ANISOTROPIC LIZORKIN-TRIEBEL SPACES WITH MIXED NORMS — TRACES ON
SMOOTH BOUNDARIES
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ABSTRACT. This article deals with trace operators on anisotropic Lizorkin—Triebel spaces with mixed
norms over cylindrical domains with smooth boundary. As a preparation we include a rather self-contained
exposition of Lizorkin—Triebel spaces on manifolds and extend these results to mixed-norm Lizorkin—
Triebel spaces on cylinders in Euclidean space. In addition Rychkov’s universal extension operator for a
half space is shown to be bounded with respect to the mixed norms, and a support preserving right-inverse
of the trace is given explicitly and proved to be continuous in the scale of mixed-norm Lizorkin-Triebel
spaces. As an application, the heat equation is considered in these spaces, and the necessary compatibility
conditions on the data are deduced.

1. INTRODUCTION

The present paper departs from the work [JSO8]| of the first and third author dealing with traces on
hyperplanes of anisotropic Lizorkin—Triebel spaces F (R”) with mixed norms.

The application of these spaces to parabolic dlfferentlal equations is to some extent known. It was
outlined in the introduction to [JSOS|] how they can apply to fully inhomogeneous initial and boundary
value problems: for such problems the Fﬁ -spaces are in general inevitable for a correct description of
the boundary data. Previously, a somewhat similar conclusion was obtained in works of Weidemaier
[Wei98\, [Wei02, [Wei05]] (and also by Denk, Hieber and Priiss [DHPO7]]). He discovered the necessity
of isotropic Lizorkin—Triebel spaces (for vector-valued functions) for an optimal description of the time
regularity of the boundary data. However, with integral exponents p, and p, in the space and time
directions, respectively, Weidemaier worked under the technical restriction that p, < p;.

For the reader’s sake, it is recalled that the main purpose of [JSOS|| was to extend the classical theory
of trace operators to the F& q—scales However, because the mixed norms do not allow a change of
integration order, this meant that the techniques had to be worked out both for the ‘inner’ and ‘outer’
traces given on, say smooth functions as

u(xy,x") = u(0,x"), resp. u(x',x,) > u(x',0).

When u € F (]R") then in the first case the trace was proved to be surjective on the mixed-norm

S al/[’l a” (Rn—l)

leorkln—Trlebel space F having the specific sum exponent q = p1, while in the second

case the trace space is (as usual) a Besov space, namely B, “”/ P (Rn=1y

Previously Berkolaiko [Ber835| obtained such results for the classical range 1 < pj,g < oo. As indi-
cated, only traces on hyperplanes were covered in [JSO8]; but the study included (almost) necessary and
sufficient conditions on s in relation to d, p and ¢, also in combination with normal derivatives (Cauchy
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traces), and existence and continuity of right-inverses. Furthermore, Weidemaier’s restriction on the
integral exponents was never encountered with the framework and methods adopted in [JSO8]].

These investigations in [JSO8] are in this work followed up with a general study of trace operators and
their right-inverses in the scales Fﬁ of anisotropic Lizorkin—Triebel spaces with mixed norms defined
on smooth open cylinders Q x I (where [:=]0,T]) and their curved boundaries I" x I = 0Q).

In doing so, it is a main technical question to obtain invariance of the spaces F m( ) under the
map f — foo, when U C R" is open and o is a C”-bijection. We addressed this question in our
joint paper [JSH13bl], where we proved invariance e.g. under the restriction that o only affects groups
of coordinates x; for which the corresponding p; are equal in the vector of integral exponents p =
(P1,---,Pn); and similarly for the moduli of anisotropy a;.

This was done by generalising Triebel’s method in [Tri92, 4.3.2]. Indeed, having reduced to large s
using a lift operator, it relies on Taylor expansion of the inner and outer functions, whereby most terms
are manageable when the F3* q—spaces are normed via kernels of localised means developed in [JSH13al);
an underlying parameter—dependent estimate obtained in [JSH13a] finally gives control over the effects
of the Jacobian matrices.

