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ABSTRACT. This article gives general results on invariance of anisotropic Lizorkin—Triebel
spaces with mixed norms under coordinate transformations on Euclidean space, open sets
and cylindrical domains.

1. INTRODUCTION

This paper continues a study of anisotropic Lizorkin—Triebel spaces prj(R") with mixed
norms, which was begun in [JS07, [JSO8] and followed up in our joint work [JHS12].

First Sobolev embeddings and completeness of the scale ng(R") were established in
[JSO7], using the Nikol’skii-Plancherel-Polya inequality for sequences of functions in the
mixed-norm space Lz(R"), which was obtained straightforwardly in [JS07]. Then a detailed
trace theory for hyperplanes in R™ was worked out in [JSO§], e.g. with the novelty that
the well-known borderline s = 1/p has to be shifted upwards in some cases, because of the
mixed norms. )

Secondly, our joint paper [JHS12] presented some general characterisations of FE;(R”),
which may be specialised to kernels of local means, in Triebel’s sense [Tri92]. One interest
of this is that local means have recently been useful for obtaining wavelet bases of Sobolev

spaces and especially of their generalisations to the Besov and Lizorkin—Triebel scales. Cf.
works of Vybiral [Vyb06, Th. 2.12], Triebel [Tri08, Th. 1.20], Hansen [Hanl0, Th. 4.3.1].

In the present paper, we treat the invariance of Fg’f under coordinate changes. During
the discussions below, the results in [JHS12|] are crucial for the entire strategy.
Indeed, we address the main technical challenge to obtain invariance of F7*/(R™) under

the map
fr=foo,

when ¢ is a bounded diffeomorphism on R™. (Cf. Theorem [ [5] below.) Not surprisingly,
this will require the condition on o that it only affects blocks of variables x; in which the
corresponding integral exponents p; are equal, and similarly for the anisotropic weights a;.
Moreover, when estimating the operator norm of f — f oo, i.e. obtaining the inequality

| foo|Fyg R < cll fF5gRM, (1)

(© 2016 by the authors.

Published under open access in Journal of function spaces, Article ID 964794, 2014.



2 JOHNSEN, MUNCH HANSEN, SICKEL

the Fourier analytic definition of the spaces seems difficult to manage directly, so as done
by Triebel [Tri92] we have chosen to characterise prj(R”) in terms of local means, as
developed in [JHS12J.

However, the diffeomorphism invariance relies not just on the local means, but first of all
also on techniques underlying them. In particular, we use the following inequality for the
maximal function ¢} f(z) of Peetre-Fefferman—Stein type, which was established in [JHS12|
Th. 2] for mixed norms and with uniformity with respect to a general parameter 0:

1427 sup 05 £33%0 [ Lol < e[| {27 033520 [Zilta)]

Hereby the ‘cut-oft” functions %;, ¢; should fulfill a set of Tauberian and moment con-
ditions; cf. Theorem (1| below for the full statement. In the isotropic case this inequality
originated in a well-known article of Rychkov [Ryc99a], which contains a serious flaw (as
pointed out in [Han10]); this and other inaccuracies were corrected in [JHS12].

A second adaptation of Triebel’s approach is caused by the anisotropy @ we treat here.
In fact, our proof only extends to e.g. s < 0 by means of the unconventional lift operator

n

A, = OP(A,), Ar(€) = Z(l + fgz)E (2)
j=1
Moreover, to cover all @ = (aq, ..., a,), especially to allow irrational ratios a;/ax, we found

it useful to invoke the corresponding pseudo-differential operators (1—097)* = OP((1+&3)")

that for 4 € R are shown here to be bounded F3 Q(R”) — Fy, 2a7”a(Rn) for all s.
Local versions of our result, in which o is only deﬁned on subsets of R™, are also treated
below. In short form we have e.g. the following result (cf. Theorem [f] below).

Theorem. Let U,V C R" be open and let o : U — V' be a C™-bijection on the form
o(x) = (o'(z1,...,Tn1), ). When f € F7(V) has compact support and all p; are equal
for j < n, and similarly for the a;, then foo € prj(U) and

1 f oo |Fy(U)] < clsupp f,0)| f |Exy (V)II- (3)

This is useful for introduction of Lizorkin—Triebel spaces on cylindrical manifolds. How-
ever, this subject is postponed to our forthcoming paper [JHS]. (Already this part of the
mixed-norm theory has seemingly not been elucidated before). Moreover, in [JHS] we also
carry over trace results from [JSO§| to spaces over a smooth cylindrical domain in Euclidean
space e.g. by analysing boundedness and ranges for traces on the flat and curved parts of
its boundary.

To elucidate the importance of the results here and in [JHS|, we recall that the F;.”j
are relevant for parabolic differential equations with initial and boundary value conditions:
when solutions are sought in a mized-norm Lebesgue space Lz (in order to allow different
properties in the space and time directions), then Fl;f’f-spaces are in general inevitable for
a correct description of non-trivial data on the curved boundary.
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This conclusion was obtained in works of P. Weidemaier [Wei98, [Wei02, [Wei05], who
treated several special cases; one may also consult the introduction of [JSO§| for details.

Contents. Section [2] contains a review of our notation, and the definition of anisotropic
Lizorkin—Triebel spaces with mixed norms is recalled, together with some needed proper-
ties, a discussion of different lift operators and a pointwise multiplier assertion.

In Section [3| results from [JHS12] on characterisation of Fg’j—spaces by local means are

recalled and used to prove an important lemma for compactly supported elements in F ;’j.

Sufficient conditions for f +— f o o to leave the spaces F;’j(R") invariant for all s € R are
deduced in Section [} when o is a bounded diffeomorphism. Local versions for spaces on
domains are derived in Section [5| together with isotropic results.

2. PRELIMINARIES

2.1. Notation. The Schwartz space S(R") contains all rapidly decreasing C'*°-functions.
It is equipped with the family of seminorms, using D* := (—i0,,)*" - - - (—i0,, )*" for each
multi-index a = (v, . .., o) with a; € Ny := NU {0}, and (z)? := 1+ |z]?,

pu(p) :=sup { ()M |Dp(z)| |z € R", |a| < M}, M € Ny; (4)
or with

xal®) = [ n<x>N|Daw<x>rdx, N €Ny, ach;. o)

The Fourier transformation Fg(§) = = Jan € g(z) dx for g € S(R™) extends by
duality to the dual space S'(R™) of temperate dlstrlbutlons

Inequalities for vectors p'= (py, ..., pn) are understood componentwise; as are functions,
e.g. pl=pi!--p,!. Moreover, t, := max(0,t) for t € R.

For 0 < p' < oo the space Lz(R™) consists of all Lebesgue measurable functions such that

00 o p2/p1 Pn/pn—1 1/pn
| w|La(R™)] := (/ ( </ |u(1:1,...,:cn)]p1da:1) > da:n> < 00,

(6)

with the modification of using the essential supremum over z; in case p; = co. Equipped
with this quasi-norm, Lz(R") is a quasi-Banach space (normed if p; > 1 for all j).

Furthermore, for 0 < ¢ < oo we shall use the notation Lz(¢,)(R") for the space of all
sequences {uy 72, of Lebesgue measurable functions uy : R" — C such that

I o At R = || (3 o) |EotRe)

k=0

< 0, (7)

with supremum over & in case ¢ = co. This quasi-norm is often abbreviated to || uy | Lz(¢,)l;
and when p'= (p,...,p) we simplify Lz to L,. If max(pi, ..., pn,q) < 0o sequences of C5°-
functions are dense in Lz({,).
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Generic constants will primarily be denoted by ¢ or C' and when relevant, their depen-
dence on certain parameters will be explicitly stated. B(0,r) stands for the ball in R”
centered at 0 with radius r > 0, and U denotes the closure of a set U C R".

