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Reed-Solomon Codes

R = Fq[X ], Rs = {F ∈ Fq[X ] | deg(F ) ≤ s}

{P1, . . . , Pn} ⊆ Fq

ϕ :

{
R → Fn

q
F 7→ (F (P1), . . . , F (Pn))

C(s) = ϕ(Rs) = (C(n − s − 2))⊥ , s ∈ {0, . . . , n − 1}

+ Large minimum distance

+ Well-structured

+ Simple description

- Short
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Generalizing Reed-Solomon Codes

I Well-established theory
I (Generalized) Reed-Muller codes
I Geometric Goppa codes

I New theory
I Order domain codes
I Affine variety codes
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Gröbner basis tools

Footprint (∆-set):

∆≺(I) = {M ∈M(X1, . . . , Xm) |
M is not a leading monomial of any polynomial in I}

{M + I | M ∈ ∆≺(I)} a basis for F[X1, . . . , Xm]/I.

#VF(I) ≤ #∆≺(I) with equality if F is algebraically closed and I
radical
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Reed-Muller codes and hyperbolic codes
R := F5[X , Y ]/〈X 5 − X , Y 5 − Y 〉

∆≺(〈X 5 − X , Y 5 − Y 〉) #∆≺(〈X 5, Y 5, X iY j〉)

Y 4 XY 4 X 2Y 4 X 3Y 4 X 4Y 4

Y 3 XY 3 X 2Y 3 X 3Y 3 X 4Y 3

Y 2 XY 2 X 2Y 2 X 3Y 2 X 4Y 2

Y XY X 2Y X 3Y X 4Y
1 X X 2 X 3 X 4

20 21 22 23 24
15 17 19 21 23
10 13 16 19 22
5 9 13 17 21
0 5 10 15 20

G(X , Y ) = XY + aX 2 + bY + cX + d

#∆≺(〈X 5 − X , Y 5 − Y , G(X , Y )〉) ≤ #∆≺(〈X 5, Y 5, XY 〉
≤ 9

F2
5 = {P1 . . . P25} ϕ(F +〈X 5−X , Y 5−Y 〉) = (F (P1), . . . , F (P25))

wH(ϕ(G)) ≥ 25− 9 = 16
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(Generalized) Reed-Muller codes

RM5(4, 2) = {SpanF5
{ϕ(X iY j) | i + j ≤ 4}

∆≺(〈X 5 − X , Y 5 − Y 〉) #∆≺(〈X 5, Y 5, X iY j〉)

Y 4 ∗ ∗ ∗ ∗
Y 4 XY 3 ∗ ∗ ∗
Y 2 XY 2 X 2Y 2 ∗ ∗
Y XY X 2Y X 3Y ∗
1 X X 2 X 3 X 4

20 ∗ ∗ ∗ ∗
15 17 ∗ ∗ ∗
10 13 16 ∗ ∗
5 9 13 17 ∗
0 5 10 15 20

Worstcase code word: lm = Y 4 or lm = X 4

wH(Y 4 + · · · ) ≥ 25− 20 = 5
[n, k , d ] = [25, 15, 5]
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Hyperbolic codes

Choose X iY j ’s with #∆(〈X 5, Y 5, X iY j〉) small.

[25, 17, 5] [25, 15, 6]
20 ∗ ∗ ∗ ∗
15 17 19 ∗ ∗
10 13 16 19 ∗
5 9 13 17 ∗
0 5 10 15 20

∗ ∗ ∗ ∗ ∗
15 17 19 ∗ ∗
10 13 16 19 ∗
5 9 13 17 ∗
0 5 10 15 ∗
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F8[X , Y ]/〈X 8 − X , Y 8 − Y 〉

56 57 58 59 60 61 62 63
48 50 52 54 56 58 60 62
40 43 46 49 52 55 58 61
32 36 40 44 48 52 56 60
24 29 34 39 44 49 54 59
16 22 28 34 40 46 52 58