In this paper we proceed to develop the consequences for trace operators. E.g. the trace ro at {t =0}

ofu e F (Q x I) is given a meaning in a pedestrian way using an arbitrary extension of u to R"*! and
applylng the trace at {r = 0} from [JSO8]. In terms of the splitting p = (p’, p;) with all entries in p’
being equal to pg and likewise for @, we can abbreviate our result for ry as follows:

Theorem. When s > %, 1 < po,pr < oo, 1 < g < oo, the operator 1 is a bounded surjection

ro: B (Qx 1) = B /P (@),
Furthermore, ry has a right-inverse Ky going the opposite way and it is bounded for every s € R,
55— a,/p, —=s,d
Ko: B, (Q)—>Fﬁ7q(§2><1).

The classical borderline s = 1/p is recovered from this in the isotropic case, as @ = (1,...,1) then.
But the full statement in Theorem below requires s to be larger (by ;—g —ap) if 0 < pg < 1, so for
such pg even the borderline s = a;/ p; is shifted upwards.

It is more involved to give meaning to the trace ¥ of u at the curved boundary I' X I, since it requires
to work locally first and then observe that the local pieces together give a globally defined trace. Using
the splitting p = (po, p”), where p” = (po, ..., po, p:) and likewise for d, we may state the

Theorem. When 0Q is compact and s > , 1 < po,pr < oo, 1 < g < oo, then ¥ is a bounded surjection

PiFS QD) = P (T ).
Furthermore, ¥ has a right-inverse Ky going the opposite way and it is bounded for every s € R,
Ky: B, (T x 1) - Fl (@ x 1),

Here Theorem contains a stronger condition on s if any of pg, p; or ¢ are given in ]0, 1].
Note that the sum exponent of the codomain inherits the value g = pg after the normal variable (say x;
or x,) has been eliminated by restriction to the boundary. While that is analogous to the case for rg above

(¢ = p:), we should emphasise that for p; # pg the trace space for ¥ does not just have a mixed—norm, it

is moreover outside the Besov scale because it equals the Lizorkin—Triebel space F S “"/ poa
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The operator Ky is constructed using the right-inverse in [JSO8, Thm. 2.6] to the trace at {x; = 0}
and Rychkov’s universal extension operator [Ryc99|]. The latter is modified to a version & with good
properties in anisotropic, mixed-norm Lizorkin-Triebel spaces over half-spaces in Theorem 5.6 below.

As a novelty, from the construction of &, we derive in Theorem an explicit construction of an
operator Qg going from R” to R"*!, which in Q has rj as a left-inverse and yet it preserves support with
respect to the x-variable:

Oo: B;’/”;)t Q) — F;’Z(ﬁ xR) forall s € R.

This is important for reduction of parabolic problems to homogeneous ones: e.g. surjectivity of y allows
to get zero data on I" x 1, and Qg gives a further reduction to zero initial data; cf. Remark [6.13]

Indeed, after an analysis of traces at the curved corner I' x {0} of the cylinder Q x I, we follow
up in Theorem by extending the necessity of the compatibility conditions of Grubb and Solon-
nikov [[GS90] to solutions in the mixed-norm Lizorkin—Triebel spaces of the heat equation.

Contents. Section[2]contains a review of our notation and the definition of anisotropic Lizorkin-Triebel
spaces with mixed norms is recalled, together with some needed properties and a pointwise multiplier
assertion. Moreover, a basic lemma for elements in F. 5? with e.g. compact support on cross sections of
the cylindrical domain is proved.

In Section [3| sufficient conditions for f +— f o o to leave the spaces prj(]R”) invariant for a certain
range of the parameters, including negative values of s, are recalled.

Section [4] contains first a preparatory treatment of unmixed Lizorkin-Triebel spaces on general C*-

manifolds and these results are then extended to Fg'j—spaces on the curved boundary of a cylinder.

Rychkov’s universal extension operator in [Ryc99] is modified to Fg’; (R%) in Section Moreover,
its properties on temperate distributions are analysed in addition.

Finally, Section [6] contains a discussion of the trace at the flat as well as at the curved boundary of a
cylindrical domain, including applications to e.g. the Dirichlet boundary problem for the heat equation.