2.2. Anisotropic Lizorkin—Triebel Spaces with Mixed Norms. The scales of mixed-
norm Lizorkin—Triebel spaces refines the scales of mixed-norm Sobolev spaces, cf. [JSO8|
Prop. 2.10], hence the history of these spaces goes far back in time; the reader is referred
o [JHS12, Rem. 2.3] and [JSO7, Rem. 10] for a brief historical overview, which also list
some of the ways to define Lizorkin—Triebel spaces.

Our exposition uses the Fourier-analytic definition, but first we recall the definition of

the anisotropic distance function |- |z, where @ = (a4, ...,a,) € [1,00[", on R"™ and some
of its properties. Using the quasi-homogeneous dilation t%z := (t%xy, ..., t%z,) for t > 0,
2|z is for x € R™\ {0} defined as the unique ¢ > 0 such that t=% € S"~! (|0]z := 0), i.e.
2 2
'rl an _
$2a1 +o Tt t2an =L (8)

By the Implicit Function Theorem, |- |z is C*> on R™ \ {0}. We also recall the quasi-
homogeneity |tz|; = t|x|z together with (cf. [JSOT7, Sec. 3])

[z +yla < |zla + [yla, 9)
max(|ag V| V) < s < M ]V (10)
The definition of FE’?(R") uses a Littlewood-Paley decomposition, i.e. 1 =377, ®;(§),

which (for convenience) is based on a fixed ¢ € C§° such that 0 < ¥(§) < 1 for all &,
P(€) =1if |¢]z <1 and ¥(€) = 0 if |¢]|z > 3/2; setting ® = 1) — 1(2%-), we define

Qo) == v(€), () :=2(27%), j=1,2,... (11)

Definition 1. The Lizorkin—Triebel space Fg’j(R”) withs € R, 0 < p<ooand0 < q < oo
consists of all w € S'(R™) such that

lulF5T ) —H( 2|7 @ ©Fue) )

LyR")

The number ¢ is called the sum exponent and the entries in p'are integral exponents, while
s is a smoothness index. Usually the statements are valid for the full ranges 0 < p' < oo,
0 < g < o0, so we refrain from repeating these. Instead we focus on whether s € R is

allowed or not. In the isotropic case, i.e. @ = (1,...,1), the parameter a is omitted.
We shall also consider the closely related Besov spaces, recalled using the abbreviation
uj(z) == F 1 (®;(&) Fu()) (x), ze€R" jeN,. (12)

Definition 2. The Besov space By (R”) consists of all uw € S'(R™) such that

[e.9]

5,8 mpn n is n 1/a
|l BRI R = (D2l |LR™)) < oo.

J=0
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In [JSO7, [JSO8] many results on these classes are elaborated, hence we just recall a few
facts. They are quasi-Banach spaces (Banach spaces if min(py,...,pn,q) > 1) and the
quasi-norm is subadditive, when raised to the power d := min(1,py, ..., pn,q),

lu+ v Fyy R < [ulFyf R+ o] By RO w0 e Fyg(RY). (13)
Also the spaces do not depend on the chosen anisotropic decomposition of unity (up to
equivalent quasi-norms) and there are continuous embeddings
n $,d (mpn /(TN
S(R )f—)Fqu(R ) — S'(R"), (14)

—

where S is dense in /2" for g < oo.

Since for A > 0, the space Fg’f coincides with FZQZ”\‘E, cf. [JSO8, Lem. 3.24], most results
obtained for the scales when @ > 1 can be extended to the case 0 < @ < 1 (for details we
refer to [JHS12, Rem. 2.6]).

The subspace Ly jo.(R™) C D'(R™) of locally integrable functions is equipped with the
Fréchet space topology defined from the seminorms u flx\ <;lu(@)|dz, j € N. By Cy(R")

we denote the Banach space of bounded, continuous functions, endowed with the sup-norm.

Lemma 1. Let s € R and o € N be arbitrary.
(i) The differential operator D* is bounded F;}f(R") — F5Eed(Rey

Pyq

(i) For s>, (% — ag)+ there is an embedding Fg”j(R”) — L1 10c(R™).

Pe
(iii) The embedding Iy — Cu(R") holds true for s > 2t 4+ &o.
Proof. For part (i) the reader is referred to [JSO8| Lem. 3.22], where a proof using standard
techniques for F ;.”; is indicated (though the reference should have been to Proposition 3.13

instead of 3.14 there).
Part (ii) is obtained from the Nikol’skij inequality, cf. [JSO7, Cor. 3.8], which allows a
reduction to the case in which p; > 1 for j = 1,...,n, while s > 0; then the claim follows

from the embedding Fzg’f > L1 10c. Part (iii) follows at once from [JSO8, (3.20)]. O

A local maximisation over a ball can be estimated in Ly, at least for functions in certain
subspaces of Cp,(R™); cf. Lemma [I](iii):

Lemma 2 ([JHSI2]). When C' >0 and s > 37, cot—-, then
| sup )l |Z5®)]| < cllulFg (15)
le—y|<C

Next we extend a well-known embedding to the mixed-norm setting. Let C?(R™) denote
the Holder class of order p > 0, which by definition consists of all u € C*(R") satisfying

lullp =Y sup [Du(@)|+ > sup [D*(z) — Du(y)| |z — y|** < oo, (16)

la|<k x€Rn o=k x—ycR™\{0}
whereby k is the integer satisfying k < p < k + 1.
Lemma 3. For p >0 and s € R with s < p there is an embedding C?(R") — B3 (R™).
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Proof. The claim follows by modifying [Hor97, Prop. 8.6.1] to the anisotropic case, i.e.
| u| B3|l = sup 2% sup [F~H(®@;Fu)(2)] < ¢llull,. (17)

oo
7j€Ng TER?

The expressions in the Besov norm are for j > 1 estimated using that F'® has vanishing
moments of arbitrary order,

F (@ Fu)( /]: Lo (y) (u(z — 279%y) — Z aOlu@)(—2_ﬁy)a> dy. (18)

al
lo| <k

Using a Taylor expansion of order £ — 1 with & € N chosen such that £ < p < k+ 1 (or
directly if k = 0), we get an estimate of the parenthesis by

‘ Z E(—2_jay)a /01(1 — )1 (0%u(z — 27999y — 9°u(z)) d@‘

a!
|a|=k
) ) (19)
a a k— —ja
< 3 Syl [ [0 de < ¢ 2 ),
o=k & ! 0
Now we obtain, since @ > 1,
Sup (@ Fu)(@)] < 022_”’HUI|,J/ IF e (y)llyl” dy < ¢, 2777 |ull,. (20)
TER™

This bound can also be used for j = 0, if ¢, is large enough, so holds for p > s. O

As a tool we also need to know the mapping properties of certain Fourier multipliers
AD)u = F1(A(&)u(€)). For generality’s sake, we give

Proposition 1. When A € C®°(R") for some r € R has finite seminorms of the form

Ca()\> —Sup{z J(r— aa)|Da 2]a | ‘] € Ny, ‘a<4 OéeNg, (21)

Z =
then A\(D) is continuous on S'(R™) and bounded Ffa( ") = F, r“(R”) for all s € R, with
operator norm [|N(D)|| < ¢z4 Z|a|§Nﬁq Ca(N).

