
Prikproduktregel 1

Theorem
f , g : V → Rm, V ⊂ Rm differentiabel i a ⇒ f · g : V → R
differentiabel i a og ∇(f · g)(a) = g(a)Df (a) + f (a)Dg(a).

f (a + h) · g(a + h)− f (a) · g(a)−g(a)Df (a)(h)− f (a)Dg(a)(h) =
(f (a + h) − f (a) − Df (a)(h)) · g(a + h)
+Df (a)(h) · (g(a + h) − g(a))
+f (a) · (g(a + h) − g(a) − Dg(a)(h))
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Prikproduktregel 2

Theorem
f , g : V → Rm, V ⊂ Rm differentiabel i a ⇒ f · g : V → R
differentiabel i a og ∇(f · g)(a) = g(a)Df (a) + f (a)Dg(a).

f (a + h) · g(a + h)− f (a) · g(a)−g(a)Df (a)(h)− f (a)Dg(a)(h) =
(f (a + h) − f (a) − Df (a)(h)) · g(a + h) T1(h) := ε(h) · g(a + h)
+Df (a)(h) · (g(a + h) − g(a)) T2(h)
+f (a) · (g(a + h) − g(a) − Dg(a)(h)) T3(h) := f (a) · δ(h)
|T1(h)| ≤‖ ε(h) ‖‖ g(a + h) ‖

0 ≤ ‖T1(h)‖
‖h‖ ≤ ‖ε(h)‖

‖h‖ ‖ g(a + h) ‖→h→0 0 ‖ g(a) ‖= 0.
|T2(h)| ≤‖ Df (a)(h) ‖‖ g(a + h) − g(a) ‖
≤‖ Df (a) ‖‖ h ‖‖ g(a + h) − g(a) ‖

0 ≤ ‖T2(h)‖
‖h‖ ≤‖ Df (a) ‖‖ g(a + h) − g(a) ‖→h→0‖ Df (a) ‖ 0 = 0.
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