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B = {by,...,bn} abasis for Fg. Choose any G C B.
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C(B,G) = span{b; | bj € G} (generator matrix)
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Example:

Fq:{Pl,...,Pn}

. [F[X] — TN
o { FX) > (F(Pa).....F(Pn)

B = {by=ev(l),by=ev(X),...,by=ev(X"1)
G = {by,...,bs}

C+(B, G) is (the dual of) a Reed-Solomon code

C(B,G) is a Reed-Solomon code
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Generalized Hamming Weights

D= {(1,1,0,0,1,0)
(1,0,1,0,0,0)
(0,0,1,0,1,0)}

Supp(D) ={1,2,3,5}

di(C) := min{#Supp(D) | D is a subcode of C
of dimension t}

di(C) = d(C)
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e C1(B,G)
e minimum distance

e The Feng-Rao bound 1995

° dz, . ,dk
e P. Heijnen and R. Pellikaan 1998
e T. Shibuya, K. Sakaniwa et al. 1997-2001
e O. G. and C. Thommesen 2006

e C(B,G)

e minimum distance
e T. Shibuya and K. Sakaniwa 2001
e H. E. Andersen and O. G. 2004

° dz, cas ,dk

e H. E. Andersen and O. G. 2004
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u=(uUg,Uz,...,up) V=(V1,V2,...,Vn)
UV = (UpV1,UaVa,. .., UnVp)

Consider word ¢ = (c4,0,C3,C4), C1,C3,C4 # 0

e; = (1,0,0,0) e, = (0,1,0,0)
e3 = (0,0,1,0) e, = (0,0,0,1)

Cx€1=C1e1, C*xey, =0, Cxez =C3€3, C*€4=Cy€y.

dim{c«d | d € Fg} =wy(c) = 3.

www.aau.dk
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Reed-Solomon codes - C(B, G) description
Fq = {P1,...,Pn}

. Fq[X] — Fg
ev : {Fq(x) - (E(Pl),...7F(Pn))

B {by =ev(1),b, = ev(X),...,by = ev(X""1)}
GS — {bl,...,bs}, S::L,,n

Non-zero codewords in C(B, Gi) are of the form:

a a
c= Zaibi —ev (Zaix‘—1> . aa#0and a<k.
i—1 i—1
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exf=(eif,...,enfn) ev(F)xev(G)=ev(FG)
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C x b2 € C(B7 Ga+1)\C(B7 Ga)

Cxbpasr € C(B,Gn)\C(B,Gn_1)

cxby,cxby,...,cxby_5.1 are linearly independent.
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exf=(eif,...,enfn) ev(F)xev(G)=ev(FG)

C * bl € C(B7 Ga)\C(Bv Ga—l)
C x b2 € C(B7 Ga+1)\C(B7 Ga)

cxbn_ar1 € C(B,Gp)\C(B,Gn 1)
cxby,cxby,...,cxby_5.1 are linearly independent.

From this one can deduce that wy(c) > n —a+ 1.

d(Ck)>minfn—a+1ja=1,...,k}}=n—-k+1
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Reed-Solomon codes - C*(B,G) description
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Reed-Solomon codes - C*(B,G) description

C'(B,Gnx) = {ceFg|c-bj=0,i=1....n—k}

If ¢ # 0 then let j be the smallest index in
{n—k+1,...,n} such thatc - b; # 0. We have

c-d 7& 0, vd € C(BvGJ)\C(B7GJ—l)

by «bj € C(B,Gj)\C(B,Gj 1)
bZ*bj—l S C(B,GJ)\C(B,GJ_]_)

bj xbq S C(B,GJ)\C(B,GJ,]_)
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Consider r, = 32, aib, h € {1,...,j}, an # 0.
M * bjfh S C(B,Gj)\C(B,Gj,l)

C-(I’h*bj_h)#o
cCxrph #0

But set of all possible ry’'s, h =1,...,] is a space of
dimension j.
From this one can deduce that wy(c) > j.