Proof. The quasi-homogeneity of | - | yields that |[DA(E)| < cCo(N)(1 + |€]7)"~%, hence
every derivative is of polynomial growth, cf. , so A(D) is a well-defined continuous map
on &’. Boundedness follows as in the proof of [JSO8, Prop. 3.15], mutatis mutandis. In
fact, only the last step there needs an adaptation to the symbol A(£), but this is trivial
because finitely many of the constants C,(\) can enter the estimates. O

2.3. Lift Operators. The invariance under coordinate transformations will be established
below using a somewhat unconventional lift operator A, r € R,

Au=OP(M\ (&) =F ' (M), A& =D (1+&)7/Cw. (22)

k=1
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To apply Proposition [, we derive an estimate uniformly in j € Ny and over the set
}l < [€]z < 4: while the mixed derivatives vanish, the explicit higher order chain rule in
Appendix A yields

aq
| DEH (27N (297€))] <) ep(27H M gy hoilonm=2ha) N (g(gdeng ) mane < oo,

k=1 k=n1+no
a;=ni1-+2n2

(23)
Indeed, the precise summation range gives ay = ny + 2(k — ny), so the harmless power
2m+n2 results. (Note that this means that |[D),.(279€)| < 0,27~ )

Now A,.(€) has no zeros, and for \,.(§) ™! it is analogous to obtain such estimates uniformly
with respect to j of D¥(27"\,(2/9¢)~1), using Appendix A and the above. So Proposition
gives both that A, is a homeomorphism on &’ (although A! # A_,) and the proof of
Lemma 4. The map A, is a linear homeomorphism pr’qa(]R") — F;;T’a(]R”) for s € R.

In a similar way one also finds the next auxiliary result.

Lemma 5. For any pn € R, k € {1,...,n} the map (1 — 97 )*u = OP((1 + &)")u is a

linear homeomorphism Fg”j(R”) — prgg“a’“"i(R”) for all s € R.

A standard choice of an anisotropic lift operator is obtained by associating each & € R”
with (1,€) € R which is given the weights (1, d), and by setting

(©a=1(1,]0a- (24)

This is in C*°, as | - |(1,4) is so outside the origin. (Note the analogy to (§) = /1 + [{|?).
Moreover, 9*(£)L is for each ¢ € R estimated by powers of |£|, cf. [Yam86, Lem. 1.4].

a
Therefore there is a linear homeomorphism =%: 8" — S’ given by

Equ = OP((§)pu=F ' ((§)zu(¢)), teR (25)

In our mixed-norm set-up it is a small exercise to show that it restricts to a homeomorphism
=t . s,a n s—t,da n

=g P (RY) — F3 7Y(R™) for all s € R. (26)

Indeed, invoking Proposition , the task is as in to show a uniform bound, and using
the elementary properties of (€)z (cf. [Yam86, Lem. 1.4]) one finds for ¢t — @ - a > 0,

« t
D'r] <77>E|,7:2ja§

When ¢t —a-a < 0, then |€ |f3_‘7'a is the outcome on the right-hand side. But the uniformity
results in both cases, since the estimates pertain to }L < €|z < 4.

| D2 (277(27¢))| = 27T < PTG T < efg) T (27)

We digress to recall that the classical fractional Sobolev space H;’a(R”), for s € R and
1 < p' < o0, consists of the u € S’ for which Zju € Lz(R"); with || u |H;.’5|| = || Z5u | L.
If my := s/ay € Ny for all k, then H;i’a coincides (as shown by Lizorkin [Liz70]) with the

space Wéml"”’m")(R”) of u € Ly having 0" u in Ly for all k.
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This characterisation is valid for /25 with 1 < p'< co in view of the identification
ue HX(R") < ue Fyy(R"), (28)

which by use of Z° reduces to the case Ly = F’ ;)37’26. The latter is a Littlewood-Paley inequality
that may be proved with general methods of harmonic analysis; cf. [JSO8, Rem. 3.16].
A general reference on mixed-norm Sobolev spaces is the classical book of Besov, Ilin

and Nikolskii [BIN79, BIN96]. Schmeisser and Triebel [ScTi87] treated F for n = 2.

Remark 1. Traces on hyperplanes were considered for H;’E(R") by Lizorkin [Liz70] and
for WI’?(R”) by Bugrov [Bug7l], who raised the problem of traces at {x; = 0} for j < n.
This was solved by Berkolaiko, who treated traces in the prj(R")—scales forl <p<ooin
e.g. [Bex85|]. The range 0 < p < oo was covered on R™ for j =1 and j = n in [JS08], and
in our forthcoming paper [JHS] we carry over the trace results to F;.j—spaces over a smooth
cylindrical domain Qx]0,T.

Remark 2. We take the opportunity to correct a minor inaccuracy in [JSO8|, where a lift
operator (also) called A, unfortunately was defined to have symbol (1 + |£|2)"/2. However,
it is not in C®°(R™) for @ # (1,...,1); this can be seen from the example for n = 2 with
a = (2,1) where [Yam86, Ex. 1.1] gives the explicit formula

[€la =27"2(& + (& +46)"7)

Here an easy calculation shows that Dy, || is discontinuous along the line (&1,0), which
15 inherited by the symbol e.q. for r = 2. The resulting operator is therefore not defined on
all of §'. However, this is straightforward to avoid by replacing the lift operator in [JSOS]

by the better choice =" given in (26). This gives the space H;"(R™) in (28).

1/2

(29)

2.4. Paramultiplication. This section contains a pointwise multiplier assertion for the
P -scales. We consider the densely defined product on &' x &', introduced in [Joh95,
Def. 3.1] and in an isotropic set-up in [RS96, Ch. 4],

w-vi= lim F 02V Fu) - F (R TOFu(E), (30)
which is considered for those pairs (u, v) in &’ xS’ for which the limit on the right-hand side
exists in D’ and is independent of ¢. Here ¢ € C§° is the function used in the construction
of the Littlewood-Paley decomposition (in principle the independence should be verified
for all » € C§° equalling 1 near the origin; but this is not a problem here).

To illustrate how this product extends the usual one, and to prepare for an application
below, the following is recalled:

Lemma 6 ([Joh93]). When f € C*(R") has derivatives of any order of polynomial growth,
and when g € §'(R™) is arbitrary, then the limit in exists and equals the usual product
f g, as defined on C* x D'.
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Using this extended product we introduce the usual space of multipliers
M(F3, '—{UGS"U veFfaforallveF } (31)
equipped with the induced operator quasi-norm
[l [ M (DN = sup {[w- o | Eggl v [ Figll < 1}, (32)
As Lemma 3 at once yields C°. C () B3f (a well-known result in the isotropic case)
s>0

for C7° :={g € C>®|Va: D*g € Ly}, the next result is in particular valid for v € C7° :

Lemma 7. Let s € R and take sy > s such that also

81 > zi: <min(1,q ae ) Clg) —s. (33)

y D1y - -

Then each u € le’“ defines a multiplier of Fa and
lulM(EZD| < cllu| B (34)

Proof. The proof will be brief as it is based on standard arguments from paramultiplication,
cf. [Joh95] and [RS96, Ch. 4] for details. In particular we shall use the decomposition

u-v =1l (u,v) + a(u, v) + H3(u, v). (35)

The exact form of this can also be recalled from the below formulae. In terms of the
Littlewood-Paley partition 1 = > 7 ®;({) from Definition , we set U; = &g+ - + P;
for y > 1 and ¥y = ®jy. These are used in Fourier multipliers, now written with upper
indices as v/ = F~H(¥;u).

