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Abstract

We introduce a new class of basic wavelet packets, called highly nonstationary wavelet
packets, and show how to obtain uniformly bounded basic wavelet packets with support
contained in some fixed interval using a sequence of Daubechies filters with associated
filterlengths {d,, }22, satisfying d,, > Cn?T¢ for some constants C,e > 0. We define the
periodic Shannon wavelet packets and show how to obtain perturbations of this system
using periodic highly nonstationary wavelet packets. Such perturbations provide examples
of periodic wavelet packets that do form a Schauder basis for LP[0,1) for 1 < p < oc.
We also consider the representation of the differentiation operator in such periodic wavelet

packets.

1 Introduction

Wavelet analysis was originally introduced in order to improve seismic signal processing by
switching from short-time Fourier analysis to new algorithms better suited to detect and analyze
abrupt changes in signals. It corresponds to a decomposition of phase space in which the trade-
off between time and frequency localization has been chosen to provide better and better time
localization at high frequencies in return for poor frequency localization. In fact the wavelet
Vi = 27/24)(27 - —k) has a frequency resolution proportional to 2/, which follows by taking the

Fourier transform:

Dia(§) = 22 TIg e
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This makes the analysis well adapted to the study of transient phenomena and has proven a very
successful approach to many problems in signal processing, numerical analysis, and quantum
mechanics. Nevertheless, for stationary signals wavelet analysis is outperformed by short-time
Fourier analysis. Wavelet packets were introduced by R. Coifman, Y. Meyer, and M. V. Wicker-
hauser to improve the poor frequency localization of wavelet bases for large j and thereby provide
a more efficient decomposition of signals containing both transient and stationary components.

A problem noted by Coifman, Meyer, and Wickerhauser in [3], and generalized by Hess-
Nielsen in [6], is that the L' norms of the Fourier transforms of the wavelet packets are not
uniformly bounded (except for wavelet packets generated using certain idealized filters) indicating
a loss of frequency resolution at high frequencies. Hess-Nielsen introduced nonstationary wavelet
packets in [6] as a way to minimize the loss of frequency resolution by using a sequence of
Daubechies filters with increasing filter length to generate the basic wavelet packets.

In the present paper we generalize the definition of nonstationary wavelet packets to what
we call highly nonstationary wavelet packets. The new wavelet packets still live entirely within
the multiresolution structure and we have an associated discrete algorithm to calculate the ex-
pansion of a given function in the wavelet packets. One advantage of the new functions is that
we have better control of the frequency resolution. As an example of this we show how to obtain
wavelet packets with uniformly bounded L'-norm of their Fourier transforms and with support
contained in some fixed compact interval. We use a sequence of Daubechies filters with associ-
ated filterlengths {d,} that grow at least as fast as Cn?*® for some C,e > 0. Using the same
methods we are also able to improve the result on frequency resolution by Hess-Nielsen in [6] for
nonstationary wavelet packets.

Another application is to obtain Schauder bases for LP[0,1), 1 < p < oo, consisting of
periodic wavelet packets. The author proves in [9] that periodic wavelet packets associated with
the classical wavelet packet construction can fail to be Schauder bases for such spaces. The
method we use in the present paper to obtain bases is to define the periodic wavelet packets
associated with the Shannon wavelet packets and then obtain perturbations of this system using
periodic highly nonstationary wavelet packets.

Finally, we consider the representation of the operator d/dx in periodic wavelet packets and

show that for certain systems the matrix representing the operator is almost diagonal.

2 Wavelet Packets. Definitions and Properties

In the original construction by Coifman, Meyer and Wickerhauser ([1, 2]) of wavelet packets the
functions were constructed by starting from a multiresolution analysis and then generating the
wavelet packets using the associated filters. However, it was observed by Hess-Nielsen ([5, 6])

that it is an unnecessary constraint to use the multiresolution filters to do the frequency de-



composition. We present his, more general, definition of so-called nonstationary wavelet packets
here. We assume the reader is familiar with the concept of a multiresolution analysis (see e.g.

[8]), and we will use the Meyer indexing convention for such structures.

Definition 1. Let (¢,v) be the scaling function and wavelet associated with a multiresolution
analysis, and let (Fo(p), Fl(p)), p €N, be a family of bounded operators on (*(Z) of the form

Zan (n — 2k), e=0,1,

nez
with WP (n) = (—1)"h(()p)(1 —n) a real-valued sequence in (*(Z) such that

Fép)*Fép) + Fl(p)*Fl(p) =7
R R =0 1)

We define the family of basic nonstationary wavelet packets {w, }5°, recursively by letting wo = ¢,
wy =, and then forn € N

q€EZ

Wapt1(x) =2 Z h qQw,(2z — q), (2)

qEZ

where 2P < n < 2P+,

Remarks. The wavelet packets obtained from the above definition using only the filters asso-
ciated with the multiresolution analysis on each scale are called classical wavelet packets. They
are the functions introduced by Coifman, Meyer, and Wickerhauser in [3].

Any pair of operators (Fép ), Fl(p )) of the type discussed in the definition above will be referred
to as a pair of conjugate quadrature mirror filters (CQF's).

Associated with each filter sequence {hﬁp )} is the symbol of the filter, the 27-periodic function

= WP (k)e™e.

keZ

given by

The symbol m ) determines the filter sequence uniquely so we will also refer to the symbol m( P)

as the filter.

The following is the fundamental result about nonstationary wavelet packets. We have in-
cluded the proof since it will be used in the construction of highly nonstationary wavelet packets

presented in the following section.



Theorem 2 ([6, 7]). Let {w,}>°, be a family of nonstationary wavelet packets associated with
the multiresolution analysis {V;} with scaling function and wavelet (¢,v). The functions {wy}

satisfy the following
o {wy(- — k) }rez is an orthonormal basis for Vj
o {w,(- — k) }rezo<n<ai s an orthonormal basis for V;.
In particular, {w,(- — k) }reznen, i an orthonormal basis for L*(R).

