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Purposeofworkshop

•Discusslikelihood-basedinferencefornon-linearandnon-Gaussianmixed

models.

•Reviewmethodsforcomputationofthelikelihoodfunctionforsuch

models(toprovideknowledgeofthebackgroundtechnologyusedin

software).

•InparticularconsiderMonteCarlomethodsandhowtoobtainMonte

CarlosamplesusingMCMC.

•DiscussBayesianinferencefornon-linearandnon-Gaussianmixedmodels

andhowitcanbeimplementedinBUGS.
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Outline

LectureI
•Dataexamples

•Generalizedlinearmixedmodels

•Computationoflikelihoodfunction

LectureII
•importancesampling

•maximizationoflikelihood(derivatives)

•MarkovchainMonteCarlo

LectureIII
•MarkovchainMonteCarlousingBUGS

•BayesianinferenceusingBUGS

LectureIV
•Analysisofsensitivitytospecificationofpriors

•Non-normalrandomeffects

•?
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Dataexample:cherries

YstBb=







1ifbudisfresh

0ifbudisdead

s=1,...,5STOCK(variety),t=1,...,4TREE,B=1,2,3BRANCH,

b=1,2,...BUD.

Aresomestocksmoresensitivetonightfrostthanothers?

Logisticregressionbutobservationsonsametree/branchmaybecorrelated.....
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Dataexample:behavioraldataforpiglets

Yzlwrnumberofaggressionsundershowerwithin48minutesfortreatment

z=0,1Z,treatmentl=0,1L,weekw=1,...,4WEEK,andreplicate

r=1,...,6REPL.

Histogramofobservations:
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Non-nestedrandomeffectsREPLREPL*WEEKandREPL*Z*L(=PEN)
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Dataexample:growthcurvesforpigs

Yptweightofpigpattimet.
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Growthcurvewithrandomcoeffient?
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Normallinearmixedmodel(cherriesdesign):

Ust∼Nk(0,τ
2
TR)UstB∼N(0,τ

2
BR)εstBb∼N(0,σ

2
)independent

YstBb=βs+Ust+UstB+εstBb.

Generalformulation:

U∼N
(

0,Σ(τ)
)

Y=Xβ+ZU+ε∼N
(

Xβ,ZΣ(τ)Z
T

+σ
2
I
)

multivariatenormal.

Likelihoodfunction(θ=(β,σ
2
,τ)):

L(θ)=f(y;θ)=

∫

Rk

f(y,u;θ)du=

∫

Rk

f(y|u;β,σ
2
)f(u;τ)du

=|Σ(τ)+σ
2
εI|

−1/2
exp

(

−(y−Xβ)
T
(Σ(τ)+σ

2
εI)

−1
(y−Xβ)/2

)

Computemaximumlikelihood(ML)orrestrictedmaximumlikelihood

(REML)estimatese.g.usingPROCMIXED.
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Non-normalexample:logisticregressionwithrandomeffects(simpleexp.

design)

Uj∼N(0,τ
2
),j=1,...,n

Yjl|Uj=uj∼Bern(pj)=binomial(1,pj),l=1,...,nj

log(pj/(1−pj))=ηj=β+Uj

pj=exp(ηj)/(1+exp(ηj))

Conditionaldensity:

f(y|u;β)=
∏

j,l

p
yjl

j(1−pj)
1−yjl

=
∏

j

exp(β+uj)
yj+

(1+exp(β+uj))nj

Likelihoodfunction(u=(u1,...,un))
∫

f(y|u;β)f(u;τ
2
)du=

∏

j

∫

R

exp(β+uj)
yj+

(1+exp(β+uj))nj

1
√

2πτ2
exp(−u

2
j/(2τ

2
))duj

Noanalyticalsolution.
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Generalizedlinearmixedmodels

U∼Np(0,Σ(τ))

Linearpredictor

η=Xβ+ZU

Linkfunction

g(E[Y|U=u])=η

Conditionaldistributionparametrisedbyηanddispersionparameterφ

Y|U=u∼f(y|u;β,φ)

Examples:

•Y|UPoissonwithg(x)=log(x)andφ=1

•Y|UBernouilliwithg(x)=log(x/(1−x))andφ=1

LikelihoodintractableexceptwhenY|Uisnormalandg(η)=η.
9

Penalizedquasilikelihood

θ=(β,τ,φ)

PQLestimatesθ̂andûmaximizejointdensity

f(y,u;θ)=f(y|u;β,φ)f(u;τ).