Note first that s; > 0, whence lev — L, which is useful since the dyadic corona

criterion for F;;, cf. [JSO8| Lem. 3.20], implies the well-known simple estimate
1T (u, 0) [l < ellul ool |l 0| Fyg - (36)
Furthermore, since
aﬁ —
So =51 +5> - — |al, 37
: ' ;mln(17QJp17"‘ 7p€> ’ | ( )

using the dyadic ball criterion for F};’j, cf. [JSO8| Lem. 3.19], we find that

1 TLa (u, 0) | Fg2 | < el 27°2uz05 | Ls(L,) |

< ¢ sup 2% ug | Loo || 12750 | | Ls(€y) | (38)
k€Ng
<cllulBELlv|Esl-

To estimate II3(u,v) we first consider the case s > 0 and pick ¢ €]s,s1[. The dyadic
corona criterion together with the formula v/ = vy + --- + v; and a summation lemma,
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which exploits that t — s; < 0 (cf. [Yam86, Lem. 3.8]), give
105 (u, v) | Egg]| < ¢ sup 2% || g | Loo [ 1247570772 | L(€, )|

< cllu|BaA | Hzt s1)J ] (39)
<cllulBLi v |F§q51’ H-

Since t — s; < 0 < s implies pr’ — Ft 19 and also Fﬁ’ — F 7 holds, the above yields
I T (u, 0) [ Ff[] < C||U|le’“ [ v |F§,’;||- (40)

For s < 0 the procedure is analogous, except that (39) is derived for ¢ €]0, s; + s[, which
is non-empty by assumption (33)) on s; then Standard embeddings again give ({40]).

In closing, we remark that as required the product u-v is independent of the test function
) appearing in the definition. Indeed for ¢ < oo this follows from Lemma [6], which gives
the coincidence between this product on &’ x S and the usual one, hence by density of S,
cf. ., and the above estimates, the map v — u - v extends uniquely by continuity to
all g € Fp7 .- For g = oo the embedding F L= F “& for ¢ > 0 yields the independence
using the previous case. U

3. CHARACTERISATION BY LOCAL MEANS

Characterisation of Lizorkin-Triebel spaces F; by local means is due to Triebel, [Tri92)
2.4.6], and it was from the outset an important tool in proving invariance of the scale
under diffeomorphisms. An extensive treatment of characterisations of mixed-norm spaces
F ;’j in terms of quasi-norms based on convolutions, in particular the case of local means,
was given in [JHS12], which to a large extent is based on extensions to mixed norms of
inequalities in [Ryc99a]. For the reader’s convenience we recall the needed results.

Throughout this section we consider a fixed anisotropy @ > 1 with a := min(ay, ..., a,)
and functions 1y, ¢ € S(R™) that fulfil Tauberian conditions in terms of some € > 0 and/or
a moment condition of order M, > —1 (M, = —1 means that the condition is void),

[Fo(©)] >0 on {&][Ea < 2e}, (41)

[Fo(E)l >0 on {[e/2 <[¢la <2}, (42)

DY(F¢)(0) =0 for |a| < M,y. (43)

Note by that in case is fulfilled for the Euclidean distance, it holds true also in

the anisotropic case, perhaps with a different e.
We henceforth change notation, from (12)), to

pi(z) = 218p(27%), pe S, jeN, (44)

which gives rise to the sequence (1););en,. The non-linear Peetre-Fefferman-Stein maximal
operators induced by (¢;);en, are for an arbitrary vector ¥ = (r1,...,7r,) > 0 and any



MIXED NORMS AND DIFFEOMORPHISMS 11

f € §'(R™) given by (dependence on @ and 7 is omitted)
Vi f(z) = sup - [ * fw)l , xeR" jeN,. (45)

11+ 2o, — il
/=1

Later we shall also refer to the trivial estimate

;% f (@) < ¥] f (). (46)

Finally for an index set ©, we consider vy, s € S(R"), 8 € ©, where the )y satisty
for some My, independent of § € ©, and also ¢y, p € S(R™) that fulfil (41))-([{2) in terms
of an &’ > 0. Setting 1y () = 271814y(2797) for j € N, we can state the first result relating
different quasi-norms.

Theorem 1 ([JHSI12]). Let 0 < p'< 00, 0 < ¢ < 00 and —oo < s < (My, + 1)a. For a
gien T in and an integer M > —1 chosen so large that (M + 1)a —2ad -7+ s > 0, we
assume that

:= sup max || D*Fig | Loo|| < 00,
0cO

= sup max | (1-+ €)1 DYFen(€) | ]| < oo,
S

= sup max | D*“F1bgo | Loo|| < 00,
0€0

C QO & =
i

= sup max (L +[EDMH DY Fabgo(€) | La ]| < o0,
€

where the mazima are over o such that |a| < My, + 1 or a < [T+ 2], respectively over ~y
with v; < rj+2. Then there exists a constant ¢ > 0 such that for f € S'(R"),

427 sup i, 1520 [Latlo)l] < e(A+ B+ C+ D) [ {27051} Lt a)

It is also possible to estimate the maximal function in terms of the convolution appearing
in its numerator:

Theorem 2 ([JHSI2]). Let 1o,¢0 € S(R") satisfy the Tauberian conditions ([@1])-(42).
When 0 < p< oo, 0<q<o00, —00<s <00 and

1

T—<min(q,p1,...,pn), I=1,...,n (48)
1
there exists a constant ¢ > 0 such that for f € S'(R"),

| 129707 1132 [ Ll < | {270+ £Y=0 Lot (49)

As a consequence of Theorems , (the first applied for a trivial index set like © = {1}),
we obtain the characterisation of F [i’;—spaces by local means:
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Theorem 3 ([JHS12]). Let ko, k° € S such that [ko(x)dx # 0 # [k°(z)dz and set
k(z) = ANEY(z) for some N € N. When 0 < ' < 00, 0 < ¢ < 00, and —00 < s < 2Na,
then a distribution f € S'(R") belongs to F'(R") if and only if (cf. for the k;)

L F1Eg 7 = W ko f [Lgll + {2k * F3320 [La(Ey) ]| < oo (50)
Furthermore, || f |Ffa|| is an equivalent quasi-norm on Ffa(R")

Application of Theorem [3] yields a useful result regarding Lizorkin—Triebel spaces on
open subsets, when these are defined by restriction, i.e.
Definition 3. Let U C R" be open. The space F;.’j(U) is defined as the set of allu € D'(U)
such that there exists a distribution [ € pr”j(R”) satisfying

fl)=ulp) forall ¢ e Cy(U). (51)

We equip pry’f(U) with the quotient quasi-norm || u ]F;f(U)H =inf,, ;|| f |F§7’5(R")H; it
s normed if p,q > 1.

In (51)) it is tacitly understood that on the left-hand side ¢ is extended by 0 outside U.
For this we henceforth use the operator notation ey . Likewise ry; denotes restriction to
U, whereby u = ryf in .

The Besov spaces BI‘;’Z(U ) on U can be defined analogously. The quotient norms have
the well-known advantage that embeddings and completeness can be transferred directly
from the spaces on R™. However, the spaces are probably of little interest, if U does not

satisfy some regularity conditions, because we then expect (as in the isotropic case) that
they do not coincide with those defined intrinsically.