8 15 22 29 36 43 50 57
0 8 16 24 32 40 48 56

RM8(7, 2) is [64, 36, 8]

Hyperbolic codes with [64, 48, 8 = 64− 56] and
[64, 37, 14 = 64− 50]



Codes from Hermitian curve
F4[X , Y ]/I, I = 〈X 3 − Y 2 − Y , X 4 − X , Y 4 − Y 〉

Let w(X iY j) = i2 + j3 and define ≺w by: XαY β ≺w X γY δ if (1)
or (2) holds

(1) w(XαY β) < w(X γY β)
(2) w(XαY β) = w(X γY β) and β < δ

∆≺w (I) w(X iY j)
#

(
∆≺w (〈X 3 − Y 2, X iY j〉)

∩ ∆≺w (I))
Y XY X 2Y X 3Y
1 X X 2 X 3

3 5 7 9
0 2 4 6

3 5 6 7
0 2 4 6

#
(
∆≺w (〈X 3 − Y 2, Y 〉) ∩∆≺w (I)

)
≤ #

(
∆≺w (〈X 3 − Y 2, Y , X 3〉) ∩∆≺w (I)

)
≤ 3

= #∆≺w (I)−#{3 + 0, 3 + 2, 3 + 3, 3 + 4, 3 + 6}
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G(X , Y ) = Y + aX + b
#∆≺w (I ∪ 〈G(X , Y )〉) ≤ #

(
∆≺w (〈X 3 − Y 2, Y 〉) ∩∆≺w (I)

)
≤ 3

VF4(I) = {P1, . . . , P8} ϕ(F + I) = (F (P1), . . . , F (P8))
wH(ϕ(G)) ≥ 8− 3 = 5

w(X iY j) #
(
∆≺w (〈X 3 − Y 2, X iY j〉) ∩ ∆≺w (I))

3 5 7 9
0 2 4 6

3 5 6 7
0 2 4 6

E(0) is [8, 1, 8], E(2) is [8, 2, 6],...,E(6) is [8, 6, 2], E(7) is
[8, 7, 2] and E(9] is [8, 8, 1]

..., Ẽ(5) is [8, 5, 3], Ẽ(6) is [8, 7, 2], ...
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F9[X , Y ]/I, I = 〈X 9 − X , Y 9 − Y , X 4 − Y 3 − Y 〉