PQLestimateslessaccuratethanML.

Asymptoticresultsrequireincreasingnumberofobservationsforeachrandom

effect.

ImplementedinSASmacroglimmix.
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Nonlinearnormalmixedmodels

Example(growthcurveforpigs):

Up∼N(0,τ
2
)andεpt∼N(0,σ

2
)independent

m(t;Up,a,b,c)=exp
(

a−bexp(−t(c+Up))
)

Ypt=m(t;Up,a,b,c)+εpt

Likelihood(θ=(a,b,c,τ
2
,σ

2
)):

L(θ)=
∏

p

∫

R

[

∏

t

exp(−(ypt−m(t|ui;a,b,c))
2
/(2σ

2
))

√
2πσ2

]exp(−u
2
p/(2τ

2
))

√
2πσ2

dup
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Thecomputationalproblem

U=(U1,...,Un)∼Nn(0,Σ(τ))

η=Xβ+ZU

Yi|U=u∼fi(·|u;β,φ)independent

n-dimensionalintegral:

L(θ)=

∫

Rn

[

∏

i

fi(yi|u;β,φ)
]

f(u1,...,un;τ)du1···dun

Mayfactorizeintolower-dimensionalintegralsdependingonstructureofΣ(τ)

andZ.
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Examples:

Growthcurves:onedimensional

L(θ)=

∫

Rn

n∏

p=1

[

f(up)

np
∏

t=1

f(ypt|up)
]

du1···dun=

n∏

p=1

∫

R

[np
∏

t=1

f(ypt|up)
]

f(up)dup

Cherries:4dimensional

L(θ)=
∏

s,t

∫

R4

[

∏

B,b

f(ystBb|ustB,ust)
][3∏

B=1

f(ustB)
]

f(ust)dust1dust2dust3dust

Behavioral:9dimensional

L(θ)=
∏

r

∫

R9

[

∏

zlw

f(yzlwr|uzlr,uwr,ur)
][

∏

zl

f(uzlr)duzlr

][

∏

w

f(uwr)duwr

]

f(ur)dur
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One-dimensionalcase

Compute

L(θ)=

∫

R

f(y|u;β)f(u;τ)du

Possibilities:

•Laplaceapproximation.

•Numericalintegration/quadrature(e.g.Gaussianquadratureasin

PROCNLMIXED)(onelevelofrandomeffects,dimensionsoneortwo).

•SimpleMonteCarlo(smalldimensions).

•Importancesampling.
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Laplaceapproximation

Letg(u)=log(f(y|u)f(u))andchooseûsog
′
(û)=0(û=argmaxg(u)).

Taylorexpansionaroundû:

g(u)≈g̃(u)=g(û)+(u−û)g
′
(û)+

1

2
(u−û)

2
g
′′
(û)=g(û)−

1

2
(u−û)

2
(

−g
′′
(û)

)

I.e.exp(g̃(u))proportionaltodensityforN
(

û,−1/g
′′
(û)

)

.

L(θ)=

∫

R

exp(g(u))du≈
∫

R

exp(g̃(u))du

=exp(g(û))

√

−2π

g′′(û)

∫

R

exp
(

−
1
2(u−û)

2
(

−g
′′
(û)

)

√

2π(−1/g′′(û))
du=exp(g(û))

√

−2π

g′′(û)

Alsopossibleforhigherdimensions.

NB:f(u|y)=f(y|u)f(u)/f(y)∝exp(g(u))soU|Y=y≈N
(

û,−1/g
′′
(û)

)

.
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SimpleMonteCarlo:

L(θ)=

∫

R

f(y|u;β)f(u;τ
2
)du=Eτ2f(y|U;β)≈LSMC(θ)=

1

M

M∑

m=1

f(y|U
m

;β)

whereU
m

∼N(0,τ
2
)independent.

MonteCarlovariance:

Var(LSMC(θ))=
1

M
Varf(y|U

1
;β)

OftenVarf(y|U
1
;β)islargesolargeMisneeded.