Lemma 8. Let U C R" be open and r > 0. When F;’j(U) has the infimum quasi-norm
derived from the local means in Theorem@ fulfilling supp kg, supp k C B(0,7), and

dist(supp f,R"\ U) > 2r (52)
holds for some f € F;,f(U) with compact support, then
1 fIEs @)l = llevf [Fyg (R™)]. (53)
In other words, the infimum is attained at ey f for such f.

Proof. For any other extension f € S’ (R™) the difference g = f — ey f is non-zero in &'(R™)
and supp ey f Nsupp g = (). So by the properties of r,
supp(k; * ep f) Nsupp(k; x g) =0, j € No. (54)

Since g # 0 there is some j such that supp(k; * g) # 0, hence k; * g(x) # 0 on an open set
disjoint from supp(k: « ey f). This term therefore effectively contributes to the Lznorm

in and thus || f |Ff“]| =llevf+g ]FfaH > || eUf|Ff“|| which shows O
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4. INVARIANCE UNDER DIFFEOMORPHISMS

The aim of this section is to show that F f;(R”) is invariant under suitable diffeomor-
phisms o : R" — R™ and from this deduce similar results in a variety of set-ups.

4.1. Bounded Diffeomorphisms. A one-to-one mapping y = o(z) of R" onto R™ is here
called a diffeomorphism if the components o; : R” — R have classical derivatives Do for
all « € N*. We set 7(y) = o (y).

For convenience o is called a bounded diffeomorphism when o and 7 furthermore satisfy

Coo = r{rllax | D% | Lool| < o0, (55)
Cor = D7; |Loo|| < 00. 26
ri= max || D7 | Lool| < 00 (56)

In this case there are obviously positive constants (when Jo denotes the Jacobian matrix)

Co = mleann |det Jo(x)| > 0, Cr = ylngn |det JT(y)| > 0. (57)

E.g., by the Leibniz formula for determinants, ¢, > 1/(n![], =, Ca,s) > 0.

Conversely, whenever a C*°-map o: R* — R” fulfils and ¢, > 0, then 7 is C* (as
JT(y) = W Adj Jo(7(y)), if Adj denotes the adjugate, each 9,7 is in C™ if 7 is s0)
and using e.g. Appendix [A]it is seen by induction over || that it fulfils (56)). Hence o is a
bounded diffeomorphism.

Recall that for a bounded diffeomorphism ¢ and a temperate distribution f, the com-
position f o o denotes the temperate distribution given by

(foo, )y = (f,Yor|detJr|) for ¢ €S. (58)

It is continuous &' — &’ as the adjoint of the continuous map ¢ + 1 o 7|det J7| on S:
since |det J7| is in CF°_ continuity on S can be shown using the higher-order chain rule to
estimate each seminorm gy (1) o 7), cf. (5), by 2 161<|a| @N,5(¥) (changing variables, (o(-))
can be estimated using the Mean Value Theorem on each o;).

We need a few further conditions, due to the anisotropic situation: one can neither
expect f oo to have the same regularity as f, e.g. if o is a rotation; nor that foo € Ly
when f € L. On these grounds we first restrict to the situation in which

Ao ‘= a1 = G2 = ... = Gp-1, Po:=pP1= ... = Pn-1 (59)
and
o(z) = (o'(x1,...,xn1),2,) forall zeR" (60)

To prepare for Theorem |4 below, which gives sufficient conditions for the invariance of
F pf’: under bounded diffeomorphisms of the type , we first show that it suffices to have

’

invariance for sufficiently large s:

Proposition 2. Let o be a bounded diffeomorphism on R™ on the form in . When
holds and there exists s1 € R with the property that f — f oo is a linear homeomorphism
of pr’;(R”) onto itself for every s > s1, then this holds true for all s € R.
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Proof. 1t suffices to prove for s < s; that
| foalEygl < cll f1E] (61)

with some constant independent of f, as the reverse inequality then follows from the fact
that the inverse of ¢ is also a bounded diffeomorphism with the structure in ((60)).

First r > s; — s+ 2a,, is chosen such that dy := ﬁ is a natural number. Setting d,, = ﬁ
and taking p € [0, 1[ such that d, — p € N, we have that r, := r — 2ua,, > s; — s.
Now Lemma {4 yields the existence of h € Ff”’a such that f = A.h, i.e.
f=(01—2 ) "1— 02 )h+ Z (192 )%h. (62)

Setting g1 = ((1 — 2 )"h) o o and gy = h o o, we may apply the higher-order chain rule
to e.g. h = go o 7 (using denseness of S in &’ and the &'-continuity of composition in (58],
Appendix [A] extends to §’). Taking into account that 7(z) = (7/(2), z,,), and letting prime
indicate summation over multi-indices with 3, = 0,

dp—p
f= ana glowz S g0, (63)
k=1 |8|<2do
where 7, ; 1= (—1)l (d"l_ “) and the 7, g are functions containing derivatives at least of order

2dp

1 of 7, and these can be estimated, say by cH1<m<2dO (07 T)*®. Composing with o and

applying Lemma ( ) gives for d := min(1, g, po, p), when || - || denotes the ng’f—norm,

dn—u

[foo < Inulll 02 g ll*+ Z > s oo MEZDI ] 8gs |
1=0 k=1 |8|<2do

(64)
s+r,,d s+r,d
< cllgi [Fpy ™l + 11 9o | Exy ™I Z Z 14,5 0 0 [ M(F)]|".
k=1|8|<2do

According to the remark preceding Lemma m, the last sum is finite because n 5 € C7°_.
Finally, since s + 7, > s; and s +r > s;, the stated assumption means that h — g¢; and
h — go are bounded, which in view of 7, + 2ua,, = r and Lemmas yields

1f oo || < el hFg ™ 2 )1t 4 | b | By ™| < el £ [Fggll (65)

proving the boundedness of f +— f oo in Fﬂ for all s € R. O

In addition to the reduction in Proposition [2) we adopt in Theorem [] below the strat-
egy for the isotropic, unmixed case developed by Triebel [Tri92 4.3.2], who used Taylor
expansions for the inner and outer functions for large s.

While his explanation was rather sketchy, our task is to account for the fact that the
strategy extends to anisotropies and to mixed norms. Hence we give full details. This will
also allow us to give brief proofs of additional results in Sections [£.2] and [5] below.



MIXED NORMS AND DIFFEOMORPHISMS 15

To control the Taylor expansions, it will be crucial for us to exploit both the local means
recalled in Theorem [3land the parameter-dependent set-up in Theorem [I] This is prepared
for with the following discussion.

The functions kg and k in Theorem (3| are for the proof of Theorem |4/ chosen (as we may)
so that IV in the definition of k& fulfils s < 2Na and so that both are even functions and

supp kg, suppk C {z € R" ‘ lz| < 1}. (66)

The set © in Theorem [1] is chosen to be the set of (n — 1) x (n — 1) matrices B = (b; 1)
that, in terms of the constants ¢,, C,, in and , respectively, satisfy

| det B| > ¢,, (67)

max ;x| < |m‘a)1< Coo =: Cy. (68)

Splitting z = (2, 2,), we set g(z) = 27 k(z) for some v/ € Ny ~! (chosen later) and define

Yo(y) = 9(AY', yn) (69)

where 6 is identified with A~ := Jo/(2’), which obviously belongs to © (for each /).
To verify that the above functions vy, 6 € O, satisfy the moment condition for an
My, such that the assumption s < (My, + 1)a in Theorem (1] is fulfilled, note that

Do(€) = | det AP Fg(TATIELE,). (70)

Hence Dty vanishes at & = 0 when Dj = Da(—Dfl)V//k\(f) does so. As E(f) = —|§|2Nk?0(§)
and @(0) # 0, we have D*g(0) = 0 for « satisfying |a| 4+ |7/| < 2N — 1. In the course of
the proof below, cf. Step 3, we obtain a #-independent estimate of ||, hence of My, .