Proof. Since wy = ¢ and w; = ¢ we get the first statement, and the second in the case 7 = 0,
immediately. Next step is to prove that {ws, (- — k) }rez and {wen11(- — k) }rez are orthonormal
systems. Suppose the result is true for all indices j with j < n with n such that 27 < n < 2°*L
We have,

(my won(- — 1)) = 43" S WP (ORP () / (2t — £y (20t — ) — ) dt

CET q€Z

=23 h(OnP (€ - 2k)

eZ
= 50,ka

(Wani1, Wons1 (- — B)) =43 > WP (O)RT (q) / wn (2t — 0w, (20t — k) — q) dt

LET qE€L

=23 nP(ORP (¢ - 2k)

el

= 50,]67

and

(Wan, Woni1 (- = k) =43 > b (O)h(g) / wn (2t — Ow, (20t — k) — q) dt

LET Q€
=23 h(ORP (0 - 2k)
el

=0.

Thus, a simple additional induction argument using the above shows that {w, (- — k) }neng kez 18
an orthonormal system.

Let ©Q,, = Span{w, (- —k)}rez. Define §f(x) = v/2f(2z). Since {w,(-—k)} is an orthonormal
system so is {dw,(- — k)}x, and it follows from the exact reconstruction property of the filters
(see (1)) that for 2P < n < 2P*1

1
— k)= 5 3 b (k= 2q)wan(w/2 — q) + Zh k= 2q)wan41 (/2 = q).

q€Z QEZ



Hence, by (2),
Span{v/2w, (2 - —k)}x = Span{wa, (- — k) }r ® Span{wa,1(- — k) }x,
i.e. (SQTL = an @D an+1. ThUS,

60 Q=0
52Q0 © 00 = 691 = Qs B O3
5300 © 6200 = 00 B 603 = Oy B Qs D Qg & Q-

6 © 0" = Dokt B Qi1 B -+ D Doy,
By telescoping the above equalities we finally get the wanted result
5onE5kV0:Vk:QO@Q1@“'@sz—17

and Uy>oV}, is dense in L?(R) by the definition of a multiresolution analysis. [ |

3 Frequency Resolution of Wavelet Packets

The author shows in [9] that basic classical wavelet packets associated with some of the most
widely used filters, such as the Daubechies filters, are not uniformly bounded functions. In this
section we prove that using the nonstationary construction of wavelet packets one can obtain
uniformly bounded basic wavelet packets. The price we have to pay is that we have to use a
sequence of filters with an increasing number of nonzero coefficients. A consequence is that the
diameter of the support of the basic wavelet packets grows with frequency. We propose a new
construction of wavelet packets in the next section to avoid such support problems. It should
be noted that Theorem 5 below is somewhat stronger than the frequency localization result
obtained by Hess-Nielsen in [6, Theorem 8] for the same sequence of filters. Let us recall that
the Daubechies filter of length 2N is given by

mi (€) = (1 “i&)c%),

2
with
— (N-1 +J 2
exor =3 (V7T ) swer)
=0

We extract LV () from | LN (€)| by the Riesz factorization (see [4]).
The following two lemmas give us some basic information on the geometry of the Daubechies
filters.



Lemma 3. Let m{} be the Daubechies filter of length 2N. Then
mg () < [sin(§¥!, form/2<[¢] <

Moreover,

S(€) = Img ()| + mg (€ +m) < 1+[sin(§)[",  E€R,

and

HSHL%[%,W},%) =14 0(1/VN).
Proof. We have, for 7/2 < |£| <,
myg (§)]* = cos™™ (¢/2)| Px (&)1,

where

< a2 Y (V)

SO
[mg (€)]7 < cos™ (£/2)[[4sin*(€/2)]¥ " < [ cos®(€/2) sin’(€/2)]V ! = |sin() VY.

To get the second part, we just notice that for 7/2 < |¢| < 7

my (©)] < [sin(€)|¥™',  and  |mg (€ + )| < 1.
For |¢| < /2 we have, using |sin(§ + )| = |sin(§)],

MO <1, and [md (€ +m)| < [sin(€) .
Finally,

1 /7

o | S@dr <1 o [ (@ 4 2lsi© Y de

2 J_.



1 [ 1-3:5--- (2N — 3) 1
1 (2N-2)(¢) g <
and
T 1-3:5---(N—-2) 1
(N—1) _
— sin d¢ = <
27 (£) d¢ 2:4:6---(N-1) = /7(N -1)/2
so, using v'1+ a2 < 1+ «a?/2 we get the estimate we want. [
Moreover,

Lemma 4. Let {mép) 1021 be a family of Daubechies low-pass filters. Suppose there are constants
e >0 and C > 0 such that d, = deg(m p)) > Cp*™c. Then there erists a constant B < oo such
that -

| mem@ee m@ @il < B2 g1z,

—Tr

for any choice of (e;) € {0, 1}

Proof. Fix ¢ € {0,1}", and define I; 5 = I5g, J > K, by
I5x(€) = 2" b= (miy= 1V (26) - mED (259

It suffices to find a constant A such that f; I;5-1(€)d¢ < A, independent of J and the choice
of e. Let Sk (&) = [mY-F()] + [mY-F) (€ + 7)| (note that Sk is independent of the value of
e j_x which follows from the CQF conditions). Then

/ " a(€) de = 2K / I EmI K (2) ) (2K)] de

—T —T

=24 [ m @m0 @) e

—T

#2600 [l O 26) (2 dg
_ 9K / Sk(/2) MUK (€ mUI =K+ (£) ... m{D (2K 1¢)| de

_ / S (€/2) I (€) dé (3)