EstimateVarf(y|U
1
;β)usingempiricalvarianceestimatebasedon

f(y|U
m

;β),m=1,...,M:

1

M−1

M∑

m=1

(f(y|U
m

;β)−LSMC(θ))
2

16



Importancesampling

h(·)probabilitydensityonR.

L(θ)=

∫

R

f(y|u;β)f(u;τ
2
)du=

∫

R

f(y|u;β)f(u;τ
2
)

h(u)
h(u)du=E

f(y|V;β)f(V;τ
2
)

h(V)

whereV∼h(·).

L(θ)≈LIS,h(θ)=
1

M

M∑

m=1

f(y|V
m

;β)f(V
m

;τ
2
)

h(Vm)
whereV

m
∼h(·),p=1,...,M

FindhsoVar
f(y|V;β)f(V;τ

2
)

h(V)small.

VarLIS,h(θ)<∞iff(y|v;θ)f(v;θ)/h(v)bounded(i.e.useh(·)withheavy

tails).
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Possibility:Note

f(y|u,β)f(u;τ
2
)=constf(u|y;θ)⇔

f(y|u,β)f(u;τ
2
)

f(u|y;θ)
=const

(const=1/L(θ)).

Laplace:U|Y=y≈N
(

û,−1/g
′′
(û)

)

Useh(·)densityforN
(

û,−1/g
′′
(û)

)

ortν
(

û,−1/g
′′
(û)

)

-distribution:

f(y|u,β)f(u;τ
2
)

h(u)≈const

sosmallvariance.

Simulationstraightforward.
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Possibility:Considerfixedθ0:

h(u)=f(u|y,θ0)=f(y|u;θ0)f(u;θ0)/L(θ0)

Then

L(θ)=

∫

R

f(y|u;β)f(u;τ
2
)

h(u)
h(u)du=L(θ0)

∫

R

f(y|u;β)f(u;τ
2
)

f(y|u;β0)f(u;τ2
0)

f(u|y,θ0)du

=L(θ0)E
[

f(y|U;β)f(U;τ
2
)

f(y|U;β0)f(U;τ2
0)|Y=y

]

⇔
L(θ)

L(θ0)
=E

[

f(y|U;β)f(U;τ
2
)

f(y|U;β0)f(U;τ2
0)|Y=y

]

SowecanestimateratioL(θ)/L(θ0)whereL(θ0)isunknownconstant.

ThissufficesforfindingMLE:

argmax
θ

L(θ)=argmax
θ

L(θ)

L(θ0)
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Maximizationoflikelihood

Wanttosolve

u(θ)=
d

dθ
logL(θ)=0

Newton-Raphsoniteration:

θ
m+1

=θ
m

+u(θ
m

)i(θ
m

)
−1

Scoreandinformation(f(y,u;θ)=f(y|u;β)f(u;τ
2
)):

u(θ)=Eθ[
d

dθ
logf(y,U;θ)|Y=y]

i(θ)=−
d

dθ
u(θ)=u(θ)

2
−Eθ[

d
2

dθ2logf(y,U;θ)+(
d

dθ
logf(y,U;θ))

2
|Y=y]

Replaceu(θ
m

)andi(θ
m

)byMonteCarloestimates.

(NBcoincideswithderivativesofMonteCarloapproximationoflikelihoodif

sameimportancesamplingdistributionused).
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EM-algorithm:

Supposeθ
m

iscurrentparametervalue.Obtainθ
m+1

bymaximizing

Eθm[logf(y,U;θ)|Y=y]

MCEM(MonteCarloEM):useMonteCarloapproximation

Eθm[logf(y,U;θ)|Y=y]≈
1

M

M∑

m=1

logf(y,U
m

;θ)

whereU
m

∼f(u|y;θ
m

)=f(y|u;β
m

)f(u;τ
2,m

)/L(θ
m

).

orimportancesampling

Eθm[logf(y,U;θ)|Y=y]≈
1

M

M∑

m=1

logf(y,U
m

;θ)
f(y|U

m
;θ

m
)f(U

m
;τ

2,m
)/L(θ

m
)

h(Um)

whereU
m

∼h(·).
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FurtheruseofMonteCarlo:PredictionofU

Considerpairofrandomvariables(X,Y).

MinimummeansquareerrorpredictorX̂ofXgivenobservationofYis

conditionalexpectationE(X|Y).

