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We study the approximation classes A% and G& associated with non-
linear m-term approximation and greedy approximation by elements
from a quasi-normed Schauder basis in a separable Banach space. We
show that there always is a two-sided embedding

IC;—TJ [N A? [N IC§<17

where K7 denotes the associated smoothness space. We provide esti-
mates of 7, and 7, in terms of quantitative properties of the basis. The
lower and upper estimates are sharp for so-called quasi-greedy bases,
but may not coincide with each other to completely characterize A<
For a quasi-greedy and democratic basis, a complete characterization
G = Ky “(w) is obtained where w is a weight depending on the prop-
erties of the basis. For greedy bases, G& = AS but the converse is not
true. The results in this paper can be considered a generalization of the
characterization for an orthonormal basis B in a Hilbert space H, where
it is well known that

AS (B) = K{(B),
with =1 — J and s € (0, 00].
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1. Introduction

Let X be a separable Banach space, and let S = {gr}x>1 be a quasi-
normed Schauder basis of X, i.e., a basis that satisfies infy ||gx||x > 0 and
supy ||gkl|x < oo. For any given f € X, the error associated to the best
m-term approximation to f from S is given by

(1) om (f.S)x inf 15 =D crgrll -

 ACK|Al=m. e brenccm =~
We are interested in the characterization of approrimation classes:
@) A2S) = {7 € X, fllagcs) = IFllx + {om(F:S)xtmzill,,. . <o}

which are defined using the Lorentz (quasi-)norm; for 0 < 7 < oo and
0<s<oo:

o 1/7) % [1s\ /s
Zw) , 0<S<OO

m
1/7

3) {amtm=ille,, = <m1

SUPpen M |ay, |, § = 00,

where {|a}|}; denotes a decreasing rearrangement of {ay}.

Remark 1.1.

L. Notice that || - |le,, = || - [¢, -

2. Throughout this paper we will use the notation V <— W, where V and
W are (quasi-)normed spaces, whenever V.C W and || - ||w < C| - ||v for
some C' < oo, which we will denote by || - |lw < || - |[v. The equivalence of
(quasi)-norms, i.e. || -|lw S| -llvand || - |lv S || - [lw, will be denoted by
|- llw =< || - |lv. It can be verified [4] that the Lorentz spaces ¢, s, defined by

lrs = {{ex} = [Hewdlle. . < oo},

satisfy the continuous embedding ¢, 5, < ¥, s, provided that 7 < 7 or
T9 = 11 with 51 < s9.

A%(S) is thus basically the set of functions f that can be approximated
at a given rate O(m~%) (0 < a < o0) by m elements from the basis. The
parameter 0 < s < oo is auxiliary and gives a finer classification of the
approximation rate.

Approximation classes are often related to “smoothness” classes, that is to
say classes where the coefficients {ci(f)} have a “fast” decay. The following
characterization was proved by Stechkin [8] for the case 7 = 1 and for general
7 by DeVore and Temlyakov [1] when the basis S is an orthonormal basis for
a Hilbert space H.



R. GRIBONVAL AND M. NIELSEN 3

Theorem 1.1 ([8, 1]). If B = {hi}r>1 is an orthonormal basis of H,

then

(4) AL(B) = {f € 1, II{(f, b el , < o0}
with o = % — % Moreover, we have the norm equivalence
(5) 1 lLagqs) = IHCE ) bzl -

The fundamental tools to prove these results are Hardy’s inequalities.
Less is known when S is not an orthonormal basis of a Hilbert space, and the
purpose of this paper is to generalize Theorem 1.1 to general quasi-normed
Schauder bases for a Banach space. This will be done in Section 3. In Sec-
tion 4 we will show that for quasi-greedy bases the results of Section 3 are the
best possible but may not lead to a complete characterization of A$(S). In
Section 5 we consider bases with more structure and characterize completely
A%(S), for S a greedy basis, in terms of weighted Lorentz spaces. We also
define greedy approzimation spaces G¥(S) and get a similar characterization
with the weaker assumption that § is quasi-greedy and democratic. We con-
sider some specific examples of the main result for Banach spaces which are
uniformly smooth and uniformly convex in Section 6.