w(X ) = 3, w(Y ) = 4

Y 2 XY 2 X 2Y 2 X 3Y 2 X 4Y 2 X 5Y 2 X 6Y 2 X 7Y 2 X 8Y 2

Y XY X 2Y X 3Y X 4Y X 5Y X 6Y X 7Y X 8Y
1 X X 2 X 3 X 4 X 5 X 6 X 7 X 8

8 11 14 17 20 23 26 29 32
4 7 10 13 16 19 22 25 28
0 3 6 9 12 15 18 21 24

8 11 14 17 20 23 24 25 26
4 7 10 13 16 19 21 23 25
0 3 6 9 12 15 18 21 24

#
(
∆≺w (〈X 4 − Y 3, X 4Y 2〉) ∩∆≺w (I)

)
=

27−#{20+0, 20+3, 20+4, 20+6, 20+8, 20+9, 20+12} = 20



F9[X , Y ]/I, I = 〈X 9 − X , Y 9 − Y , X 4 − Y 3 − Y 〉

w(X ) = 3, w(Y ) = 4

Y 2 XY 2 X 2Y 2 X 3Y 2 X 4Y 2 X 5Y 2 X 6Y 2 X 7Y 2 X 8Y 2

Y XY X 2Y X 3Y X 4Y X 5Y X 6Y X 7Y X 8Y
1 X X 2 X 3 X 4 X 5 X 6 X 7 X 8

8 11 14 17 20 23 26 29 32
4 7 10 13 16 19 22 25 28
0 3 6 9 12 15 18 21 24

8 11 14 17 20 23 24 25 26
4 7 10 13 16 19 21 23 25
0 3 6 9 12 15 18 21 24

#
(
∆≺w (〈X 4 − Y 3, X 4Y 2〉) ∩∆≺w (I)

)
=

27−#{20+0, 20+3, 20+4, 20+6, 20+8, 20+9, 20+12} = 20



F9[X , Y ]/I, I = 〈X 9 − X , Y 9 − Y , X 4 − Y 3 − Y 〉

w(X ) = 3, w(Y ) = 4

Y 2 XY 2 X 2Y 2 X 3Y 2 X 4Y 2 X 5Y 2 X 6Y 2 X 7Y 2 X 8Y 2

Y XY X 2Y X 3Y X 4Y X 5Y X 6Y X 7Y X 8Y
1 X X 2 X 3 X 4 X 5 X 6 X 7 X 8

8 11 14 17 20 23 26 29 32
4 7 10 13 16 19 22 25 28
0 3 6 9 12 15 18 21 24

8 11 14 17 20 23 24 25 26
4 7 10 13 16 19 21 23 25
0 3 6 9 12 15 18 21 24

#
(
∆≺w (〈X 4 − Y 3, X 4Y 2〉) ∩∆≺w (I)

)
=

27−#{20+0, 20+3, 20+4, 20+6, 20+8, 20+9, 20+12} = 20



8 11 14 17 20 23 24 25 26
4 7 10 13 16 19 21 23 25
0 3 6 9 12 15 18 21 24

E(23) is [27, 21, 4]
but

Ẽ(4) is [27, 22, 4]



Reed-Muller codes revisited
w(X iY j) = (i , j) ∈ N2

0. Choose some monomial ordering ≺N2
0

on

N2
0. Choose some monomial ordering ≺M on M(X , Y ) and

define ≺w by: XαY β ≺w X γY δ if (1) or (2) holds

(1) w(XαY β) ≺N2
0

w(X γY β)

(2) w(XαY β) = w(X γY β) and XαY β ≺M X γY δ

w(X i , Y j) #∆≺(〈X 5, Y 5, X iY j〉)

(0, 4) (1, 4) (2, 4) (3, 4) (4, 4)
(0, 3) (1, 3) (2, 3) (3, 3) (4, 3)
(0, 2) (1, 2) (2, 2) (3, 2) (4, 2)
(0, 1) (1, 1) (2, 1) (3, 1) (4, 1)
(0, 0) (1, 0) (2, 0) (3, 0) (4, 0)

20 21 22 23 24
15 17 19 21 23
10 13 16 19 22
5 9 13 17 21
0 5 10 15 20

#∆(〈X 5, Y 5, X 3Y 3〉) =
25−#{(3, 3)+(0, 0), (3, 3)+(1, 0), (3, 3)+(0, 1), (3, 3)+(1, 1)}
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Some observations

I

wH(~c) ≥ n −#∆(· · · ) = n − (n −#“what the weight hits”)
= #“what the weight hits”

I Monomials in the footprint are of different weights which
makes the counting simple.
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Forgetting about the X q − X , Y q − Y -part. Case
F4[X , Y ]/〈0〉

...
...

...
...

... ·
Y 4 XY 4 X 2Y 4 X 3Y 4 X 4Y 4 · · ·
Y 3 XY 3 X 2Y 3 X 3Y 3 X 4Y 3 · · ·
Y 2 XY 2 X 2Y 2 X 3Y 2 X 4Y 2 · · ·
Y XY X 2Y X 3Y X 4Y · · ·
1 X X 2 X 3 X 4 · · ·

...
...

...
...