2. PRELIMINARIES

2.1. Notation. The Schwartz space .7 (R") consists of the rapidly decreasing C*-functions and it is
equipped with the family of seminorms, using D% := (—idy, )* --- (—idy,)* for each multi-index a =
(ai,...,0) with @; € Ng :=NU{0},i* = —1 and (x)? := 1+ |x|?,

pu(@) = sup{ (¥|D%(x)| |x € R, Jo] <M}, M €N,

By duality, the Fourier transformation .Zg(&) = g(€) = [ e ¢ g(x) dx for g € .7 (R") extends to the
dual space ./ (R") of temperate distributions. (u, y) denotes the value of u € " on y € ..

Throughout, inequalities for vectors p = (pi,...,p,) are understood componentwise; likewise for
functions, e.g. p! = pi!---p,!, while 7, := max(0,#) for t € R. For 0 < p < oo the space L;(R")
consists of the Lebesgue measurable functions such that

o0 o p2/p1 Pn/Pn-1 1/pn
Hu\Lﬁ(R")H::</ ((/ ]u(xl,...,xn)\”‘dm) ) dxn> < oo

in case p; = oo, the essential supremum over x; is used. When equipped with this quasi-norm, Lj is a
quasi-Banach space (normed if p > 1); it was considered e.g. by Benedek and Panzone [BePa61]].
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In addition, we shall for 0 < g < e denote by L;(¢,)(R") the space of sequences (u)ien, of Lebesgue
measurable functions u; : R” — C such that

I| (ur)ken, [L5(Lg) (R™) || := H (;’uk‘q)l/t]

L5(R")

with supremum over k in case g = oo. For brevity, || (ux)ken, |Ls(4q)(R")|| is written || ux |L5(¢,)| and
when p = (p,...,p), then Lj is simplified to L, etc. We recall that sequences of C-functions are dense
in L;(¢y) if max(p1,...,pp.q) < oo.

Generic constants will be denoted by ¢ or C, with their dependence on certain parameters explicitly
stated when relevant. Lastly, the closure of an open set U C R" is denoted U and B(0,r) is the ball
centered at 0 with radius r > 0; the dimension of the surrounding Euclidean space will be clear from the
context or otherwise stated explicitly.

2.2. Anisotropic Lizorkin-Triebel Spaces with Mixed Norms. This section only contains the
Fourier-analytic definition of the mixed-norm Lizorkin-Triebel spaces and a few essential properties
used below. For an introduction to these spaces we refer the reader to [JSO7] and [JSOS8| Sec. 3].

First we recall the definition of the anisotropic distance function |- |z, where d = (ay,...,a,) € [1,o0[",
on R”" and some of its properties. Using the quasi-homogeneous dilation 7%x := (t%'x1,...,t%x,) for
t >0, |x|z is for x € R"\ {0} defined as the unique ¢ > 0 such that t~%x € §"~! (|0|; := 0), i.e.

2 2

1 Xn
z»261| ++t2an _1

For basic properties of | - |; we refer to [JSO7, Sec. 3] or [Yam86].

The Fourier-analytic definition also relies on a Littlewood—Paley decomposition, i.e. 1 =3}7 (P (&),
which is based on a (for convenience fixed) y € i such that 0 < w(§) < 1forall &, w(§) =1if |§|; <1
and y(E) = 0if |E]; > 3/2. Setting ® = v — y(29.), we define

¢0(§):W(§)7 QDJ(g):CI)(Z_]ag)? ]:1,2, (1)

Definition 2.1. The Lizorkin—Triebel space Fq (]R”) withs € R, 0 < p < o0 and 0 < g < oo consists of
the u € ./(R") such that

i) = | (ZW\ u(é))(-)\q>]/q L(R")

The number ¢ is a sum exponent (sometimes called the microscopic or fine index) and the entries in p
are integral exponents, while s is a smoothness index. In case d = (1,...,1), the parameter @ is omitted.

Let us also recall (cf. [JSH13bl Sec. 2.3] or [JS08, Prop. 2.10]) that there is an identification with the
well-known anisotropic Bessel potential spaces,

H'(R") = F;5(R") forseR, 1 <p <eo.
When studying traces on the flat boundary of a cylinder, Besov spaces are inevitable:

Definition 2.2. The Besov space B;’Z(R”) with s € R and 0 < j, g < oo consists of the u € ./ (R") such
that '

1/q
B (R | = (ZWH ;%) |Lﬁ<R">||q) <o
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For a general reference on the mixed-norm spaces Fﬁq and Bi‘; the reader may consult the book of
Besov, II’in and Nikol’skii [BIN79, [BIN96], or that of Schmeisser and Triebel [ScTr87]] (n = 2). The
set-up with d was analysed by Yamazaki [Yam86|. Here we review a few facts needed below.