2. Notations and definitions

We begin by summarizing in this section the notations and definitions
which will be used throughout this paper.

Definition 2.1. Let S = {gx}ren be a quasi-normed Schauder basis for
the Banach space X. For any f € X and m > 1, a greedy m-term approrimant
to f from S is any vector

Gm(fa S, 7T) = Z ngﬂ'(k)ﬂ
k=1

where {c;} = {cru)} is a decreasing rearrangement of {cx(f)}. The error
associated to greedy m-term approximation to f from S is denoted by

(6) Vm(f75>7T)X = ||f - Gm(fasaﬂ-)HX

Note that greedy approximants are sometimes referred to as thresholding
approzimants or thresholding greedy approximants. In the following, we will
simply denote Gy, (f,S) and v, (f,S)x. Any statement on these quantities
will be assumed to hold for all w such that {c.()} is a decreasing rearrange-
ment of {ci(f)}.
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Definition 2.2. Let S = {gx}ren be a quasi-normed Schauder basis for
the Banach space X. We call S a quasi-greedy basis if for each f € X we have
Ym(f,S)x — 0 as m — oc.

Remark 2.1. The notion of a quasi-greedy basis was introduced in [6]
and studied further in [11]. It is clear that every quasi-normed unconditional
basis for X will also be quasi-greedy but it is known that the converse result
is false [6, Section 3.4], so being quasi-greedy is a weaker condition than being
unconditional.

Definition 2.3. Let S = {gx}ren be a Schauder basis for the Banach
space X. We call S a greedy basis if there exists a constant C' < oo such that
for each f € X, we have for all m

(7) Ym(f,S) < Com(f)x-

The following theorem was proved in [6], where the notion of greedy basis
was introduced.

Theorem 2.1. A Schauder basis S = {gr}ren is a greedy basis of the
space X if and only if it is unconditional and democratic.

By democratic we mean the following:

Definition 2.4. A Schauder basis & = {g}ren is democratic if there
exists a constant C' < oo such that for every two finite sets A, A’ C N of same
cardinality |A| = |A| we have

1> gl <Cll 3 il

keA ke’

Clearly, democracy implies that the basis is quasi-normed by taking
|A| = 1 in the definition. Moreover, unconditionality and democracy imply
super-democracy [6]:

Definition 2.5. A basis S = {gx }xen is super-democratic if there exists
a constant C' < oo such that for every two finite sets A,A’ C N of same
cardinality |A| = |A’| and every choice of signs 6, = £1 and g, = +1 we have

1> Okgell < €1l 3 enael|

keA ke’

However it was proved in [6, Section 3] that unconditionality does not
imply democracy, and neither democracy nor super-democracy imply uncon-
ditionality.
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For a quasi-greedy basis, it is of interest to characterize at which rate the
(thresholding) greedy approximant G,,(f,S) converges to f. This is done by
defining (thresholding) greedy approximation spaces

®) 65(8) = {1 € X, Ifllgg(s) = I17x + [ {m(F: S)xImzill, . < oo}

For S a greedy basis, G&f(S) = AF(S) with equivalent norms |[| - [gas) =
[[.42 (), because o (f,S) < Ym(f, S). Obviously, if G¢(S) = AZ(S) for some
a and s, then S is a-greedy [10], that is, for any f € X, if 0,,(f,S) S m™@
then ~,,(f,S) < m~. However we will see examples in Section 6 showing
that G¢(S) = A%(S) does not imply that S is greedy.