... ·
(0, 4) (1, 4) (2, 4) (3, 4) (4, 4) · · ·
(0, 3) (1, 3) (2, 3) (3, 3) (4, 3) · · ·
(0, 2) (1, 2) (2, 2) (3, 2) (4, 2) · · ·
(0, 1) (1, 1) (2, 1) (3, 1) (4, 1) · · ·
(0, 0) (1, 0) (2, 0) (3, 0) (4, 0) · · ·



Forgetting about the X q − X , Y q − Y -part. Case
F4[X , Y ]/〈X 3 − Y 2 − Y 〉

Y XY X 2Y X 3Y X 4Y · · ·
1 X X 2 X 3 X 4 · · ·

3 5 7 9 11 · · ·
0 2 4 6 8 · · ·



Forgetting about the X q − X , Y q − Y

I The set of defining polynomials are ∅ respectively
{X q+1 − Y q − Y}. “All” defining polynomials have exactly
two monomials of the same highest weight.

I Monomials in the big footprint are of different weights
implying that so are the monomials in the small footprint.

I ∅ is a Gröbner basis for 〈0〉 and {X q+1 − Y q − Y} is a
Gröbner basis for 〈X q+1 − Y q − Y 〉.

I Fq[X , Y ] and Fq2 [X , Y ]/〈X q+1 − Y q − Y 〉 are examples of
order domains.
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Definition :
w(X1), . . . , w(Xm) ∈ Nr

0\{~0}, ≺Nr
0

a monomial ordering on Nr
0,

≺M a monomial ordering on M(X1, . . . , Xm). The generalized
weighted degree ordering ≺w is given by: M1 ≺w M2 if and only
if one of the following two conditions holds:

(1) w(M1) ≺Nr
0

w(M2) (2) w(M1) = w(M2) and M1 ≺M M2.

wdeg(F ) = max≺Nr
0
{w(M) | M ∈ Sup(F )}



Theorem :
Given ≺w , I ⊂ F[X1, X2, . . . , Xm] and corresponding Gröbner
basis G. Suppose that the elements of the footprint ∆≺w (I)
have mutually distinct weights and that every element of G has
exactly two monomials of highest weight in its support. Then
R = F[X1, X2, . . . , Xm]/I has a weight function defined as
follows. Given a nonzero f ∈ F[X1, X2, . . . , Xm]/I write f = F + I
where F ∈ SpanF{M | M ∈ ∆≺w (I). We have ρ(f ) = wdeg(F )
and ρ(0) = −∞.

Any finitely generated order domain can be described as above.



Example:
Let I = 〈X 3 − Y 2 − Y 〉 then
R = F4[X , Y ]/I = SpanF4

{XαY β + I | β < 2} has a weight
function ρ(XαY β + I) = 2α + 3β for α < 2.

Y XY X 2Y X 3Y X 4Y · · ·
1 X X 2 X 3 X 4 · · ·

3 5 7 9 11 · · ·
0 2 4 6 8 · · ·

f3 f5 f7 f9 f11 · · ·
f0 f2 f4 f6 f8 · · ·

Example:
Fq[X1, . . . , Xm] (here I = 〈0〉) has a weight function given by
ρ(X i1

1 · · ·X
im
m ) = (i1, . . . , im). f(i,j) = X iY j .
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Definition:
R be an Fq-algebra, Γ a subsemigroup of Nr

0, ≺ be a monomial
ordering on Nr

0. A surjective map ρ : R → Γ−∞ := Γ ∪ {−∞}
that satisfies the following conditions is called a weight function

(W .0) ρ(f ) = −∞ if and only if f = 0
(W .1) ρ(af ) = ρ(f ) for all nonzero a ∈ Fq

(W .2) ρ(f + g) � max{ρ(f ), ρ(g)}
and equality holds when ρ(f ) ≺ ρ(g)

(W .3) If ρ(f ) ≺ ρ(g) and h 6= 0, then ρ(fh) ≺ ρ(gh)
(W .4) If f and g are nonzero and ρ(f ) = ρ(g), then there

exists a nonzero a ∈ Fq such that ρ(f − ag) ≺ ρ(g)
(W .5) If f and g are nonzero then ρ(fg) = ρ(f ) + ρ(g).