Moreover, the constant A in Theorem |I]is finite: Basic properties of the Fourier transform
give the following estimate, where the constant is independent of A~ € ©:

| D" Fuby | Lo < / (A ya) | dy

0

(71)
— det A”| / 22 (A g(2)] d= < cla, C) / k(2) d=.

|2]<1

To estimate B we exploit that F: B;{Q(R”) — Li(R™) is bounded according to Szasz’s
inequality (cf. [ScTr87, Prop. 1.7.5]) and obtain

M+1+2 m
[+ [ DY DVFg | Ll < ey g(AY s yn) [Boy 211 < e(v, Coy Cr) [ KICE (I, (T2)
when m € N is chosen so large that m > M + 1 4+ n/2. In fact, the last inequality is

obtained using the embeddings C" — H™ — B%HM/ % and the estimate
|97 |C3" || = sup | 0 (7 (Ay' ) k(AY , yn))| < e(v. Cor, C) || k|CF|- (73)

This relies on the higher-order chain rule, cf. Appendix[A] and the support of k: it suffices
to use the supremum over |a] < m and {y € R"||Ay'|* + y2 < 1}, and for a point in this
set |y| < [ A7 AY| < ¢(C,), so we need only estimate on an A-independent cylinder.
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Replacing k by ko in the definition of g and setting 1y 0(y) := g(AY’, y»), the finiteness
of C'and D follows analogously. The Tauberian properties follow from [ ko # 0 # [ k.

Hence all assumptions in Theorem [I| are satisfied, and we are thus ready to prove our
main result

Theorem 4. If o is a bounded diffeomorphism on R™ on the form in , then f— foo
is a linear homeomorphism F27'(R") — F2(R™) for all s € R when holds.

Proof. According to Proposition [2] it suffices to consider s > s;, say for

Qn

Qo
s1:=Kpagp+(n—1)— + ——, 74
' oo+ { )po min(po, pn) (™)
whereby K| is the smallest integer satisfying
Koao > (n—1)2 4 I (75)

Po min(po,pn)'
We now let s €]s1,00[ be given and take some K > Kj, i.e. K solving (75)), such that

a an
Kag+ (n—1)= +

— " <5< 2Ka. (76)
Do mln(])o,])n)

(The interval thus defined is non-empty by , and the left end point is at least s;.)
Note that yields that every f € F ;’; is continuous, cf. Lemma (iii); so are even the
derivatives D? f for 8 = (B4, ..., Bn-1,0), |8] < K, since s — B-d@ =5 — |Blag > a-1/p.

Step 1. For the norms || foo |pr(f|| and || f ]F;f” in inequality (61]), which also here

suffices, we use Theorem [3| with 2N > (K — 1)(2K — 1) + s/a.
By the symmetry of ky and & in (66[), we shall estimate

kj*(foo)(x)= / k(2) f(o(x +279%2))dz, j €N, (77)

|z|<1

together with the corresponding expression for kg, where k is replaced by kg.
First we make a Taylor expansion of the entries in o’(2') := (o1(2), ..., 0,-1(2")), to the
order 2K — 1. So for £ =1,...,n — 1 there exists w; €10, 1] such that

aalag(x/) , O oo(2 + we?')

/ n o / Iz

ou(z' 4+ 2') = Z —I!za + Z o 27 (78)
lo/|<2K lo/|=2K

For convenience, we let > denote summation over multiindices a € NI having a;,, = 0

and define the vector of Taylor polynomials, respectively entries of a remainder R,

1 0%'(2') 1 0%y(2' +wez')
Py = 3 T gy = PO )
la|<2K—1 o || =2K @
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Applying the Mean Value Theorem to f, cf. , now yields an @ €]0, 1[ so that

|kj * (f © O')(:L‘)| S ‘ /|<1 k?(Z) f(PQK_l(Q_ja/Z,),ZL’n + 2_ja"2n) dz)
o (80)
+ Z/ |k (2) O, f (Y, 2 + 277 2) Ry(2797' )| dz,

d=1 7121

when ¢/ := Pyg 1(27972) + G(R (27992, . .., Ry 1(27772")). Using and (78), it is
obvious that this g/ fulfils

lo(2) = (¥, 20 + 277" 2,)| < [0’ (@) — | + 1277 2| < C (81)
for each z € supp k and some constant C' depending only on n and C,, with |a| < 2K.
Step 2. Concerning the remainder terms in we exploit to get

/ 5(2) O (s 0 + 27997 2,) Ry(2797 )] d2
|z]<1

SQ—ZjKao< Z M)/l |k(2)|dz  sup |0y, f(y)|
z|<1

/|
lo'|=2K s lo(z)—y|<C

(82)

The exponent in 27275 ig a result of and the chosen Taylor expansion of o(x+2799%),
and since s — 2K ay < 0 the norm of ¢, is trivial to calculate, whence

‘ QjS/ |k (2) Oy f (Y, 2 4+ 277" 2) Ra(279 )| dz | L(¢y)
j2I<1 (83)
<cl| swp 10, fW)l |[La®D)||
lo(z)—yl<C
Now we use that p; = ... = p,_1 to change variables in the resulting integral over R"~!,

with 7/ denoting (¢/)~!. Since Lemma [2]in view of applies to 0,,f, d=1,...,n—1,
the right-hand side of the last inequality can be estimated, using also Lemma (i), by

1/po S—aq,d s,d
e sup Jaet 7)) 0n, 7 1Fg, ) < o 7 IR (84)

yGR"—l 4

Step 3. To treat the first term in (80), we Taylor expand f(-,z,), which is in C*(R™™1).
Setting P(2') = Pyg_1(2') — Py(2'), expansion at the vector Py(277%2) gives

., ‘ DPF(P (279 ), &, + 27 90m 5, -,
f(PQK—l(Q_]a Z/)’$n + 2—janzn) _ Z/ f( 1( z >'7$ + z ) P(Q—]a Z’)B
0<[BI<K—1 bl
DBf(y, x, + 279 2, )
4 3 PIUE b ETE) ppeat
B!
1Bl=K

where ¢ is a vector analogous to that in and satisfies , perhaps with another C.
To deal with the remainder in , note that the order was chosen to ensure that, in
the powers P(277%2")# the I'th factor is the 5;’th power of a sum of terms each containing
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a factor 27791l with |o/| > 2. Hence each |3| = K in total contributes by O(2-%%),
More precisely, as in Step 2 we obtain

/|z§1

! D'Bf(y/a Ty, + 2_janzn)

k(2) .

P(2’j“/z’)’3‘ dz
|Bl=K

§2_j2K“0/||<1|k(z)|dz( S ) Y s (D)

2<al<2K—1 8=k lo(®=vI<C

(86)

In view of , Lemma barely also applies to D? f for |5] = K, so the above gives

. DPf(y, @, + 277 2, ja!
‘ 95 / M) S e 6‘+ ) plo-iv ) 4z | L(0,)
e | (87)
/ L ! 8 s—B-3,d 5,
<c( sup [detJr'(y)))70 Y | D fIES 0 < el f gy -
yel ! 1Bl=K

Now it remains to estimate the other terms resulting from (85)), i.e.