Let us now introduce the so-called “smoothness” spaces. For 7 € (0,00)
and s € (0, 00|, we let KZ(S, M) denote the set

closX{f € X|IACN,[A| < oo, f = crgrs [{ex} e, < M}.
keA

Then we define
9) K3 (S) := Un=oK3 (S, M),
with
1 fllcr(s) = inf{M : f € K{(S, M)}.
Remark 2.2. In a Hilbert space H, consider K7 (S) with 7 € (0,2) and

suppose that the basis § is hilbertian, i.e., for every f» sequence of scalars
{ck}, the sum ), crgy is convergent in H. As ¢, s < ¢5 one can check that

(10) KI(S) = {f =3 uge € 1 lHewdl,, < oo},
k

where Fatou’s Lemma can be used to obtain the C inclusion in (10).

Generalized smoothness spaces KI(w,S) can be defined similarly using
weighted Lorentz norms, where the weights w = {w,,} form a slowly increas-
ing sequence (i.e., wa, < Cw,, for all m):

< > [wmml/waw>”s
N P LT R P
(1]‘) ||{am}m=1”57—,s(w) = m=1 m

SUD,,eN wmM7ak, |, s = o0.
One can notice that for weights w,, = m!'/?, the weighted Lorentz spaces

reduce to standard ones El/a,s({ml/p}) =4, s where 1/7, = a +1/p.
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3. Best m-term approximation with general quasi-normed
Schauder bases

Let us consider a quasi-normed Schauder basis S = {gi }ren for a Banach
space X. Since the basis is quasi-normed, it is known (see [12]) that there
exist constants 0 < A < B < oo such that for every f =", cx(f)gr € X we
have

All{ex (N}l < 1Fllx < Bli{er(f)} e, -

For any pair 1 < p < ¢ < oo we can thus ask whether the estimate

(12) Hex (D Hlegoo S - lx S IH{er() e, 2

holds. For quasi-normed Schauder bases we have the following result, gener-
alizing Theorem 1.1:

Theorem 3.1. Let S be a quasi-normed Schauder basis for a Banach
space X . For every pair (p,q), 1 < p < q < oo, such that (12) is satisfied, we
have for o> 0,s € (0, 00]:

(13) K (8) — AZ(S) — K(S),
with
1 1 1 1
—=—-—+a and —=-+a.
T D Tq 4
Remark 3.1.

1. For a general quasi-normed Schauder basis we get a “weaker” result
than for an orthonormal basis in the sense that the approximation class is
not entirely characterized as a smoothness space by Theorem 3.1. Indeed, the
only case where the theorem gives an exact characterization is when p = ¢ can
be realized in (12), that is, when X can be “sandwiched” between ¢,; and
lpo- The theorem then reduces to a variant of Hardy’s inequality. We will
see in Section 4 that such a “sandwich” assumption is also almost necessary
for the class of quasi-greedy bases. It is only natural that we have to pay a
price to use a less structured basis.

2. For certain Schauder bases with special structure in L,(R), results
similar to Theorem 3.1 are known, see e.g. [3, 7]. Section 5 of [9] contains
results in the same spirit as Theorem 3.1 for wavelet type systems in L,(R).
We will prove in Section 5 an extension of the results in [9] for the class of
quasi-greedy bases.

3. That we need some structure (and not just a set with dense span) to
get a result like Theorem 3.1 will be demonstrated at the end of this section
with an explicit example.
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We now give the proof of Theorem 3.1. We will use some basic properties
of the real interpolation method of Lions and Peetre. The reader can find
more information on this topic and the notation used below in [4, Chap. 6].

Proof of Theorem 3.1. Let 1 < p < ¢ < oo be such that (12) is satisfied.
Given « € (0,00), we take 7 with 7 < p such that o < 77! — p~1, this choice
will be justified later. We put Y7 = K7 (S) and Y2 = K](S). The proof has
two steps. First, we will prove a two-sided embedding of the approximation
class in interpolation spaces of the type (X,Y;)gs. Then we will find two-
sided embeddings of the interpolation spaces (X,Y;)g s into spaces that can
be identified with sequence spaces.

For S =Y} Ckgn,, using (12), we obtain

ISy, = sup ki = sup K+ ikich
1<k<n 1<k<n
1

< n sup kacz =n775”{0k(5)}”€q,m
1<k<n

1_1
<Cn7 4|9 x.