Example:
X a curve and P a rational place then L∞m=0mP has a weight
function ρ(f ) = −vP(f ).
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Definition:
Let R be an Fq-algebra. A surjective map ϕ : R → Fn

q is called a
morphism of Fq-algebras if ϕ is Fq-linear and
ϕ(fg) = ϕ(f ) ∗ ϕ(g) for all f , g ∈ R (∗ component wise
multiplication).

Example:
R = Fq[X1, . . . , Xm]/I, VFq (I) = {P1, . . . , Pn} and

ϕ :

{
R → Fn

q
F + I 7→ (F (P1) . . . , F (Pn))
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Putting X q − X , Y q − Y back in place

Definition: Write Rγ = {f ∈ R | ρ(f ) � γ}
Let α(1) := ~0. For i = 2, 3, . . . , n define recursively α(i) to be
the smallest element in Γ that is greater than
α(1), α(2), . . . , α(i − 1) and satisfies ϕ(Rγ) ( ϕ(Rα(i)) for all
γ ≺ α(i). Write ∆(R, ρ, ϕ) = {α(1), α(2), . . . , α(n)}.

Example: R = Fq[X1, . . . , Xm]/I, VFq (I) = {P1, . . . , Pn} and
ϕ(F + I) = (F (P1) . . . , F (Pn)). ∆(R, ρ, ϕ) = w(∆≺w (Iq)) where
Iq = I ∪ 〈X q

1 − X1, . . . , X q
m − Xm〉.

Example: I = 〈X 3 − Y 2 − Y 〉 and R = F4[X , Y ]/I

3 5 7 9 11 · · ·
0 2 4 6 8 · · ·

α(1) = 0, α(2) = 2, α(3) = 3, . . . , α(7) = 7, α(8) = 9
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Definition:
For η ∈ ∆(R, ρ, ϕ) = {α(1), α(2), . . . , α(n)} define
M(η) := {γ ∈ ∆(R, ρ, ϕ) | ∃β ∈ ∆(R, ρ, ϕ) with η + β = γ}. Let
σ(η) := #M(η).

Example: I = 〈X 3 − Y 2 − Y 〉 and R = F4[X , Y ]/I

∆(R, ρ, ϕ) σ(η)
3 5 7 9
0 2 4 6

5 3 2 1
8 6 4 2

Definition:

E(λ) := ϕ(Rλ)

Ẽ(δ) := SpanFq
{ϕ(fα(i)) | α(i) ∈ ∆(R, ρ, ϕ) and σ(α(i)) ≥ δ}

Theorem:

d(E(λ)) ≥ min{σ(η) | η ∈ ∆(R, ρ, ϕ), η � λ}
d(Ẽ(δ)) ≥ δ.
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F9[X , Y ]/〈X 4 − Y 3 − Y 〉, w(X ) = 3, w(Y ) = 4

8 11 14 17 20 23 26 29 32
w : 4 7 10 13 16 19 22 25 28

0 3 6 9 12 15 18 21 24

19 16 13 10 7 4 3 2 1
σ : 23 20 17 14 11 8 6 4 2

27 24 21 18 15 12 9 6 3

3 6 9 12 15 18 21 24 27
µ : 2 4 6 8 11 14 17 20 23

1 2 3 4 7 10 13 16 19

µ(6) = 3 as 6 = 0 + 6 = 3 + 3 = 6 + 0
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Codes defined by their parity checks:

Lowest µ-value that is NOT used “gives” Hamming weight.

C(7) is [27, 22, 3] and C(8) is [27, 21, 4]

but

C̃(4) is [27, 22, 4]
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Reed-Solomon codes revisited

Fq = {P1, . . . , Pq}
Consider ~0 6= ~c ∈ ({(F (P1), . . . , F (Pq)) | deg(F ) ≤ s})⊥.
∃l with ~c · ϕ(X l) 6= 0 but ~c · ϕ(X i) = 0, ∀i < l .

