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Data (Barro Colorado Island Forest Dynamics Plot)
Observation window: S = [0, 1000] x [0, 500]m?

Beilschmiedia

Elevation Gradient norm (steepness)
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Question: tree intensities related to elevation and gradient ?

Additional source of variation: clustering due to seed dispersal.



K-functions (adjusted for inhomogeneity due to covariates)

Beilschmidia Ocotea
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Poisson process not appropriate.



Cluster process (Thomas process)

L

roT

-

Mothers (crosses) Poisson
point process ® with inten-
sity & > 0.

Offspring X = UccoXc
distributed around moth-
ers ¢ according to bivariate
Gaussian density f.

w: standard deviation of Gaussian density
«: mean of Poisson number of offspring for each mother.

Random intensity function:

A(u) :aZf(u—c;w)

ced



Inhomogeneous Cox process

z1.p(t) = (z1(u), ..., zp(u)) vector of p nonconstant covariates.

Br:p = (B1, ... Bp) regression parameter.

Random intensity function:

ANu) =« exp(z(u)lzpﬁlp) Z f(u—cw)

ced
Rain forest example:

21:2(U) = (Zelev(u), Zgrad(u))

elevation/gradient covariate



Interpretation in terms of thinning

Survival probabilities

Homogeneous Cox process

p(u) o< exp(z1:2(u)B7.,)
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Parameter Estimation: regression parameters
Intensity function for inhomogeneous Cox:
p(u) = rarexp(z(u)1pf1.,) = exp(z(u)T)
z(u) = (L, z1p(u)) B = (log(kar), Br:p)



Parameter Estimation: regression parameters
Intensity function for inhomogeneous Cox:

pp(u) = rovexp(z(u)1:p1.) = exp(z(u)3")
z(u) = (L, z1:p(v)) B = (log(ra), B1.p)

Consider indicators N; = 1[X N C; # )] of occurrence of points in
disjoint C; (W = UG;) where P(N; = 1) = pg(u;)dC;, ui € C.
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Intensity function for inhomogeneous Cox:
p(u) = rarexp(z(u)1pf1.,) = exp(z(u)T)
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Composite likelihood

n

[T(os(ud )M (1=ps(un)d ) =" = T ps(un)™ (1-ps(ur)d G~

i=1 i=1

Limit (dC; — 0) of log composite likelihood

0)= 3 togpsle) ~ [ polu)du

ueXnw w

Maximize using spatstat to obtain A.



Asymptotic distribution of regression parameter estimates

Assume increasing mother intensity: x, = nk — oo and
® = U7 ,®;, ®; independent Poisson processes of intensity .

Score function asymptotically normal:

1 dlE) 1 (

Vndlogadf., +/n Z z(u) — nka /WZ(U) eXP(Z(U)lrpﬁz-lr:p)dU>

ueXNW

— %é} [Z Z z(u) — R /Wexp(zl;p(u)ﬁir:p)du} ~ N(0, V)

ceED; ueX.NW

where V =Var}_ o > ,ex.nw 2(u)



Asymptotic distribution of regression parameter estimates

Assume increasing mother intensity: x, = nk — oo and
® = U7 ,®;, ®; independent Poisson processes of intensity .

Score function asymptotically normal:

1A 1 .
T Togedi = 77 <u§2wz(“) - nia [ 200 ex"(z(”)“’ﬁl")d”>

— %é} [Z Z z(u) — R /Wexp(zl;p(u)ﬁlp)du} ~ N(0, V)

ceED; ueX.NW
where V =Var}_ o > ,ex.nw 2(u)

By standard results for estimating functions (J observed
information for Poisson likelihood):

\/H—n[(log(&)aﬁlzp) — (log a,ﬁl:p)] ~ N(0, J1 VJ_l)



Parameter Estimation: clustering parameters
Theoretical expression for (inhomogeneous) K-function:

K(t;k,w) = mt? + (1 — exp(—t?/(2w)?)) /k.



Parameter Estimation: clustering parameters
Theoretical expression for (inhomogeneous) K-function:

K(t;k,w) = mt? + (1 — exp(—t?/(2w)?)) /k.
Semi-parametric estimate

10 < |lu—v| < t]
P W O Wy

K(t) =
u,veXNWw



Parameter Estimation: clustering parameters
Theoretical expression for (inhomogeneous) K-function:

K(t;k,w) = mt? + (1 — exp(—t?/(2w)?)) /k.
Semi-parametric estimate

10 < |lu—v| < t]
P W O Wy

K(t) =
u,veXNWw
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Simulation study

Quantile plots of Betey (varying expected numbers 25, 50 and 250
of mothers and offspring, 200 or 800)
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Simulation study Il

Quantile plots of ﬂAgrad (varying expected numbers 25, 50 and 250
of mothers and offspring, 200 or 800)
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Results for Beilschmiedia

Parameter estimates and confidence intervals (Poisson in red).

Elevation Gradient K o w
0.021 [-0.018,0.061] 5.842 [0.885,10.797] 8e-05 85.9 20.0
[0.017,0.026] [5.340,6.342]

Clustering: less information in data and wider confidence intervals
than for Poisson process (independence).

Evidence of positive association between gradient and
Beilschmiedia intensity.



Alternative methods of parameter estimation

1. MLE based on birth-death MCMC algorithm for mother
points computationally difficult:
» need to evaluate
F(x|A) = elsCAEDd TT A1)
uex
in each MCMC iteration (birth or death of mother point):

numerical integration
> birth or death of mother point: big change in

Nu) = aexp(z(u)1pBL,) D Fu—c;w)
ced
hence low acceptance rates.
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1. MLE based on birth-death MCMC algorithm for mother
points computationally difficult:
» need to evaluate

F(x|A) = elsCAEDd TT A1)
uex

in each MCMC iteration (birth or death of mother point):
numerical integration
> birth or death of mother point: big change in

ANu) = aexp(z(u)lzpﬂlp) Z f(u—ciw)
ced

hence low acceptance rates.

2. Second-order estimating function: instead of intensity use
second-order product density
A (u,v; B,y w) = ps(w)ps(V)g(lu = v]; k)

where g(r; k,w) = 1 + exp(—r?/(2w)?)/ (47 kw?) (pair
correlation)



Second order estimating function

Consider composite likelihood for indicators
Nij =1XN G # 0 and XN G # 0]

of simultaneous occurrence of points in disjoint C; and C; where

P(Nj = 1) ~ p(u, v 1, w)ACAG = pa(u)ps(Ve(llu—v]: 5, w)dCAG



Second order estimating function
Consider composite likelihood for indicators
Nj =1[XN G # 0 and XN G # 0]

of simultaneous occurrence of points in disjoint C; and C; where
2
P(Nj =1)~ p(ﬁ)(u, v; k,w)dCGd G = pg(u)pp(v)g(||u—v]; k,w)dCGd

Log composite likelihood converges (dC; — 0) to

#
h(B, k,w) = Z Iogpg)(U, v;/-ﬂ,w)—//w2 p(;)(u, v; kyw)dudv

u,veX

Maximize to obtain joint estimate of (k,w, [3)

Computationally involved (double integrals), similar efficiency as
two-step method in preliminary simulation study.
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Software: R packages spatstat (Baddeley & Turner) and
InhomCluster
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