Hence, we have the Bernstein inequality with exponent r; := % —

Notice that 0 < a < 77! — p=! < 7. It follows that for s € (0,00], see [4,
Chap. 7],

(14) A?(S) - (X7Y1)a/r1,3'

Now we proceed to get a Jackson type inequality. We will use the following
notation: we let ©,,(c) be the thresholding operator that keeps only the m
largest elements of a sequence ¢ = {c;}72, and for f =", cpgi € Yo we let
fm =2 ,1Om(c)]kgr. We first notice that by (12), we have

om(f)x <|f = fmllx < Clle = Om(c)lle, ;-

Moreover, a Jackson inequality holds in ¢, 1 which is analog to Theorem 1.1,
namely,

le—Om@l, = 3 (k-mpl<omit 3 ke
k=m+1 k=m-+1
(15) < om™ G e e,

and it gives the desired result:

(16) om(f)x < Cm™"| flly
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with ry := % — ]%. The choice of 7 is such that 0 < o < r, and for s € (0, 0]

we have [4, Chap. 7],
(17) (X, YQ)a/rz,s - A?(S)'

Now, we will look closer at the spaces (X,Y;)g s for 6 € (0,1). Define the

operator T by
o0
T < > Ck:Qk:) = {ee iy
k=1
Notice that T is continuous as a mapping on the following spaces

T:X —l;(N),
T:Y) — lroo(N).

Hence, by interpolation, for § € (0,1) and s € (0, o0], the mapping

T:(X,Y1)o,s — (Lg,00(N), 7 00(N))o,s

)

is continuous. Conversely, we define (formally)

U({ekiz) = 3 engn,

k=1

and we see that U is continuous as a mapping on:

U:l,1(N) — X,
U:l;1(N) — Y.

Thus, for 6 € (0,1) and s € (0, oo],
U: (Epyl(N)vgﬂl(N))&S - (X’ YQ)G,S

is continuous. Combining this with (14), (17), and using the characterization
of the interpolation classes between ¢, ; spaces, see [2, p. 39], we finally obtain

Kgp (8) = UeTp,S(N) = U(EPJ(N)ng,l(N))a/rz,s — (Xa 1/2)04/7"2,8 — A?(S)v
and

(18) TA?(S) — T(Xv Yl)a/m,s — (gq,OO(N)va,OO(N))a/m,s = qu,S(N)v
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with

1 1 1 1 1 1
::<1_a)+a and ::<1_a>+a,

Tp o) P Tro T Tq T1 q ™ T

1
—=-4+a and —=-+4a.
o, D Ty ¢

—_
—_
—_

Notice that since S is a Schauder basis, (18) implies that
AL(S) = KI(S),

which completes the proof. (|

Let us conclude this section by considering collections of normalized vec-
tors that do not form Schauder bases. So far we have only considered the
relationship between the approximation and smoothness spaces associated
with Schauder bases. We can define the approximation classes and smooth-
ness spaces by the analogs of (2) and (9), respectively, for any set U of unit
vectors with dense span in X. One can then pose the question whether it is
possible to get results like Theorem 3.1 for general sets with dense span, with-
out assuming they form a Schauder basis. This is not the case, in general, and
we conclude this section by giving an example of a spanning non-redundant
set U in a Hilbert space H, which fails to be a Schauder basis for H and for
which the upper embedding of Theorem 3.1 fails to be true no matter which
combination of parameters « and 7' one chooses.