d(C*(B,Gn k) >min{j |j € {(n—k+1,...,n} =n—k+1
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General Theory

Define Go := {0} and Gs := {bq,...,bs} for
s=1...,n

C(B,Go) & C(B,G1) S C(B,G2) & --- < C(B,Gn)

Let b; x bj € C(B,Gs)\C(B,Gs_1). Then (i,]) is said to
be OWB if by * b; € C(B,Gs_q) forallu < i.
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Minimum distance of C+(B,G):

For every by ¢ G count number of b;’s such that a b;
exists with (i,j) OWB and

bi x b; € C(B,G)\C(B, G|_1). Minimum distance
greater or equal to smallest found value.
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Minimum distance of C(B,G):

For every b; € G count number of b’s such that a b;
exists with (i,j) OWB and

b x b; € C(B,G)\C(B, G|_1). Minimum distance
greater or equal to smallest found value.

tth generalized Hammingweight of C(B,G):
Consider all possible combinations of t different
bj € G.
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¢ improved bounds on one-point geometric Goppa
codes

e improved bounds on duals of one-point geometric
Goppa codes

e improved one-point geometric Goppa codes

e improved duals of one-point geometric Goppa
codes

e generalizations of above codes to algebraic
structures of higher transcendence degree

e BCH bound a special case of Feng-Rao bound

e Generalized Hamming weights for all the above
and more codes.

www.aau.dk
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Fo[X,Y]/(X*=Y3—Y), w(X)=3,w(Y)=4

www.aau.dk



UNIVERSITY

Fo[X,Y]/(X*=Y3—Y), w(X)=3,w(Y)=4

Y2 XY? X2y? X3y? XA4y? Xx5y? Xx6y?z x7y?

X8y?2
Y Xy X%y X3 X% X% XSy X'y X8
1 X x*2 x® x* X5 Xt X' X8

8 11 14 17 20 23 26 29 32
4 7 10 13 16 19 22 25 28
0 3 6 9 12 15 18 21 24
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8 11 14 17 20 23 26 29 32
w 4 7 10 13 16 19 22 25 28
0 3 6 9 12 15 18 21 24
3 6 9 12 15 18 21 24 27
" 2 4 6 8 11 14 17 20 23
1 2 3 4 7 10 13 16 19

w6)=3 as 6=0+6=3+3=6+0
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8 11 14 17 20 23 26 29 32
w 4 7 10 13 16 19 22 25 28
0 3 6 9 12 15 18 21 24
3 6 9 12 15 18 21 24 27
" 2 4 6 8 11 14 17 20 23
1 2 3 4 7 10 13 16 19

w6)=3 as 6=0+6=3+3=6+0

C*(B,G)codes: C(8),k =27—-6=21,d =4
C(4),k =27-5=22.d =4
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11 14
7 10
3 6

=
o~ ®

19 16 13
o 23 20 17
27 24 21

17
13
9

10
14
18

20
16
12

7
11
15

23 26 29 32
19 22 25 28
15 18 21 24

4 3 2 1
8 6 4 2
12 9 6 3

0(25) =4 as 25+0 = 25,2543 = 28,25+4 = 29,2547 = 32
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11 14 17 20 23 26 29 32
7 10 13 16 19 22 25 28
3 6 9 12 15 18 21 24

=
o~ ®

19 16 13 10 7 4 3 2 1
o 23 20 17 14 11 8 6 4 2
27 24 21 18 15 12 9 6 3

0(25) =4 as 25+0 = 25,2543 = 28,25+4 = 29,2547 = 32

C(B,G) codes: E(23),k =21,d =4
E(4),k=22,d =4
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FIG[XvY]/<x5_Y4_Y>7 n=64

k dp dy d3g ds ds ds d; dg do

Cc(6) 55 6 8 9 11 12 14 15 16 18

C(14) 55 4 8 9 12 13 14 16 17 18
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