—Tr

We have
2m < UIjo<Ij1 <---< Ik,



which follows from (3) and the fact that Sk(§) > |mgj§)(§)|2 + |mgjff)(§ + m)|? = 1 for

K =1,2,.... Thus, using Lemma 3 and Holder’s inequality,

Ikl g oy, 22y = 01 () Sk ()| (e, 22
< k-1 () Sk ()l pars (o) )
< M1 (S /0 o)
< g =all o pmmmg, 22y 1S5 () 22 (), 22)-

Hence,

J—1
||IJ7J—1||L1 [—m,m], 2“”) < ||]J0||L1 —m,7), dz H ||S ||L2( [—m,7], d‘"”)'
7j=1

Clearly ||IJ70||L1([7T|_77|_L§17:_) < 2, so it suffices to prove that H;];ll ||Sj(§)||L2([7ﬂ’ﬂ7¢217:) is uniformly

bounded in J. By Lemma 3,

ISk (Dl z2(n 2y = 1+ O(L//dy—k)),

and by assumption

J— oo 1 o) 1
2:: dJ] ZﬁSO;j1+s/2<oo'

The claim now follows from the Weierstrass product test. [ |

We use the above Lemma to obtain the following result.

Theorem 5. Let {h(p)};io be a family of Daubechies CQF’s with associated transfer functions
{mép)}. Suppose there are constants € > 0 and C > 0 such that length(h?)) > Cp**=. If
[ (€)] < B(1+ [€])717° for some constant B then the Fourier transforms of associated non-
stationary wavelet packets are uniformly bounded in L*-norm and the wavelet packets are conse-

quently uniformly bounded.

Proof. Take n: 27t <n < 2772, Then

,(€) = miD (€/2ml 7V (€/4) - - ml) (€/27+) (/2.

Also, since |¢(€)| < B(1+|¢])"1~¢ we have



JREGCES ) T ) de

ke 2+l 4 k2J 2

2J+1,

< [ DM ) m) (62 e Y O+ 2l
—27+ln ' kez
<521 [, (©mE) (29 mD@)] ds
and the claim follows from Lemma 4. [ |

Remark. It is an unfortunate consequence of the above nonstationary construction that the
diameter of support for the nonstationary wavelet packets grows just as fast as the filterlength.
This problem will be eliminated in the next section using a generalized construction of wavelet

packets.

4 Highly Nonstationary Wavelet Packets

This section contains a generalization of stationary and nonstationary wavelet packets. The new
definition introduces more flexibility into the construction, and thus allows for construction of
functions with better properties than the corresponding nonstationary construction. We have
named the new functions highly nonstationary wavelet packets (HNWPs) and the definition is
the following

Definition 6 (Highly Nonstationary Wavelet Packets). Let (¢,1)) be the scaling function
and wavelet associated with a multiresolution analysis, and let {mf}peni<q<p be a family of
CQFs. Let wy = ¢ and w; = 1 and define the functions w,, n > 2, 27 <n <27+ by

(€)= mG (E/2mER(€/4) - mE (€/27 ) (€/27),

where n = Z;}Jrll ;2971 s the binary expansion of n. We call {w,}° a family of basic highly

nonstationary wavelet packets (HNWPs).

Remarks. It is obvious that the definition of highly nonstationary wavelet packets includes the
basic classical and basic nonstationary wavelet packets as special cases.

The new basic wavelet packets are generated by a nonstationary wavelet packet scheme that
changes at each scale so it is still possible to use the discrete algorithms associated with the
nonstationary wavelet packet construction. The complexity of the algorithm depends entirely on
the choice of filters.



The following result shows that the integer translates of the basic HNWPs do give us an or-

thonormal basis for L?(R), just like the basic nonstationary wavelet packets.

Theorem 7. Let {w,}5°, be a family of highly nonstationary wavelet packets. Then

{wn( - k)}nZO,kEZ
is an orthonormal basis for L*(R).
Proof. Recall that -
v =voo (W)
§=0
and by definition w,, € W for 27 < n < 27%! so it suffices to show that

{wn(- — k)}2J§n<2J+1,k€Z
is an orthonormal basis for ;. However, this follows at once from the first J steps of the induc-

tion argument in the proof of Theorem 2 using the filters m(()p) = mb”‘]_pﬂ, forp=1,---,J. R

The following corollary to Lemma 4 shows how the added flexibility in the definition of highly

nonstationary wavelet packets allows one to get better joint time-frequency localization.

Corollary 8. Let {h(p)}gozo be a family of Daubechies CQFs with associated transfer functions
{mép)}. Suppose there are constants € > 0 and C > 0 such that

C1p?te < length(h®)) < Cp~t—=2P.

Let {wy}, be the highly nonstationary wavelet packets associated with m{y? = m(()q) forp>1,q<
p, and some pair (¢,). If ()| < B(1 + [£])~'7° for some constant B then the Fourier
transforms of associated nonstationary wavelet packets are uniformly bounded in L*-norm and
the wavelet packets are consequently uniformly bounded. Moreover, if wy has compact support
then there is a K < oo such that supp(w,) C [—K, K] for alln > 1.

Proof. The first statement follows directly from the proof of Theorem 4. The second fol-
lows from the fact that the distribution defined as the inverse Fourier transform of the product
H}]:l mg) (£/2)1(€/27) has support contained in

af — Z;.Izl length(mg))Q*j, ijl length(mg))fj] C [-K, K],

whenever w; = 1 has compact support (o < oo depends on the support of wy). [ |

10



5 Periodic HNWPs With Near Perfect Frequency Local-
ization

It is proved in [8] that by periodizing any (reasonable) orthonormal wavelet basis associated with
a multiresolution analysis one obtains a multiresolution analysis for L2[0, 1). The same procedure

works equally well with highly nonstationary wavelet packets,

Definition 9. Let {w, }°, be a family of highly nonstationary basic wavelet packets satisfying
\wy(2)] < Cp(1 + |z|)~15" for some €, > 0, n € Ny. For n € Ny we define the corresponding

W () :an(x—k)

keZ

periodic wavelet packets w, by

Note that the hypothesis about the pointwise decay of the wavelet packets w, ensures that
the associated periodic wavelet packets are well defined functions contained in LP[0, 1) for every
p € [1,00].