Proposition 3.1. Let H = @j>0 V; be an orthogonal decomposition of
H into two-dimensional subspaces. Let {ezj,e2j+1} be a normalized basis of
Vj such that (eaj,ezj4+1) = cosdj, ¢; > 0, and ¢p; — 0. Let U = {e}r>0-
Then
AU 4 KL U)

for any combination of parameters 0 < o, 7" < 0o, and 0 < s,s" < co.
Proof. We define a sequence {f;} for which
[fillagey =0 and | fjller gy = 1,

which will prevent any type of continuous embedding of the approximation
class into the smoothness space. More precisely, we let

fi = cosgjez; — ez
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and check that [ f;[|,, = [sin ¢;| — 0. Hence it is clear that

1fillag @y < 311 fjllyy — 0

while
illery = 1+ o5 Hlew 2 1

4. Sharpness results

It is clear that Theorem 3.1 cannot always give an complete characteriza-
tion of A%(S), because it may not be possible to get p = ¢ in (12). In this
section we show that Theorem 3.1 is sharp, which shows that the incomplete-
ness of the characterization may come from the fact that the family of classical
smoothness spaces K7 (S) may not be rich enough to describe the approxima-
tion spaces A%(S). This will be confirmed by our results on quasi-greedy and
democratic bases in Section 5.

First we have to specify what we mean by a sharp result of this type.
Given a quasi-normed Schauder basis S for a Banach space X it makes sense
to define the following quantities:

(19) P(S) := sup{p : upper bound of (12) holds},
(20) Q(S) := inf{q : lower bound of (12) holds},

and we clearly always have 1 < P(S) < Q(S) < oo. For uniformly smooth
and uniformly convex Banach spaces we have better estimates on P(S) and
Q(S). The following fundamental result is known about Schauder bases in
such Banach spaces:

Theorem 4.1 ([5]). Let S be a quasi-normed Schauder basis for a Ba-
nach space X which is both uniformly smooth and uniformly convex (i.e.,
super-reflezive). Then 1 < P(S) < Q(S) < oc.

This theorem shows that whenever the Banach space X is uniformly con-
vex and uniformly smooth we are guaranteed to get better embedding lines
from Theorem 3.1 than the ones for the “worst case” scenario where P(S) =1
and Q(S) = co. How much improvement we get in uniformly smooth and uni-
formly convex Banach spaces clearly depends on the specific structure of the
basis §. In fact, any pair of p and ¢ with 1 < p < 2 < g < oo is realized by
some Schauder basis in some Banach space, as the following theorem shows.
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Theorem 4.2 ([5]). Let H be an infinite dimensional separable Hilbert
space. Given a pair of numbers p and q satisfying 1 < p < 2 < q < o0,
there ezists a Schauder basis S for 'H with the property that P(S) = p and
QS) =q.

Remark 4.1. It depends on the properties of S and X whether (12) holds
for p = P(S) and ¢ = Q(S). For example, with S being the canonical basis
in the weighted Lorentz space £ o ({log(1 +m)}), P(S) = Q(S) = p but
{1} lx = mYPlog(1 +m) and [[{1},]l¢,, =< m*/P, hence (12) does not
hold for P(S).

Theorem 3.1 says that for any p < P(S) and ¢ > Q(S) for which (12) holds
we have the embedding lines given by 1/7, = 1/p+ a and 1/7, = 1/q + .
The sharpness of these embedding lines are in the following sense.

e Suppose that we have the lower embedding line 1/7 = 1/p + «, then
Proposition 4.1 below will show that p < P(S) (but (12) does not
necessarily hold with p). If we in addition assume that S is greedy, then
Proposition 4.3 will show that indeed (12) holds for p as soon as the
embedding holds at one point of the line.

e If we assume that S is quasi-greedy and we are given the upper embed-
ding at one point of the line 1/7 = 1/q + «, then Proposition 4.2 will
show that (12) holds for ¢, hence ¢ > Q(S).

First we consider weak sharpness of the lower embedding.

Proposition 4.1. Let S be a Schauder basis for X and suppose thatp > 1
is such that KI(S) — AX(S) for every a > 0, s € (0,00], and 7 := (a +
1/p)~t. Then p < P(S), where P(S) is defined in (19).