DA f(P (2797 2"), @, + 27997 2, o
’ / (z) 2L A Zﬁ);f” 2 ) pigeia )i g (88)

z|<1 :

0<|8|<K—1"

/
. . . / — YAY A~ / |
Using the multinomial formula on P(z’) g pehyi<ak—1” d'o’(2") /! and the g and vy
discussed in , the above task is finally reduced to controlling terms like

L5 (0'(2), 2y) 1= 27 2Pla0 / g(2)DP (o' (&) + 2799 J o' (/)2 2 + 2799 2 dz

|z]<1 (89)
_ 2—2j|B|a0| det .A| /ﬂ)@(y)Dﬂf(O',(l’,) + 2—jaoy/, Ty + 2_j"”yn) dy

Note that in g, ¥y we have 2 < |y| < [B](2K — 1) and |B| < K — 1, 8, = 0 = 7,.

Step 4. Before we estimate , it is first observed that all previous steps apply in a
similar way to the convolution kg * (f o 0) —except in this case there is no dilation, so the
¢,-norm is omitted and the function vy is replaced by g.
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So, when collecting the terms of the form (89) with finitely many [, v in both cases
(omitting remainders from Steps 2-3), we obtain with two changes of variables and ,

| 5 ot @y | | 27 5 b2
Y

SCZ/( sup |det Jr'(y 1’0 H/%o (y) D" f(x —y)

gy VR

Lﬁ(gq)

(90)
ﬁ(gq)

* \

200 [ () D (o~ 2%
< cZ H {233 216lao) sup Dﬂf} ’L

)

Here we apply Theorem (1] to the family of functions 1y, s with the ¢; chosen as the
Fourier transformed of the system in the Littlewood-Paley decomposition, cf. (L1f). Esti-
mating ||, the ¥y satisfy the moment condition with My, :=2N—-1—(K—-1)(2K—-1),
which fulfils s < (My, + 1)a, because of the choice of N in Step 1. So, by applying Theo-
rem [2] and Lemma [1fi), using s — 2|S|ag < s — - @, the above is estimated thus:

. / o0
H {QJS Z Ij,ﬁ,v(",(ﬁ,)axn)}j_o
By

Lﬁ'(gq)

(A+B+C+D)Y H {220l (F 1) DO 1} | Ly(t (1)
B, v
/ s—2|Blag,d s,a
< ey IDMFIE0T < el £IESL
This proves the necessary estimate for the given s > s;. U

4.2. Groups of bounded diffeomorphisms. It is not difficult to see that the proofs
in Section did not really use that z, is a single variable. It could just as well have
been replaced by a whole group of variables z”, corresponding to a splitting x = (2/, z"),
provided o acts as the identity on z”.

Moreover, x’' could equally well have been ‘embedded’ into x”, that is 2" could contain
variables z;, both with k£ < jy and with & > j; when 2’ = (z;,, ..., z;,) (but no interlacing);
in particular the changes of variables yielding would carry over to this situation when
Djo = --. = pj,- 1t is also not difficult to see that Proposition [2] extends to this situation
when aj, = ... = a;, (perhaps with several g;-terms, each having a value of ).
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Thus we may generalise Theorem [ to situations with a splitting into m > 2 groups, i.e.
R? = RM x ... x RN where N; + ...+ N,, = n, namely when

ﬁ: (?17"'aplap%"'ap%)'-'a?m)---ap’@)a (92)
Ny No Non

A= (a1,...,a1,09,...,G2, ... Gy, Gp), (93)

o(z) = (01(x)); - 00 (T(m))) (94)

with arbitrary bounded diffeomorphisms o on R and z¢;) € RY.
Indeed, viewing o as a composition of o1 := 0] ® idga-n; etc. on R™, the above gives

| foa|F§7’;|| <cl|[foomo...009 |pr;|| <...< c||f|pr;|| (95)

Theorem 5. f+— f oo is a linear homeomorphism on Fg”qd when , , hold.

5. DERIVED RESULTS

5.1. Diffeomorphisms on Domains. The strategies of Proposition[2]and Theorem 4 also
give the following local version. E.g., for the paraboloid U = {z | x, > 2? + ...+ 22 |}
we may take o to consist in a rotation around the z,-axis; cf. (60).

Theorem 6. Let U,V C R" be open and o : U — V a C*-bijection as in . If I8
fulfilled and f € F>7'(V') has compact support, then f oo € F>'(U) and

1f ool Fy ) < el fIFsy (V)] (96)
holds for a constant ¢ depending only on o and the set supp f.

Proof. Step 1. Let us consider s > sy, cf. , and adapt the proof of Theorem 4| to the
local set-up. We shall prove the statement for the f € FZ;’;(V) satisfying supp f C K C V
for some arbitrary compact set K. First we fix r €]0, 1] so small that

6r < min (dist(K,R"\ V), dist(c™"(K),R"\ U)). (97)

Then, by Lemma, we have || foo ]F;f(U)H = |lev(foo) \F;j“ when Theoremis utilised
for ko, k € S, say so that supp ko, suppk C B(0,r); cf. also (66). Extension by 0 outside
U of f oo is redundant, for it suffices to integrate over x € W := supp(f o o) + B(0,7).
However, to apply the Mean Value Theorem, cf. , we extend f by 0 instead, i.e. we
consider with integration over |z| < r and with f replaced by ey f.

Since ey f inherits the regularity of f (cf. Lemma [8)) and 0% can be estimated on the
compact set W, the proof of Theorem [ carries over straightforwardly. E.g. one obtains
a variant of where | det J7'(z')[}/P is estimated over {2’ |3z, : (2, ,) € o(W)}, and
the integration is then extended to R™, which by Lemma [§ yields

I sup |Oaev FW) ILsRII < e lev f Bz (R = || f1Ezg (V)] (98)

lz—y|<C
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To estimate the first term in in this local version, the argumentation there is modified
as above and the set © is chosen to be the set of all (n—1) x (n—1) matrices satisfying
with infimum over z € W and with C, 1= maxXi<j<y, |aj=1 SUPycy |D%0;(2)].

Before applying Theorem |[1| to the new estimate , the integration is extended to

R™ (using ey f). Then application of Theorem [I| and Theorem [2| together with Lemma
finishes the proof for s > s;.
Step 2. For s < s; we use Lemma || to write ey f = A,k for some h € Fs+m(R") hence the
identity . ) holds in D'(R™) for ey f and h. Applying ry to both 51des and using that it
commutes with differentiation on C§°, hence on D', we obtain as an identity in D'(V)
for the new go := (ryh) oo and g; == (ry(1 — 6§n)”h) o0.

Composing with o yields an identity in D'(U), when 7,5 o o is treated using cut-off
functions. E.g. we can take x, x1 € C5°(U) with x = 1 on supp(foo)+ B(0,7) =: W, and
supp x C Wa,., while x; =1 on W3, and supp x1 C Wy,. This entails

dn—p

X-foo= Zﬁnzx (1o +Z Z Nk, ©0 - Xaﬁ<X190> (99)

k=1 |B|<2do
Using ey on both sides (and omitting R™ in the spaces), Lemma [§{ and Lemma [7| imply

dn—p

I foolFry ()< e Z lew @ (ag) IFga 1+ ¢ > llew(@ (xag0)) [F5511%. (100)

|B8|<2do

As ey and differentiation commute on £'(U) 3 x19;, Lemmal[I[i) leads to an estimate from
above. But Lemma |8 applies since the supports are in Wy,., so with x; := x; o 7 we find
that the above is less than or equal to

cllev(xign) [F55 ™1 + ell ev (x190) [ F 5™

’ 101)
~ s+7,,a d ~ s+r,a (
=c| (X1 rv(1 =82 )'h) oo |F~:; U+ el (X1 -rvh) oo |Fﬁ; T(U)||14
Using Step 1 and Lemma [7|, Lemma [5] Lemma [4] and Lemma [§] this entails
| f oo Egf (U<l (1 =82 ) h |y ™|+ cll b [Fym || (102)
< el A ey fIEST < el fIEz (V)%
This shows the local theorem for s < s;. O

There is also a local version of Theorem [5, with similar proof, namely

Theorem 7. Let o; : U; — V}, g=1....m, be C® bz’jections, where U;,V; C RYi are
open. When a,p fulfill . and when fe F (U1 -+ X Up) has compact support,
then . holds true for U = U1 - x U, and V Vix- - xV,.