The following easy Lemma shows that the above definition is useful.

Lemma 10. The family {w,}°°, is an orthonormal basis for L*[0,1).

Proof. Note that w, € I/IA/:J for 2771 <n < 2 (VIA/Z is the periodized version of the wavelet
space W;) and that T is 27~! dimensional (see [8] for details), so it suffices to show that {w, }5°,

is an orthonormal system. We have, using Fubini’s Theorem,

/Olm(g;) dx—/anx—qumx—r v

qeZ reZ

—5 /wnx—q g Wy (X — 1) dx

qEZ rel

/ E Wy (2 — 1)

reZl

—E / wy (x wmx—r)dx

rez
= Omn-

We are interested in periodic wavelet packets obtained from wavelet packets with very good
frequency resolution. The idealized case is the Shannon wavelet packets. The Shannon wavelet
packets are defined by taking

5 5) = ZX[—N/ZW/Z} (5 - 27Tk>

keZ
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and
m? (€) = e*mg (£ +7)

in Definition 1. There is a nice explicit expression for |w,|. We define a map G : Ny — Ny
in the following way. Let n = > 77 12" be the binary expansion of n € Ny. Then we let
G(n); = n; +n;41 (mod 2), and put G(n) = 327, G(n)x2*~1. The map G is the so-called Gray-
code permutation. We have the following simple formulas for the Shannon wavelet packets, which

show that they have perfect frequency resolution. See [11] for a proof.

Theorem 11 ([11]). Let {wy}, be the Shannon wavelet packets. Then

|wG(n) (€)| = X[nm,(n+1)x] (|§|)

We define a new system by letting w, = wgn) for n € Ny. We call the reordered system
{wn}22, the Shannon wavelet packets in frequency order.

The Shannon wavelet packets are not contained in L'(R) so one has to be careful trying to
periodize the functions. We can avoid this problem by viewing the Shannon filter as the limit
of a sequence of Meyer filters. The Meyer filter with resolution ¢ is defined to be a non-negative
CQF, m{"*, for which

M
myg |(77T/2+€,7T/2*€) = 1.

We always assume that mg"¢ € C'(R). As usual, we take m)"°(&) = emy"* (€ + 7).
For Meyer filters, Hess-Nielsen observed that periodic wavelet packets in frequency ordering
are just shifted sine and cosines at the low frequencies. More precisely, for n € N we use the

binary expansion 2n = Y2 £,2¢ to define a sequence {x,} by

oo
Kop, = Z lee — 041|277
=0

Then the result is

Theorem 12 ([7]). Choose € such that 7/6 > ¢ > 0, and let N € N be such that ¢ < 27N. For
mo a Meyer filter with resolution £/(m — €) we consider the periodized wavelet packets {w,,}, in

frequency order generated using mqg and the associated high-pass filter. They fulfill

Wan () = V2 cos[2mn(z — k)]

Won—1(x) = V2sin[2mn(x — K,)],
for eachm, 0 <n < 2N~1

The periodized version of the Shannon wavelet packet system should correspond to the limit

of the above results as we let ¢ — 0. This consideration leads us to the following definition:

12



Definition 13. We define the periodic Shannon wavelet packets {3;} (in frequency order) by
So =1 and for n € N:
Son(x) = V2 cos[2mn(z — k)]
ng;:l(x) = V2sin[2mn(z — kK,)].
This system has all the useful properties one can hope for:

Theorem 14. The system {Sy},, is an orthonormal basis for L2[0,1) and a Schauder basis for
LP[0,1), 1 < p < 0.

Proof. The L? result follows from the fact that any finite subsystem of {:S’\,:}n is a subset of
the orthonormal basis considered in Theorem 12 for sufficiently small €. To get the LP result it

suffices to notice that for any sequence (6 )xez C R, {€?7#@=9)1, is a Schauder basis for L?[0, 1),

which follows easily by calculating the associated partial sums

Z <f7 e—27rik6k 627rik~>627rik(ac—6k) _ Z 627rik5k <f, 627Tik~>6—27rik6k 627rikx

k<N KI<N
— Z <f 627rik~>e27rikaz
<N
where we have used that the coefficient functional of €7@ =%) is just e27(*=9) gince {e2 k(=% ],
is an orthonormal system in L?[0, 1). |

5.1 Periodic Shannon Wavelets

Our goal in this section is to construct periodic HNWPs that are equivalent in LP[0, 1) to small
perturbations of the periodic Shannon wavelet packets. To get such results we need some results
on the periodic Shannon wavelets. The Shannon wavelets are not contained in L'(R) so we have
to use the same type of limit precedure as we did for the Shannon wavelet packets to defined the

periodized version of the functions. We obtain

Definition 15. Let Yo =1. Forn =27 +k, 0< k <27, J >0, we define ¥, by
Sa(@) = filz —277k),

where

J+1 _ o ip/oJ+1 ;
f — 9~ J/2 E : b 2#15/2 27rzﬂ:1:+€ 2mil /2 627”&13]
(=27-1

Y

and
1/V2, if £ € {27} 50,

1, otherwise.

b(l) =
We call {3,}52, the family of periodic Shannon wavelets.

