7.9. In particular, Corollary 7.8 applies to any tight framelet system W with
VM(W¥) = 1. For example, it applies to tight framelet systems constructed using the UEP
based on the B-splines [8, 15].

8. CONCLUSION

In this paper we have studied approximation with wavelet bi-frame systems in L,(R?),
1 < p < oo, and we have characterized the associated approximation spaces A% and
shown that they are essentially Besov spaces BI*(L,(R%)), with « = 1/7 — 1/p. The
characterization holds true for the smoothness parameter « in a certain range depending
on the number of vanishing moments for the bi-frame system. It is also shown that for a
function f in a Besov space with smoothness parameter in this range, the corresponding
canonical L,(R%)-normalized bi-frame expansion of f is sparse in the sense that the frame
coefficients are contained in ¢,.. Moreover, the rate of best m-term approximation to f is
obtained simply by thresholding the canonical expansion.

For twice oversampled univariate wavelet bi-frames, we give a complete characterization of
the approximation spaces in terms of the Besov spaces BY(L,(R)). The characterization
holds true even for systems with few vanishing moments, and there is no restriction on the
smoothness parameter « except the natural requirement that « is less than the smoothness
of the generators of the wavelet frame. To obtain a characterization for wavelet bi-frames
with few vanishing moments, we prove that there exists a “nice” orthonormal wavelet with
a highly sparse expansion in the framelet system. This fact is then used to show that
smooth functions in BY(L,(R)) have sparse expansions in the twice oversampled wavelet
bi-frame system with expansion coefficients in /..

There is one fundamental difference between the sparse expansions obtained for systems
with many vanishing moments and for the twice oversampled wavelet bi-frames. When
we have enough vanishing moments, we can use the canonical frame expansion and it
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will be sparse for smooth functions. For wavelet bi-frames with few vanishing moments
we no longer use the canonical expansion, but show that a smooth function has another
sparse expansion in the twice oversampled system, obtained through an expansion of the
function in an orthonormal wavelet.

APPENDIX A. STABILITY OF WAVELET BI-FRAME SYSTEMS IN L,(R?)

In this appendix we study stability of wavelet bi-frame systems in L,(R?). Theorem A.1
below will show that we can characterize the L,(R?)-norms by the analysis coefficients
associated with the bi-frame. Theorem A.3 will show that there is a stable way to re-
construct L,(R?)-functions using the bi-frame expansion. The main application of the
stability result in this paper is to prove the Jackson inequality for the bi-frame system
(Proposition 6.2). The technique to obtain the various characterizations in this appendix
is similar to the technique introduced by the authors in [3].

Below we let D denote the set of dyadic intervals I = 279([0,1]¢ + k), j € Z, k € Z¢,
Y1 = Y;k, and x; denotes the indicator function for I.

Theorem A.1. Let X (), X(U) be a wavelet bi-frame system. Suppose for all i) € WUW
there are 8 > 0 and € > 0 such that ¢ € CP(RY), and

[(x)] < C(1+ |2]) "=,
Then
(A.1)

i =) (3 |<f,¢f>|2|f|—1xf<x>)l/2

I€D (R
for1 <p < oo, where £ :={1,2,...,L}.

)
p

xH( > |(f,&§)|2|]|_1xl(x))1/z

I€DEE

P

Proof. Let {n*}*" be the orthonormal Meyer wavelet(s) defined on R. For each ¢ € E
we consider the integral kernel

K'(x,y) =Y nj(x)ei(y).
IeD
Notice that the corresponding operator
T fre | K y)f(y)dy
R
is bounded on Ly (R?) due to the fact that {¢)¢};cp is a subset of a frame. Also, standard
estimates show that (see e.g. [7])

|K(z,y)| < Clz —y|™,

KX, y) = K'(2,y)| < Clo = 2'|*|lz —y| 77,
and

[K*(x,y") = K*(z,y)| < Cly = y/|*lw =y~
because of the smoothness and decay of . Thus T* is a Calderén-Zygmund operator
and therefore bounded on L,(R?%), 1 < p < co. However T*f has a nice expansion in the
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orthonormal Meyer wavelet, so using the L,(R?)-characterization of such expansions we
get

=T f 1, < Cll £y

p

H (Z K ¢§)|2\1|—1X1<x))1/2

IeD

Using this estimate for £ = 1,2, ..., L, and the fact that ¢; — {5 we get

H( > |<f,1/1§)|2‘[|—1xl(x))1/2

| | (2; ({ > 10 ¢§>|2|f|—1xf<x>}1/2)2)1/2 p
< ;{;uﬁwm1>a<x>}1/2 p
< L-Clfll,

Using a similar argument applied to the frame X (W), we may conclude that

H( 2 |<f,z/7f>\2ll\1xl<x))l/z

IeDJtcE

< L-Clfllp-

p

Now we turn to the converse estimate. Notice that since we have a bi-frame we have the
identity