I.e.

E(X−X̂)
2

isminimalforX̂=E(X|Y).

ComputeMonteCarloestimateofE(U|Y=y)usingconditionalsimulations

ofU|Y=yorimportancesampling.

E(U|Y=y)=
1

M

M∑

m=1

U
m

,U
m

∼f(u|y)

22

ConditionalsimulationofU|Y=y

Note

f(y|u;β0)f(u;τ
2
0)≤Bf(u;τ

2
0)

whereB=supuf(y|u;τ
2
0).

Rejectionsampling:

1.GenerateV∼f(·;τ
2
0)andW∼Unif(]0,1[)

2.ReturnVifW≤f(y|V;τ
2
0)/B;otherwisegoto1.

Typicallysmallprobabilityforaccept(cf.simpleMonteCarloMethod).

Extremelysmallacceptprobabilityinhighdimensions(curseof

dimensionality).

InsteadwecanuseMCMC(later).
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Curseofdimensionalityforatoyexample

Suppose

(U1,...,Un)∼Unif([0,1]
n
)

and

Yi|Ui=ui∼Unif([θi−ε/2,θi+ε/2])

Then

(U1,...,Un)|Y1=y1,...,Yn=yn∼Unif(×
n
i=1[yi−ε/2,yi+ε/2]∩[0,1]

n
)

I.e.(U1,...,Un)|Y1=y1,...,Yn=ynlivesonsetofvolume<ε
n
.

Verysmallprobability<ε
n

thatasimulationfromUnif([0,1]
n
)fallsin

×
n
i=1[yi−ε/2,yi+ε/2]∩[0,1]

n
.
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Conditionalsimulationforhigh-dimensionalU:Markovchain

MonteCarlo

Consider

U=(U1,...,Un)∼Nn(0,Σ)

with

Cov(Ui,Uj)6=0foralli,j

Thenn-dimensionalconditionaldensityforU|Y=y:

f(u1,...,un|y)∝[
∏

i

f(yi|u1,...,un)]f(u1,...,un)

Cannotbefactorizedintolowerdimensionaldensities.
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Example:spatialstatistics(ChristensenandWaagepetersen2001)

ObservationsYiareweedcountsatspatiallocations(xi,yi)i=1,...,270

Yi|UiisPoissonwhereUirandomeffectassociatedwith(xi,yi)(soil

properties).

Cov(Ui,Uj)=τ
2
exp(−dij/α)

wheredijisdistancebetween(xi,yi)and(xj,yj)

26

Example:quantitativegenetics(SorensenandWaagepetersen2003)

Yijsizeofjthlitterofithpig.

Ui,ŨirandomgeneticeffectsinfluencingsizeandvariabilityofYij:

Yij|Ui=ui,Ũi=ũi∼N(µ+ui,exp(µ̃i+ũi))

(U1,...,Un,Ũ1,...,Ũn)∼N(0,G⊗A)

A:additivegeneticrelationshipmatrix(dependingonpedigree).

G=





σ
2
aρσaσã

ρσaσãσ
2
ã





ρ:coefficientofgeneticcorrelationbetweenUiandŨi.

NB:highdimensionn>6000.
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MCMC

SupposeU=(U1,...,Un)∼π(·)whereπ(·)isacomplicatedprobability

distribution.

MarkovchainMonteCarlo:

GenerateergodicMarkovchain

U
1
,U

2
,U

3
,...(U

m
=(U

m
1,...,U

m
n)

sothat

distributionofU
m

→π(·)
I.e.forlargem,U

m
∼π(·)and

Eπk(U)≈
1

M

M∑

m=1

k(U
m

)

28



JointupdatingMetropolis-Hastingsalgorithm:

Basicingredient:proposaldensity

q(v|u),v∈R
n

definedforallu∈R
p

andeasytosample.

GiveninitialstateU
1

generateU
2
,U

3
,...asfollows:

1.ConditionalonU
m

=u
m

generateproposalV
m+1

∼q(·|u
m

).

2.Withprobability

min{1,
π(V

m+1
)q(u|V

m+1
)

π(um)q(Vm+1|um)}

acceptU
m+1

=V
m+1

;otherwiseU
m+1

=u
m

.