13



\/

oL/ N /\,/

0.2

0.4

0.8

I
I
M
f H M
| ‘ ‘ 0
\ "
o \x/»«/\'\/\/‘\/\/\//‘/ \/\/\ ““ ‘ “ )

0.2

Figure 3: The function f5(- —1/2).

0.4

0.8

~

o

|
Y

L

Figure 4: The function fg(- —1/2).

0.6 0.8

I

v il

et
|

I
|

I

x

I
NI

| “ ‘A“ “ ‘,«v\ ‘uv W \f"‘/"“ AP A A A

|V

|

0.4

0.6 0.8

Since any finite subset of {3, },>0 is a subsystem of a periodized Meyer wavelet system (the
Meyer wavelet needed depends on the subset of {3, },,>0, of course), it follows that the system is
indeed an orthonormal basis for L?[0,1). First, let us show that the periodic Shannon wavelets
are equivalent to the Haar system in LP[0,1). The Haar system {h,}>2, on [0, 1) is defined by
letting ho = xp0,1) and, for k =0,1,...,0=1,2,...,2",

2k/2  if p e [(20 — 2)27F 1 (20 — 1)27F 1)

horyo(x) = § =202 if oz € [(20 — 1)27F71 20 . 2771

0 otherwise.

It is easy to verify that this system is the periodic version of the Haar wavelet system with the
numbering introduced in [8].

We will need the following lemma by P. Wojtaszczyk,

Lemma 16 ([14]). Let f be a trigonometric polynomial of degree n. Then there exists a constant

14



C > 0 such that
Mf(x)>C sup |f(t)],

jt—a|<r/n

where M 1s the classical Hardy-Littlewood maximal operator,
to get the following Theorem. The proof is in the spirit of Wojtaszczyk’s work [14].

Theorem 17. The periodic Shannon wavelets are equivalent to the (periodic) Haar wavelets in
LP[0,1], 1 < p < oc.

Proof. First, we have to introduce and analyze some auxiliary functions. Forn = 27/ +k, 0 <

k < 27 we define :
27 1
k+1/2
®,(z) = 2"~/ Z exp{2m’s<x— —;J/ )}

s=27-1

Note that

27711
i . k+1/2
6—2J 12m:cq>n($) — o Tik+1/2)9—(J=1)/2 § : exp{Qm’s(x— ";J/ )} (4)
s=0

In particular, {®s,},>0 and {Po,_1}n>1 are both orthonormal systems, since each of the blocks

{(I)2n}2J§2n<2J+1 and {(I)2n71}2t7§2n71<2‘]+1

is a unitary image of the orthonormal system
9J-1_1 9J—1_1
—(J-1)/2 2mis(x—k/27 1)
(o g ey,
Moreover, it is easy to check that

Span{@Qn}ogsz = Span{®2n—l}0§2n—1<2‘] = Span{e%mx}i:ol_l-

Let {ax}r>0 C C and define

f(x) _ efZJ_127rix Z a%q)%(x)

27 <20<2J+1
<t k 1
= 2_(J_1)/2€_i7r/2 Z CL2J+2k{ exp {27Ti8 (ZE — F — ﬁ) }} (5)
0<2k<27 s=0

In particular,

|f(2J_€—1 + QJ%N = %2J/2|a21+2e|7



since
2J-1_1

Z e27ri(ffk)s/2J_1 _ 2J715€’k.

s=0
It follows from Lemma 16 and (5) that

M( > a%@%)(g;)zc > |a26|(|h26($)|+|hze+1(9€)|)- (6)
2J <24 <27 +1 27 <20<27+1

Hence, by using the Littlewood-Paley theorem and the Fefferman-Stein inequality for vector

valued maximal functions,

Z a2, Do, ag®o + Z Z az Py
n=0

J=0 2J§2g<2J+1

([ (a5

J=0

1 o0
ol [ (5
0 J=0

p p

Z a2 Poy

27 <20<27+1

M( > a%@%)

27 <24<27J+1

2\ p/2 1/p

) )

2\ p/2 1/p
) ckt) ,

and by (6),

1 o 2\ p/2 1/p
([ (P + (X tanlltd + all) ) )
0 J=0

27 <20<27+1

Z aon|hon + hont1]

=0
o)
§ a2nh2n
=0

where we have used the unconditionality of the Haar system (in particular, the projection onto

> G,

p

>,

)
p

the even numbered Haar functions is bounded on LP[0,1), 1 < p < c0). A similar proof shows

that
o0 oo
Z a2n—1Pon—1|| > C) Z Aon—1hon—1
n=1 p n=1 p

Actually, it is the opposite inequalities we really need. However, since span{®s, },>0 is dense in
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H0,1), for f =>" a9, Ps, and € > 0 there is a g = ) by, Po,, with ||g||, < 1 + € such that

[fll, —€ < |<Z a2y, Pop, Z ban®Pan) |
= ‘(Z a2nh2n; Z b2nh2n>‘

S H Z a2nh2n h/2n
p q

S CH Z a2nh2n Z b2n(I)2n
p q

Since ¢ was arbitrary, we have

H Z a2nq)2n S C Z a2nh2n
p

)

and similarly,

H Z a2n+1Pons1|| <C Z A2n41 2041
p

p
Finally, we can prove the theorem. Let R denote the Riesz projection, i.e. the projection onto

span{e*™™®}, 4. Then for any finite sequence {ay };>o C C we have

ianiln < ianRZn + ian(l —R)X
n=0 p n=0 p n=0

p
< Z a2, R¥0p || + Z a2pn—1R Y21
n=0 p n=1 p
R)Yon| + Z agn—1(1 = R)¥an1 (7)
=0 p n=1 P

Let P : LP[0,1) — L?[0,1) denote the projection onto the frequencies {¢*™2*},-,. The operator
P is bounded on LP[0, 1) since for 2 < p < oo, {¢;} C C,