Proof. We notice that A$(S) — X for all @« > 0. Let 1 < 7 < p. By
taking a = 1/7 — 1/p, we deduce from the embedding

Ki(S) = AZ(S) — X

that KZ(S) — X, that is to say || - ||x S [[{ck(-)}e,. As this is true for any
1<71<p, P(S)>p. O

Next we consider the upper embedding in Theorem 3.1, but first we need
a few technical lemmas about quasi-greedy bases. Strong sharpness in the
upper embedding for quasi-greedy bases will be proved in Proposition 4.2.

The following two lemmas were proved in the special case p = 2 in [11],
and the authors would like to thank D. Kutzarova-Ford and S. Dilworth for
pointing out to us that the technique used in [11] also works in the more
general setting presented below.
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Lemma 4.1. Let S = {gx} be a quasi-greedy basis for X and suppose that
there is a constant ¢ > 0 such that for any finite subset A C N,

>t

keA

c|A|V7 <

X

Then
{ee () Hleg ooy S llx-

Lemma 4.2. Let S = {gx} be a quasi-greedy basis for X and suppose that
there is a constant C' < oo such that for any finite subset A C N,

pE"

keA

< C|AYP.
X

Then
|- 1lx S 1{ex()Hle, . v)-

Proof of Lemma 4.1. Let f = %, ycrgr € X. Since S is quasi-greedy
there is a constant C' depending only on S [6] (see also [11, Theorem 1]) such

that
N

Sup | Y Ggrillx < Cllfllx
k=1

Using the Abel transform we get for any increasing sequence {ay} of positive
numbers that supy || Zévzl arCidneyllx < O(supy o) fl|x. Thus, for every

N > 1 for which ¢, # 0 and oy, = |cyl|ci| ™! k= 1,2,..., N, we have
* [ arl/q -1 = lenl -1
NNV < YA g ]l <Ol f
1 ] b'e
It follows at once that [[{ck}l¢, o) < O\ fllx- O

Proof of Lemma 4.2. An extremal point argument shows that for all finite
set A C N,

IS cugell < supleel  sup IS ergell < Csup fexl A7
ea k€A exe{-11} jca keA

Let f = > enckgr € X and denote by A; = {k : |¢f| > 277}, As S'is
quasi-greedy we can write

o0
Yoo D dm
j:*OOkGAj\Ajfl

<Y O UIIANA VP < CY 2NV < CHek (DY g O
jez i

[e.9]

XSZ

j==o00

1fllx =

Z ngw(k:)
X

kEAj\Ajfl
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We now turn to the strong sharpness result for the upper embedding for
quasi-greedy bases.

Proposition 4.2. Let S = {gi}tren be a quasi-greedy basis for X and
1/t > a9 > 0, s € (0,00] be such that A% (S) — K2(S). Define
q:=(1/79 —ap)~!. Then

Hew()Hleg oo ST x
i.e., the lower bound in (12) holds for q.

Proof. Let A C N with |[A| = m. Take ¢ € {-1,1}", and put
Y = D eackgk-  Then Y[ = mY/™ = meom!/? and by using
A20(S) — K2(S) together with the Bernstein inequality for A%, see [4,
Chap. 7; Theorem 9.3], we obtain

moomY/® = [ll sy < Clllgoogs) < Cmll]lx.
From this we deduce that for A C N, |A| = m, H > ke j:ngX > C~tml/,
We conclude using Lemma 4.1.

To conclude this section, we give a strong sharpness result for the lower
embedding for greedy bases.

Proposition 4.3. Let S = {gr}ren be a greedy basis for X and
I/t > a9 > 0, s € (0,00] be such that K}(S) — A3°(S) for some
0 < s <oo. Definep:= (1)1 — ag)~!. Then

I llx S IHew() 3l

i.e., the upper bound in (12) holds for p.

Proof. Let A,A’ C N with [A|] = |A| = m and ANA = (. Take
e € {-1,1}", and put

b= D ckgk, V= ckgr=0— D ki
ke AUAN’ keA ke’

Then, by the greediness of S (see Eq. (7)) and the Jackson inequality for
AZ(S) (again [4, Chap. 7; Theorem 9.3]) together with K0 (S) — A$°(S), we
obtain

[lx = ll¢ = > ergrllx < Com() < Cm= ]l o0
ke
< C/ml/P*l/ToHQZ)HKT0 < C'm/p.