As a preparation for our coming work [JHS], we include a natural extension to the case
of an infinite cylinder, where supp f is only required to be compact on cross sections:
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Theorem 8. Let 0 : U x R — V x R be a C*-bijection on the form in (60)), and U,V C
R™! open. If holds and f € F3/(V x R) has supp f C K x R, whereby K C V' is
compact, then foo € F;”j(U x R) and

1f oo |Fsg(U x R)[| < c(supp f,0)|| f|F5g (R™)]. (103)

Proof. We adapt the proof of Theorem [6} in Step 1 we take r €]0, 1[ so small that 6r is
less than both dist(K, R\ V) and dist(o’~"(K),R"**\ U). Since the extension by zero
evxrf is well defined, as K C V is compact, it is an immediate corollary to the proof of
Lemma [ that

[ f1F5y (VX R)|| = |levxrf [Fy (R™)]. (104)

Then the proof for s > s; follows that of Theorem |§|, with W := (¢/"Y(K) + B(0,7)) x R.
For s < s, we have eyypf = A& for some h € F5%(R™); cf. Lemma . Hence

p.q
holds as an identity in D'(V x R) for g1 := (ry«r(1— Ginﬂ)“h) oo and go := (ryxrh) o o.
The ny 300 are controlled using cut-off functions x, x1 € C7°_(U) with similar properties
in terms of the sets W, = (0/~1(K) + B(0,7)) x R. Thus we obtain in D'(U x R).
Now, as in it is seen that f oo and eyygr(x - f o o) have identical norms, so the

estimates in Step 2 of the proof of Theorem [6] finish the proof, mutatis mutandis. O

5.2. Isotropic Spaces. Going to the other extreme, when also a,, = a¢ and p,, = pg, then
the Lizorkin—Triebel spaces are invariant under any bounded diffeomorphism (i.e. without
(60])), since in that case we can just change variables in all coordinates, in particular in
f. Moreover, we can adapt Proposition [2| by taking d,, = dy and © = 0 in the
proof; and the set-up prior to Theorem [ is also easily modified to the isotropic situation.
Hence we obtain

Corollary 1. When o : R" — R" is any bounded diffeomorphism, then f — foo is a
linear homeomorphism of F; (R™) onto itself for all s € R.

This is known from work of Triebel [Tri92, Th. 4.3.2], which also contains a corresponding
result for Besov spaces. (It is this proof we extended to mixed norms in the previous
section.) The result has also been obtained recently by Scharf [Sch13], who covered all
s € R by means of an extended notion of atomic decompositions.

In an analogous way, we also obtain an isotropic counterpart to Theorem [6}

Corollary 2. When o : U — V is a C*-bijection between open sets U,V C R", then
fooeF; (U) for every f € Fy (V) having compact support and

1f oo [E5 (U] < c(supp f, 0)[| f 1F5,(V)I (105)

APPENDIX A. THE HIGHER-ORDER CHAIN RULE

For convenience we give a formula for the higher order derivative of a composite map

R" L5 R™ 25 C. (106)
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Namely, when f, g are C* and zy € R™, then for every multi-index v with 1 < || <k,

ICONE
Plge N = Y o) X o TT ()™ am

) ._ ngj:
1<]eal< Y] Vi ;=3 ng; 1]<—13..;m
’yzzj,ﬁj nﬂjﬂ] 7‘/8 |7|'Y|

Hereby the first sum is over multi-indices o = (v, . . ., a;y,), which in the second are split
a; = Z ngl, ... 0y = Z ngm (108)
1<IBY< | 1<[8™ <]

into integers ng > 0 (parametrised by 37 = (81,...,57) in NI, with upper index j) that

fulfil the constraint
_ Z S gt (109)

<I871<Ivl
Formula and result from Taylor s limit formula: g(y+yo) = 3-)41<k Cay* +o(lyl*)
that holds for y — 0 if and only if ¢, = 50%g(yo) for all |a| < k. (Necessity is seen
recursively for y — 0 along suitable lines; sufficiency from the integral remainder.)
Indeed, k = || suffices, and with y = f(x+x¢) — f(x¢) Taylor’s formula applies to both
g and to each entry f; (by summing over an auxiliary multi-index 87 € N7),

g(flw+m)) =)~ 89 Flao))y - yar + o(Jyl*)
|o¢\<k !
m B A ,
= S gt [[ = ( 3 20"y (m0) + ollal")™ + ollyl)
<k o 4 e, ()

(110)

Here the first remainder is o(|z|*) since o(|y|*)/|z|* = o(1)(|f(z + x0) — f(z0)|/|z|)* — O.
Using the binomial formula and expanding []'" j—1, the other remainders are also seen to
contribute by terms that are o(|z|*), or better; whence a single o(]z|*) suffices.

Hence we shall expand (...)% using the multinomial formula. So we split a;; = > ngi,
with integers ng; > 0 in the sum over all multi-indices 5/ € Nj with 1 < |7| < k. The

corresponding multinomial coefficient is a;!/ []g; (n4:)!, so (110) yields

s o) = Y raen ] S 11 (";, 07 fi(x0)) " + oo,

o<k =1 ay=Yn,; 1<|89|<k ngs!
(111)

Calculating these products, of factors having a choice of a; = Y ng; for each j =1,...,m,
one obtains polynomials z* associated to multi-indices w = Z;n:l > 1<|pi|<k B0 B

For |w| > k these are o(|z|*), hence contribute to the remainder. Thus modified,
is Taylor’s formula of order k for g o f, so that (g o f)(xg)/7! is given by the coefficient

of 2 for w = ~, which yields (109)) and ( -
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This concise proof has seemingly not been worked out before, so it should be interesting
in its own right. E.g. the Taylor expansions make the presence of the 57 obvious, and the

condition v = }7. 55 ngs 7 is natural. Also the constants 7!/ [[ng! and (57)!7"# lead to

easy applications. Clearly 0%g(f(x¢)) is multiplied by a polynomial in the derivatives of
fi, -+, fm, which has degree 37" "5 ngi = > oy = |al.

The formula itself is well known for n = 1 = m as the Faa di Bruno formula; cf.
[Jsn02] for its history. For higher dimensions, the formulas seem to have been less explicit.

The other contributions we know have been rather less straightforward, because of re-
ductions, say to f, g being polynomials (or to finite Taylor series), and/or by use of lengthy
combinatorial arguments with recursively given polynomials, which replace the sum over
the 47 in (107); such as the Bell polynomials that are used in e.g. [Rod93, Thm. 4.2.4].

Closest to the present approach, we have found the contributions [Spd05] and [Frae7§]
in case of one and several variables, respectively.
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