<fvg>: Z <f7,l[)§><gv¢§>7 f7g€L2(Rd)'

IeDJtcE

Write

W () = {72 eDxa (@)} e, Wyle) = {1179, 9D xa(@) } e,
and notice that for f € Ly(R?) N L,(RY) and g € Ly(RY) N L,y (RY), with p~ ! + (p') ! =1,

[(fr )] =

/ (W £ (2), Wy (), de

< \ JIWI@ gt

<[IWf@)llel, 117 g@)lle,

11 £ @)l N
= C{H||Wg($)||e2Hp/||f||p-

pl

(A.2)

Taking the supremum of the estimate (A.2) for {g € Ly(RY) N Ly (R?) : ||g]l,y < 1} we
obtain

£l < CHIW F@)lea]]
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This proves the result for f € Ly(R?) N L,(R?). To complete the proof for f € L,(R%)
we just notice that from the first part of the proof it follows that f — [|[W f(x)||e, is
continuous on L,(R?).

Using (A.2) once more, taking the supremum for {f € Lo(R?) N L,(RY) : || f]l, < 1} we
obtain [|g|ly < C[[|Wg()]le,- 0

. From Theorem A.1 we see that the following sequence space plays an important role.

Definition A.2. Let d, denote the set of sequences {c%}repcr for which

= |( S rta)

< Q.
p

IeD/(cFE

In fact, let us show that there is a stable reconstruction operator defined on d,, for bi-frame
systems.

Theorem A.3. Let X(U) and X (V) be a bi-frame for Ly(R?). Suppose for all 1y € UWUT
there exist § > 0 and € > 0 such that ¢ € CP(R?) and |¢(x)| < C(1+ |x])~*=. Then the
maps T d, — L,(R?Y) and T: d, — L,(R?) defined by
T{iy= Y dwp  Tlay= Y diy
IEDICE IEDICE

are both bounded linear maps.

Proof. We consider the operator U* with kernel
K ‘ (z,y) Z%
IeD

By exactly the same arguments as given in the first part of the proof of Theorem A.1,
it can be shown that U’ is bounded on L,(R%). Take {c{}icpscr € d, and consider
£:=3"cp¢in}. This is a well-defined function in L,(R?) with

1/2
11, = | (S Pt uo)
IeD
where we used the characterization of L,(R?) using wavelets. Thus,

> il < 1> evill, = 2 IlUrl,

)
p

IeD (el lelE IeD eEFE
3 1/2
<c | <oy (Z |c§|2|f|—1>a<x>)
leFE leFE IeD ¥4
3 1/2
sw( 3 |c§|2u|1>a<x>) |
IeDJ(eFE P

and it follows that T': d, — L,(R%) is bounded. The claim for T is proved using similar
arguments with appropriately modified operator kernels. O
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Recall the Lorentz space ¢, ,(A), 1 < p < 00, 0 < ¢ < oo, for some countable set A, as
the set of sequences {am, }mea satisfying |[{a.}¢,, < oo, where

0 /T % La
(A3) e, = (Zjo(?” a)") ", 0<q<oo,

T %
S 21/7q

239 q= o0,

: ‘150 :
with {a}}52, a decreasing rearrangement of {a, }mea-

It can be shown that there exist constants ¢, C' > 0 such that

( > \C§\2|f\2/p>a(x))l/2

IeD(eFE

(A4)  cl{eiHlgwpxp) < < Cl{ct}le, (o),

p
for any {ct} € £,1(D x E), see e.g. [3].

JFrom the above results we easily deduce the following important corollary. As before,
we denote by 1" the function ¢ normalized in L,(R%), i.e. ||¢5], = [T]Y2~ 7|44,

Corollary A.4. Let X(V) and X (W) be a wavelet bi-frame for Ly(RY). Suppose for all
Y € VUV there exist > 0 and e > 0 such that ¢ € CP(RY) and |¢p(x)| < C(1+|x])~*=.
Then X (V) and X (V) are {,;-hilbertian systems in L,(R?), 1 < p < oo, that is to say

we have
0,¢p
E crvy

IeD(cE
0.7,
Z crr”
IeD(cE
for any sequence {ct} € (,1(D x E).

AT T

» < Cp||{0§}||£p,1(DxE),

Proof. Follows from Theorem A.3 and equation (A.4). 0

This property is used to prove a Jackson inequality in Section 6.
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