;27 ;27
E Coj 612 T E Coj 612 T

>0 >0

ikx

<C

L?[0,1)

<C

L2]0,1)

<C

L2[0,1)

E Cr eikx

kEZ

E Cr€
k€EZ

Y

LP[0,1)

where we have used Khintchine’s inequality for lacunary Fourier series (see [12, 1.B.8]). The case
1 < p < 2 follows by duality. We have,

> am R, > PR | + P)R%s,
n=0 p n=0 p =0 p

PRY,,

d

Z agn(1 — P)R%s,
n=0

)

17



A direct calculation shows that

P( Z CL2J+23R22J+25) = 2_(J+1)/2{ (G_iﬂ/Q Z CL2J+25) 627ri2‘]_1x

0<20<27 0<20<27

T 2mi2’ x
(e T aw)e)

0<20<27

whereas,

—(J— —T Iy J= x
P( Z a2J+2eq)2J+2e) =27 (=b/2 <€ 2 Z a2J+2z)€2 2,

0<2¢<27 0<20<27
Thus,
> 03, PR, || < || a2, PPnl| |
and we get
Z agnREQn S C( Z aznP®2n -+ Z a2n<1 — P)Rzzn >
n=0 P n=0 2 n=0 D
< O( Y a2 PPoy Y aza(1 = P)REs, )
n=0 n=0 P
:C( ZGZan)2n+Za2n(1_P)(D2n )
n=0 n=0 p
=C Z a2n(1)2n
n=0 p
S O Z a2nh2n
n=0 p
Similarly, we obtain
Za2n—1RZ2n—1 <C Z a2p—1hon—1
n=1 p n=1 p

The remaining two terms in (7) can easily be estimated by assuming (w.l.o.g., of course) that
{ar} C R and taking complex conjugates of the above estimates (note, the coefficients at negative

frequencies of %,, are just the conjugate of the coefficients at positive frequencies). We conclude

that
Z anzn S O ( Z a2nh2n + Z aQn—thn—l > S C Z anhn )
n=0 p n=0 p n=1 p n=0 p

where we have used that the projection onto the even numbered Haar functions is bounded on
LP[0,1). To obtain the opposite inequality, we let € > 0 and let f = > a,h,. The Haar system

18



is dense in L?]0, 1] so there is a function g = ) b,h,, € span(h,) with |/g||, < 1+ ¢ such that

Hf”p —e< |<Z s anhn>|
=[O anZn, Y bun)l

gHZanzn > Ty
p

SCHZanEn anhn
p

ZanEn

where we have used the orthonormality of the system X,,. Since € was arbitrary we have

H Zanhn < CH Zanzn
p

and we are done. [ |

q

q

<C(l+¢)

)
p

)
p

The following Theorem is due to Y. Meyer, but the proof is new.

Theorem 18. Let {V,}, be a periodic wavelet system associated with a wavelet v satisfying
[Y(x)| < O(1 + |z|)~27¢. Then {V,}, is equivalent to the (periodic) Haar wavelets in LP[0, 1].

Proof. By duality, it suffices to prove that

oo
E a, ¥y,
n=0

We have, by the Fefferman-Stein inequality,

>C
P

o0
E anhp
n=0

P

o

n= p

zc(/ol <|a0|2+§ M( 3 ak\I/k)

It follows from [13, p. 208] that for n = 27 + k,

W, ()| < C272(1 4 27 |2 — k/27|) 7= (8)
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Hence, for z € [k277, (k + 1)277) (see [10, pp. 62-63]),

1 27t 27411
ol =| [ (3 avtn)wtmian| < cxar(CF wn) ),
0 N gy k=27

where we have used the estimate (8), which shows that 27/2|W,| is an approximation of the
identity centered at k277. Thus

2J+171 2J+171
M Z ak‘I’k) >C Z |ax||hwl,
k=27 k=27
and we have
% 1 co 27111 2\ p/2 1/p
Sat| zo( [k + 3| S | ) o)
n—0 p 0 s=0 | =27

>C

o0
5 ap oy,
n=0

p

The following corollary is immediate

Corollary 19. Let {¥,}, be a periodic wavelet packet system associated with a wavelet ¢ sat-
isfying | (z)] < C(1 + |x|)727=. Then {¥,}, is equivalent to the periodic Shannon wavelets in
LP[0,1], 1 < p < 0.

We let {w,}, be a HNWP system for which |w;(z)| < C(1 + |z|)~%¢, and let {w,}, be the

corresponding periodic system. For 27 < n < 27+ write

where ¥, is the corresponding periodic wavelet. Define a new system {w?} by

27+1-1

iES([E): Z Cn,sxs(x)a

s=2J

where ¥, is the periodic Shannon wavelets. Then we have the following result

Corollary 20. The systems {wy,}, and {w3}, are equivalent in LP[0,1), 1 < p < oo, in the

sense that there exists an isomorphism @ on LP[0,1) such that
Qu, = @f .

20



Proof. Take @ to be the isomorphism from Corollary 19 defined by Q¥,, = X,,. |

Remark. The significance of the previous Corollary is that when dealing with periodic HNWPs
{w,}, in LP[0, 1), we may assume that the wavelet 1) = w is a Meyer wavelet )" with arbitrarily
good frequency localization, i.e. (&) = 1 for [¢] € (7 + §,2m — J) for a small number §. To see
this, let {w}?}, be the periodic HNWP system obtained using the same filters that generated
{w,}, but with M- as the wavelet. From the previous discussion of the periodic Meyer wavelets
we see that by periodizing w%’)‘s we get exactly Yon for n < N(J), where N(§) — oo as § — 0.
Hence, w5 = @wM° for n < 2V®+1 and @ can be mapped onto w, by the isomorphism of

Corollary 20.