Undermildconditionsofirreducibilityandaperiodicitythisproducesan

ergodicMarkovchainwithstationarydistributiongivenbyπ(·).
29

Ex:randomwalkMetropolis:

V
m+1

∼N(u
m

,σ
2
prop)

whereσ
2
propistheproposalvariance.

Then

q(v|u)=q(u|v)

soMetropolis-HastingsratioreducestoMetropolisratio:

min{1,
π(V

m+1
)q(u|V

m+1
)

π(um)q(Vm+1|um)}=min{1,
π(V

m+1
)

π(um)}
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Simpleexample(Exercise1):

π(u|y)=
10 ∏

i=1

f(yi|exp(u+β))f(u;τ
2
)/L(θ)

wheref(yi|λ)densityforPoissondistributionofintensityλ.

RandomwalkMetropolisratio(normalisingconstantL(θ)=f(y;θ)cancels

out):

∏

10
i=1f(yi|exp(V

m+1
+β))f(V

m+1
;τ

2
)/L(θ)

∏

10
i=1f(yi|exp(um+β)f(um;τ2)/L(θ)

=

∏

10
i=1f(yi|exp(V

m+1
+β))f(V

m+1
;τ

2
)

∏

10
i=1f(yi|exp(um+β)f(um;τ2)

NB:needonlyknowπuptoconstantofproportionality.
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ConvergenceofMarkovchainsforsimpleexample

PlotsofU
1
,U

2
,U

3
,...:

σ
2
prop=0.2(acceptrate24%)σ

2
prop=40(acceptrate1%)

02004006008001000

2.0
2.5

3.0
3.5

4.0

Index

sam
ple

02004006008001000

1.5
2.0

2.5
3.0

3.5
4.0

Index

sam
ple
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Autocorrelation/mixing:

Plotofautocorrelationρ(k)=Corr(U
m

,U
m+k

):

σ
2
prop=0.2(quickmixing)σ

2
prop=40(slowmixing)

051015202530

0.0
0.2

0.4
0.6

0.8
1.0

Lag

A
C

F

051015202530

0.0
0.2

0.4
0.6

0.8
1.0

Lag
A

C
F

Note:

Var
1

M

M∑

m=1

U
m

=
VarU

M2

M∑

m=1

M∑

n=1

ρ(|m−n|)

sosmallautocorrelationadvantageous.
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Single-siteMetropolis-Hastings

Updateonecomponentineachiteration.

Updateofithcomponent:

1.ConditionalonU
m

=u
m

generateV
m+1
i∼qi(·|u

m
)andlet

V
m+1

=(u
m
1,...,u

m
i−1,V

m+1
i,u

m
i+1,...,u

m
n)

2.Withprobability

min{1,
π(V

m+1
)qi(u

m
i|V

m+1
)

π(um)qi(V
m+1
i|um)

}

acceptU
m+1

=V
m+1

;otherwiseU
m+1

=u
m

.

Repeatfori=1,...,n
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Examples

RandomwalkMetropolis:V
m+1
i∼N(u

m
i,σ

2
prop)and

min{1,
π(V

m+1
)qi(u

m
i|V

m+1
)

π(um)qi(V
m+1
i|um)

}=min{1,
π(V

m+1
)

π(um)}

Gibbssampler:V
m+1
i∼Ui|Uj=u

m
j,j6=i.

Thenq(V
m+1
i|u

m
)=πi(V

m+1
i|u

m
−i)and

π(V
m+1

)qi(u
m
i|V

m+1
)

π(um)qi(V
m+1
i|um)

=
πi(V

m+1
i|u

m
−i)π(u

m
−i)πi(u

m
i|u

m
−i)

πi(um
i|um

−i)π(um
−i)πi(V

m+1
i|um

−i)
=1

soallproposalsareaccepted.

Noneedtochooseaproposalvariance.
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ImplementationofMCMCusingBUGS(Bayesiananalysisusing

Gibbssampling).

ModelspecificationinBUGS:hierarchical/directedacyclicgraph(DAG).

Example:

τ
2

=1σ
2

=0.05

U|τ
2
,σ

2
∼N(0,τ

2
)

Y1,Y2|U=u,τ
2
,σ

2
∼N(u,σ

2
),conditionallyindependent

DAG:BUGScode

model{

tau2rec<-1

sigma2rec<-1/0.05

u~dnorm(0.0,tau2rec)

y1~dnorm(u,sigma2rec)

y2~dnorm(u,sigma2rec)

}
36



Bayesianinferenceforhierarchicalmodel

Introducepriorp(θ)forunknownparameters.