From this we deduce that for A C N, |A| = m, H > ke :l:ngX < OmY/P. We
conclude using Lemma 4.2. O
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5. Greedy approximation with quasi-greedy and democratic
bases

Given the sharpness results for Theorem 3.1 established in the previous
section, there are some Schauder bases for which A%(S) cannot be charac-
terized using the classical Lorentz norms of the coefficients {cx(f)} of its
elements. We prove in this section that for the class of quasi-greedy and
democratic bases, it is possible to get a complete characterization of G¢(S) in
terms of a weighted Lorentz norm (see Eq. (11)) of {ck(f)}, where the weight
w(S) is a simple function of the basis S. The proof is based on similar results
by Temlyakov [9, Section 5] for the special case of wavelet-type systems in
L,(R). A corollary of the main theorem of this section gives a characteriza-
tion of A%(S) with the stronger assumption that S is greedy (that is to say
we have to add unconditionality), this will be seen in Section 6.

Remark 5.1. In [6, Section 3.3], an example is given of a quasi-greedy
and democratic basis which is not greedy, and [6, Section 3.1] shows that a
quasi-greedy basis is not necessarily democratic.

For any basis S = {gk}x>1, one can define a sequence w(S) = {wy, }n>0
with wg = 0 and for any n > 1:

S ael).

k=1

(21) Wy, = max (wn_l,

We have the following lemma.

Lemma 5.1. If S is quasi-greedy and democratic, there exists constants
¢ >0 and C < oo such that for any set Ay, of cardinality m and any {cy},

(22) CWy, kiel}\fm lex| < H kg\:m ckng < Cwm, ksel}\Ijn |k -

Moreover, (22) implies that the growth of w(S) is “slow”, that is to say
(23) Wam, X Wy

Proof. Because S is quasi-greedy, it is unconditional with constant coef-
ficients [11, Proposition 2], hence democracy implies super-democracy. The
upper bound in (22) follows by an extremal point argument similar to the one
in the proof of Lemma 4.2. An Abel transform argument similar to the one
in the proof of Lemma 4.1 gives the lower bound. To get the slow growth,
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we first remark that w(S) is an increasing sequence, hence w,, < wa,. Next,
using (22) we write

m 2m m 2m
24)  cwan <D gt Do anllx <UD oamllx +1I D0 aellx
k=1 k=m-+1 k=1 k=m+1

(25) < 2CWhy.

Let us now proceed to our main theorem.

Theorem 5.1. Let S be a quasi-greedy basis for a Banach space X. The
following conditions are equivalent:

1. S is democratic.

2. For any a >0 and s € (0, 0],

(26) 62(5) = { £ € X1l quisy <}
with equivalent norms

(27) I llga(s) = H{er() Hley s (wis))-

3. Relations (26) and (27) hold for some slowly growing sequence
w = {wn,} at some point a, s.

First we give the proof of our two main lemmas, based on the technique

introduced in [9, Section 5] for the special case of wavelet type systems in
Ly(R).

Lemma 5.2. Assume S is a quasi-greedy and democratic basis in the
space X, then there is a constant C' < oo such that for all f =", ckgr, and
all integers N < M,

cir < Cyn(f)xwy; -
Lemma 5.3. Assume S is quasi-greedy and democratic basis in the space

X, then for all f = ), crgr and every increasing sequence of integers
my<my <o <my <,

e}

’ij (f)X < Z C:nlmel—ml-
=y
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Proof of Lemma 5.2. By the lower bound in (22) and the quasi-greediness
of § [6], we get

M [ee)
sy << D0 Ganmlly SOl Y0 gemllx = Cov(f)x
k=N-+1 k=N+1

Proof of Lemma 5.53. By the quasi-greediness of S, we can write

0 [e%s} mp41
s (Nx =1 D Ganmllx <D D0 chgnmllx
k:ijrl l=j k‘zml+1

Then by the upper bound in (22), we get v, (f)x < Zfij Cry Wiy —my- O
Using the nice properties of w(S), we can now prove Theorem 5.1.