5.2 Perturbation of Periodic Shannon Wavelet Packets
We need the following perturbation theorem by Krein and Liusternik (see [15]),

Theorem 21. Let {x,} be a Schauder basis for a Banach space X and let {f,} be the associated

sequence of coefficient functionals. If {y,} is a sequence of vectors in X with dense linear span

and if

x*x < 00

> N = ynllx - 1l
n=1

then {y,} is a Schauder basis for X equivalent to {x,},
to prove our main theorem on periodic HNWPs;

Theorem 22. Let {d,}32, C 2N be such that d, > Cnd™log(n + 1) for some constant C > 0.
Let {w,}, be a periodic HNWP system (in frequency order) given by the filters {mg*}n>11<q<n,
where

mgd(&) =m§™(€), ¢=1,2,....n,

is the Daubechies filter of length d,. Suppose |wy(x)| < C(1 + |z|)™>7¢ for some ¢ > 0. Then
{wy, }n is a Schauder basis for LP[0,1), 1 < p < oo.

Proof. By the remark at the end of the previous section, we can w.l.o.g. assume that w; is
a periodic Shannon wavelet. We also note that since {w, }, is orthonormal in L?[0, 1), a simple
duality argument will give us the result for 2 < p < oo if we can prove it for 1 < p < 2. Fix
1 < p < 2. Define the phase functions 7, : R — [0, 27) by

d’ﬂ —i n dn
[mg ™ (©)] = =™ i) (€).
Define a family of low-pass filters by
() = e Om,
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where m{"’" is a Meyer filter with localization 4, to be chosen as follows. Take /™% as the

wavelet and consider the periodic HNWPs {wn}, generated by the filters {m?},>1. For fixed
n, there is a d,, > 0 such that 0 < § < §, implies that wM-° = @M"{" Set wM = WM Tt follows
from Theorem 12 and the proof of Theorem 14 that {w}}>, is a Schauder basis for L?[0, 1)
1 < p < oo, consisting of shifted sines and cosines (more precisely, W™ is a shifted version of S, )
The property of this new basis we need is that the Fourier coefﬁc1ents of wM have the same phase
(but not the same size) as the the Fourier coefficients of w,,. We want to apply the perturbation
result (Theorem 21). The system {0, }, is clearly dense in LP[0, 1) since the periodic wavelet
packets generate a well behaved periodic multiresolution structure. So all we need to show is
that

o
D N = @ [l - |l = Z [ — @y ||, < o0.
n=0
However,
[o.¢] oo
D lwn =@, < Nl — @ o,
n=0 n=0

so it suffices to estimate ||w, — W} ||,. To ensure that

Zuwn iz < oo (9)

we will show that for 27 < n < 27+,
@, — @) ||, < C277J  og(J) 2,

with C' a constant independent of J.

M

The Fourier series for w," is particularly simple and by construction it contains only two

1/2

non-zero terms with the corresponding Fourier coefficients equal to e*27/2 i.e.

1’1‘)*1]:4<$> _ 2—1/2eia627rik:nm + 2—1/2e—ia627rik:nm’ (10)

where a € R depends on the phase of the Daubechies filters used to generate {w,}, and k, € N.
We want to estimate the corresponding two coefficients with indices £k, in the Fourier series for
Wy,. We have, for 27 <n < 27+,

= b (2mk)e* R,
keZ

and since w; is the Shannon wavelet (limit of Meyer wavelets) this reduces to the following

trigonometric polynomial

W)= Y b (2mk)e*™*.

27-1<k|<2”
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Recall that
Wy (§) = m 7 (€/2)mE7(§/4) - ml (/27 )M (¢/27),
where G(n) = Z‘]H ;2771 is the binary expansion of of the Gray-code permutation of n. Con-

sider the product
B = mi) (27k, /2)m D (21k, [4) - - - m D 21k, )27 VMO (27, /27),

which equals the k,’th Fourier coefficient of w,. We deduce from Theorem 12 that the product

has exactly one factor equal to 27/2 in absolute value, namely the factor with argument 227k,
satisfying
2rk, w
€ — + 2nZ.
5 5 + 27

The arguments of the remaining factors are at least a distance of 21=/7 from the set 7/2 + 27Z.
Moreover, Theorem 12 shows that the arguments of the remaining J factors are situated where
the respective m.’s are “big”, i.e. in the set [—7/2, 7/2] for the low-pass filters appearing in the
product and in the set [—m, —7/2] U [r/2, 7] for the high-pass filters appearing in the product.
Recall that, by construction, the Fourier coefficients of w, and w?! have the same phase,
i.e. B, = |B.|e’™, with the same « as in (10). Also, the Fourier series of w} contains only two

non-zero terms at frequencies £k,. From this we deduce that

[T — @ |15 = 218, — 2712 + e, (11)
and since w, is normalized in L?[0,1), we have

err + 2|3,% = 1. (12)

Hence, the requirement that ||w, — @M |y < C277J tlog(J) =2, for 27 < n < 277! gives us the
following inequality by substituting (12) in (11):

(VEB] — 1)+ (1 - 2],P) < (%) |

27 J log?

from which we obtain

12 513 () )

We therefore have to verify that

|Ba| = M) 21k, /2)m ) 2k, /4) - - M) (27, /27 Y1) pMA (2rk, 27|

= (1 (o) ) o0
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for some constant C' independent of J. The d;’s have already been chosen, so we just have to

check the estimates to see that everything works out. We now consider (13) as an inequality in
d; = N(J). Hence, (13) will be satisfied if

a2 (1 (e )Y »

By the CQF conditions, (14) is equivalent to

2\ 2/J
|m(()N(J))(7T/2+21—J7T)|2 <1— (1 B (L) ) / |
- 27 ] log*(J)