Posteriordistribution(knowledgeobtainedbyobservingdatay):

p(θ|y)=
f(y|θ)p(θ)

f(y)∝L(θ)p(θ)

LikelihoodL(θ)givendatayisunknownsoconsideraugmentedposterior

(demarginalize)

p(θ,u|y)∝f(y|u,θ)f(u|θ)p(θ)

Computeposteriorexpectations,variancesetc.usingsamplesfromp(θ,u|y).

Note:if(θ
m

,U
m

)samplefromp(θ,u|y)thenθ
m

samplefromp(θ|y).

Hence,computationofL(θ)avoided.
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Example:Bayesiananalysisforcherries

Priors:

1/τ
2
TR,1/τ

2
BR∼Γ(0.001,0.001)βs∼N(0,10

6
)

N(0,10
6
)Γ(0.001,0.001)Priorforlog(τ

2
BR)

−400002000

0e+
00

1e−
04

2e−
04

3e−
04

4e−
04

x

N
orm

al

0.00.51.01.52.0

0
1

2
3

4
5

x

gam
m

a

0.00.51.01.52.0

0.0000
0.0010

0.0020

x

Mean1andvariance1000forΓ(0.001,0.001).

Ust∼Nk(0,τ
2
TR)UstB∼N(0,τ

2
BR)independent

YstBb|Ust,UstB,τ
2
TR,τ

2
BR,βs∼Bern

(

exp(βs+Ust+UstB)/(1+exp(βs+Ust+UstB)
)
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Someposteriorresultsforcherries

Priorsandposteriorsforβ1and1/τ
2
BR:

β11/τ
2
BR

beta1

−2024

0.0
0.1

0.2
0.3

0.4
0.5

tau2branchrec

0.00.20.40.60.8

0
1

2
3

4
5

Posteriormean0.77andvariance0.52Posteriormean0.23andvariance0.005
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Transformation

SupposeXhasdensityfXandY=g(X).

Then

fY(y)=fX(g
−1

(y))/g
′
(g

−1
(y))

If1/τ
2
∼Γ(α,β)thendensityofω=−log(τ

2
)is

β
α

Γ(α)
exp(−ωα−βexp(−ω))≈constifαandβsmall

If1/τ
2
∼Γ(α,β)thendensityofτ=(1/τ

2
)
−1/2

is

2β
α

Γ(α)
τ
−2α−1

exp(−βτ
−2

)
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Plotofdensityforτ=(1/τ
2
)
−1/2

when1/τ
2
∼Γ(0.001,0.001)

0.00.51.01.52.0

0.000
0.010

0.020

x

41

Sensitivitytopriorspecification

Considertwopriorsp1(θ)andp2(θ)whichyieldsposteriors

p1(θ|y)=f(y|θ)p1(θ)/f1(y)

and

p2(θ|y)=f(y|θ)p2(θ)/f2(y)

Supposewehavesampleθ
m

fromp1(θ|y)andwewanttocompute

E2[h(θ)|y]=

∫

h(θ)p2(θ|y)dθ
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Reusesampleusingimportancesampling:

E2[h(θ)|y]=

∫

h(θ)p2(θ|y)dθ=

∫

h(θ)
p2(θ|y)

p1(θ|y)
p1(θ|y)dθ

=

∫

h(θ)
f(y|θ)p2(θ)f1(y)

f(y|θ)p1(θ)f2(y)
p1(θ|y)dθ=

f1(y)

f2(y)

∫

h(θ)
p2(θ)

p1(θ)
p1(θ|y)dθ

≈
(

f2(y)

f1(y)

)

−1
1

M

M∑

m=1

h(θ
m

)
p2(θ

m
)

p1(θm)

Moreover:

f2(y)

f1(y)
=

∫

f(y|θ)p2(θ)

f(y|θ)p1(θ)

f1(y|θ)p1(θ)

f1(θ)
dθ=

∫

p2(θ)

p2(θ)
p1(θ|y)dθ≈

1

M

m∑

m=1

p2(θ
m

)

p1(θm)
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