Proof of Theorem 5.1.

1.=2. We will only prove the result for s = co, the other cases easily follow
from classical arguments using the discrete Hardy inequality (see, e.g.
[4, Chapter 3, Lemma 3.4]). From the slow growth of w(S) (Lemma 5.1)
and from Lemma 5.2 (using M = 277! and N = 27) we get the estimate

Cyiw9; 2% < Cchjwg;—12% < Crygs (f)x2%
hence (using again Lemma 5.1 to get the result for all m from its state-

ment for m :'274) if v (f)x < m~% one gets ¢, < m~“w;,,'. Conversely,

using m; = 2/ in Lemma 5.3, we get that if ¢}, < m~%w;,! then

o0
Yoi (f)x € cywy < C27
I=j
which is the desired result.
2.=3. is trivial.

3.=1. We prove it with arguments similar to the strong sharpness results of
Section 4. First, using the notations of Proposition 4.2,

(B)
em®wn < [l ey 5) < ClYllgas) < Cme .
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The generalized Bernstein inequality (B) holds because v, (f)x < C|| fllx
thanks to the quasi-greediness of S. Conversely, using the notations of
Proposition 4.3,

()
[¥llx = ll¢ = Gm(d)lx < Clldllge(sym

< 0l e gy < Cla

(w,S)
where the generalized Jackson inequality (J) holds by the definition of
I llge(s)-

a

Remark 5.2. It is easy to check that condition 3 in Theorem 5.1 can
indeed be relaxed to a two sided embedding of G¥(S) with Kééa(w,é’) and

IC;,/a(w,S) for some a > 0 and some s’ € (0, oc].

6. Examples

We will now present some examples of the use of Theorem 3.1 and 5.1,
each of which generalizes Theorem 1.1.
First we state an immediate corollary of Theorem 5.1.

Corollary 1. Assume S is a greedy basis for X. Then
AL(S) = GS(S) = K/ *(w(S),S)
with equivalent norms.

Then we state a few other corollaries that will show that A%(S) = G¢(S)
can hold even for non-greedy bases.

Corollary 2. Let S a quasi-greedy basis for a Banach space X satzsfymg

the sandwich assumption (12) with p = q < oo. Then, with a = + — 1

Tp P’
(28) G(8) = AL(S) = K (S)
with equivalent norms.

Proof. Using Theorem 3.1, we get A%(S) = K¢ (S) with equivalent norms.
From the sandwich assumption we get the democracy of the quasi-greedy basis
S with w,, =< m!/?, hence Theorem 5.1 gives

Ga(S) = K *({m'/P},8) = KF(S).
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Remark 6.1. A simple modification of the proof of [11, Theorem 5] shows
that the sandwich assumption [[{cx(")}e, o S |- llx < IH{ew(-) e, implies

p,00 NV ~

that for some constant C' < 00, (., S) < Cop (., S) log(1+m). However this
is not sufficient to get 2.

Corollary 3. Suppose S is a quasi-greedy basis for a Hilbert space H,

then for a = % —

)

N[ —

g3 (S) = AL(S) = KL(S)
with equivalent norms.

Proof. We can use [11, Proposition 2] which gives (from the type and
cotype of the Hilbert space, or Khinchin inequality) the sandwich property
with p = 2. O

Remark 6.2. From Theorem 4.2, one can see that one cannot simply
remove the assumption that S is quasi-greedy in Corollary 3. Moreover, from
the existence of quasi-greedy conditional bases in a separable infinite dimen-
sional Hilbert space [11, Corollary 4], it follows that the equality
A%(S) = G¥(S) (for all a, s) does not imply that S is greedy.
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