#what hits l = #{i | ∃j with i + j = l} = l + 1

To see wH(~c) ≥ l + 1 consider all linear combinations of
monomials that “hits” X l :

Σl
i=0aiX

i = Σh
i=0aiX

i , ah 6= 0

~c · ϕ
(
(Σh

i=0aiX
i)X l−h

)
= ~c · ϕ(ahX h) + ~c · ϕ

(
Σh−1

i=0 aiX
l−h+i

)
= ~c · ϕ(ahX h) + 0 6= 0



Hence, (
~c ∗ ϕ

(
Σh

i=0aiX i
))
· ϕ(X l−h) 6= 0

⇓
~c ∗ ϕ

(
Σh

i=0aiX i
)
6= ~0

Space of possible
(
Σh

i=0aiX i
)
’s is of dimension l + 1



Definition:
For λ ∈ Γ define N(λ) := {(α, β) ∈ Γ2 | α + β = λ}. Let
µ(λ) := #N(λ) if N(λ) is a finite set and µ(λ) = ∞ if not.

Definition:

C(λ) := {~c ∈ Fn
q | ~c · ϕ(fγ) = 0 for all γ � λ}

C̃(δ) := {~c ∈ Fn
q | ~c · ϕ(fα(i)) = 0

for all α(i) ∈ ∆(R, ρ, ϕ) with µ(α(i)) < δ}

Theorem:

d(C(λ)) ≥ min{µ(η) | λ ≺ η, η ∈ ∆(R, ρ, ϕ)} ≥ min{µ(η) | λ ≺ η}
d(C̃(δ)) ≥ δ.
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I = 〈X (qr−1)/(q−1) − Y qr−1 − Y qr−2 − · · · − Y 〉 ⊆ Fqr [X , Y ]

GF(2^7)

0

0.2

0.4

0.6

0.8

1

d/n

0.2 0.4 0.6 0.8 1k/n

Alphabet=Fqr = F27 , n = 213 Improved versus non-improved.



I = 〈X (qr−1)/(q−1) − Y qr−1 − Y qr−2 − · · · − Y 〉 ⊆ Fqr [X , Y ]

GF(4^3)

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

d/n

0.65 0.7 0.75 0.8 0.85 0.9 0.95 1k/n

Alphabet=Fqr = F43 , n = 45 Improved versus non-improved.



I = 〈X (qr−1)/(q−1) − Y qr−1 − Y qr−2 − · · · − Y 〉 ⊆ Fqr [X , Y ]

GF(64)

0

0.2

0.4

0.6

0.8

1

d/n

0.2 0.4 0.6 0.8 1k/n

Alphabet=F64. From above: 64 = 82 gives n = 29, 64 = 43

gives n = 210, 64 = 26 gives n = 211, Hyp64(s, 2) gives n = 212







Tensor product of m Hermitian order domains involves weights
in Nm

0 .

0

0.2

0.4

0.6

0.8

1

k/
n

0.2 0.4 0.6 0.8 1
d/n

Alphabet=F256. From above: Hyp256(s, 2) of length n = 65536,
Herm256(s, 2) of length n = 16777216, Hyp256(s, 3) of length
n = 16777216, Herm256(s, 3) of length n = 68719476736.





Garcia-Stichtenoth towers

Code constructions related to some of the asymptotic good
towers are one-point geometric Goppa codes.

That is, order domain codes.

Invitation 1: Is it possible to find defining equations for
corresponding I and corresponding Iq?
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Where did it all come from?

Feng-Rao theory:
I Provides simplified descriptions of a large class of

algebraically defined codes
I Improved estimation of minimum distance
I Improved code constructions
I Improved decoding algorithms
I Natural tool is Gröbner basis theory

Order domains designed by Høholdt, van Lint and Pellikaan to
support much of the Feng-Rao theory.

Invitation 2: Only a few have looked at codes from surfaces...
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