From lemma 3 we have
|m(()N(J))(7r/2 + 21—J7T>‘2 < |COS(21—J7T)|2N(J)—2’

which gives us an explicit way to pick a sequence N(J) that works. We put

2N 2/J
cos(2 I mPNDD < 1 - (1 - (#) )
27 Jlog”(J)

A simple estimate shows that

- (1 - (ﬁgm)ﬁw : (w+g2u>>2'

2(N(J) — 1)logcos(2' /7)) < 2(log(C) — (J + log(J) + 2loglog(J))) (15)

Hence,

Using

1
log cos(x) = —5.1'2 +O0(2Y), asz — 0,

in (15), we see that choosing
N(J) > CJ2* log(J)

for any C' > 0 will work. This is exactly our hypothesis about the d;’s. [ |
Remark. It follows from the above estimates that the factor log(n + 1) in the hypothesis

about the sequence {d,} can be replaced by «a, with {a,} any positive increasing sequence with

Qa, — 00.
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6 Representation of % in Periodic HNWPs

We conclude this paper by using some of the estimates obtained in the previous section to get
estimates of the differentiation operator represented in certain periodic HNWP bases. First we
consider the idealized case of periodic Shannon wavelet packets, in which the matrix for the
differentiation operator is almost diagonal. Then we show that the matrix of the operator in the
periodic HNWPs of Theorem 22 is a small perturbation of the almost diagonal matrix associated
with the periodic Shannon wavelet packets.

Let P; be the projection onto the closed span of {go, Sty S’;} We let A; = Pj% P;. Note
that S5, = —2mnSy,—1 and S5, | = 27nSsy,, so if we let A be the 2 x 2-matrix defined by

A 0 —27 7
2 0
then As, is the block diagonal matrix given by

Ay, = diag(0, A, 2A, ..., nA).

For a general periodic HNWP system {w, }, in frequency order we let D; = Pj% P;, with P;
the projection onto the closed span of {wy, wy, ..., w;}. We can write Dy, = Ay, + Es,, where
FE5, is the “error term” resulting from the fact that the system does not have perfect frequency
resolution like the Shannon system. The error term is not necessarily almost diagonal and easy
to implement like As, is, and it can be difficult to calculate. However, the following Corollary
(to the proof of Theorem 22) shows that we can make this error term as small as we like, and

we may therefore disregard it in any implementation.

Corollary 23. Given N € N and € > 0. Let {w,}>°, be a periodic HNWP system in frequency

order constructed as in Theorem 22 associated with a Meyer wavelet of resolution /2" . Suppose

loge — log(127) — N log 4
2log cos(21=Nr)

dy > +1, n<N\,

then DQN = AQN + E2N with HE2NH32—>52 S g.

Proof. We write w,, = W) + e,, with @) defined as in the proof of Theorem 22. Hence
(@, B} = ((Ty) + €5, Wy + €m)

(@) W) + {(@3")', €m) + (€ Ty ) + {ens €m)-

The first term is just the nm’th entry in Ayv. We then impose the inequality

3

(@) em)] + en: )] + (e emd] < 55,
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which will make ||FEyn |22 < € since Fyn is a (28 +1) x (2 + 1)-matrix with its first row and
column both equal to 0. The choice of wavelet ensures that support of the Fourier coefficients

of each e,, 0 < n < 2V, is contained in the set [—27r2N+1, 27r2N+1] so using the Schwartz and

£
Bernstein inequalities we see that it suffices to take ||e,[|2 < 9 IV The estimate then follows
7r .
from similar estimates as those in the proof of Theorem 22. [ |
Acknowledgements

The author would like to acknowledge that this work was done under the direction of M. Victor
Wickerhauser as part of the author’s Ph.D. thesis.

References

[1] R. R. Coifman, Y. Meyer, S. R. Quake, and M. V. Wickerhauser. Signal processing and
compression with wavelet packets. In Y. Meyer and S. Roques, editors, Progress in Wavelet

Analysis and Applications, 1992.

[2] R. R. Coifman and M. V. Wickerhauser. Entropy based algorithms for best basis selection.
IEEFE Trans. on Inf. Th., 32:712-718, 1992.

[3] R.R. Coifman, Y. Meyer, and M. V. Wickerhauser. Size Properties of Wavelet Packets,
pages 453-470. Wavelets and Their Applications. Jones and Bartlett, 1992.

[4] 1. Daubechies. Ten Lectures on Wavelets. STAM, 1992.

[5] N. Hess-Nielsen. Time-Frequency Analysis of Signals Using Generalized Wavelet Packets.
PhD thesis, Aalborg University, Aalborg, 1992.

[6] N. Hess-Nielsen. Control of frequency spreading of wavelet packets. Appl. and Comp.
Harmonic Anal., 1:157-168, 1994.

[7] N. Hess-Nielsen and M. V. Wickerhauser. Wavelets and time-frequency analysis. Proceedings
of the IEEE, 84(4):523-540, 1996.

[8] Y. Meyer. Wavelets and Operators. Cambridge University Press, 1992.

[9] M. Nielsen. Size Properties of Wavelet Packets. PhD thesis, Washington University, St.
Louis, 1999.

[10] E. M. Stein. Singular Integrals and Differentiabillity Properties of Functions. Princeton
University Press, 1970.

26



[11] M. V. Wickerhauser. Adapted Wavelet Analysis from Theory to Software. A. K. Peters,
1994.

[12] P. Wojtaszczyk. Banach spaces for analysts. Cambridge University Press, 1991.

[13] P. Wojtaszczyk. A Mathematical Introduction to Wavelets. Cambridge University Press,
1997.

[14] P. Wojtaszczyk. Wavelets as unconditional bases in LP(R). Preprint, 1998.

[15] R. M. Young. An Introduction To Nonharmonic Fourier Series. Academic Press, 1980.

27