Both Fig and Bq . are quasi-Banach spaces (normed if min(py, ..., pa,¢) > 1) and the quasi-norm is
subadditive when raised to the power d := min(1, py,...,pn,q),

S(l

Hu—i—v

N < NulFI+ v IFSN,  uv € Fya(R™). 2)

Different choices of the anisotroplc decomposition of unity give the same space (with equivalent quasi-
norms) and there are continuous embeddings

L (R") — Fa (R") — S(R"), (3)
where . is dense in Fq 9 for g < 0. Both (2)) and (3] hold verbatim for B (]R”) as well.

Lemma 2.3. For A > 0 so large that Ad > 1, the spaces B;dq (R"), Fg?(R”) coincide with B&S M(R”)

respectively Fq As, M(R”) and the corresponding quasi-norms are equivalent.

The proof of this lemma for Besov spaces follows that of Lizorkin—Triebel spaces, which can be
found in [JSO8, Lem. 3.24]. Indeed, the only exception is that [JSO8, Lem. 3.23] needs to be adapted to
Besov spaces, but this is easily done using the modifications indicated just above Lemma 3.21 there.

In view of Lemma[2.3] one could envisage that most results obtained for the scales when @ > 1 can
be extended to the range 0 < d < oo. For details on this we refer to [JSH13a, Rem. 2.6].

The Banach space Cy,(R") of continuous, bounded functions is equipped with the sup-norm, while
the subspace L joc(R") C Z'(R") of locally integrable functions is endowed with the Fréchet space
topology defined from the seminorms u +— [,y ; [u(x)[dx, j € N.

Lemma 2.4 ([JSH13b. Lem. 1]). Let s € R and o € Njj be arbitrary.
(i) The differential operator D* is bounded Ff’a R — Ff *ad ).

(ii) For s > Y, (—‘ — ag) there is an embeddmg F~ (R") — L joc(R").

(iii) The embedding Ffa(R”) — Gy (R") holds for s > al +ot ;7,

Next, we recall a paramultiplication result and refer to [JSH13bl Sec. 2.4] for details.

Lemma 2.5. Let s € R and take s1 > s such that also

n

ay

s1 > ( —a(g)—s. 4)
[:21 mln(anpla"'apf)

Then each u € B4 (R") defines a pointwise multiplier of Ff’a(R”) and
lu-vIFsgl < cllulBLZ|- | vIFsgl, veF5g®R).
In particular, it holds for uin C;°_(R") := {g € C*(R") |V € Nj : D%g € L..(R")}.

The characterisation of FI;:’Z(R”) by kernels of local and localised means as developed in [JSH13al
Thm. 5.2] is utilised below, hence it is included here for convenience, using the notation

¢;(x) =2/9(27%), .7, jeN. 5)
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Theorem 2.6. Let ko,k° € 7 (R") such that [ko(x)dx # 0 # [k°(x)dx and set k(x) = AVk®(x) for
some N € N. When 0 < p < o0, 0 < g <o, and s < 2N min(ay,...,ay), then a distribution f € .’ (R")
belongs to FI‘;’Z(R") if and only if

IFIESTN = ko x FILN + IH27K; % £ Y 1L )] < . ©)

f ‘Fgfj”* is an equivalent quasi-norm on F;g(R”).

Furthermore,

For spaces over open sets U C R"” we use the notation introduced by Hérmander [Hor07, App. B.2]
and place a bar over F and B, to indicate that it is a space of restricted distributions:

Definition 2.7. 1° The space f}’i(U ) is defined as the set of u € 2'(U) such that there exists a distri-
bution f € F;ﬁ(]R”) satisfying

(f,0) = (u, @) forall ¢eC5(U). (7)

We equip F}i(U ) with the quotient quasi-norm, which is a norm if p,q > 1,

757&‘ 3 S,Zi
a5l = i | fE5EE).

2° The space F;’Z (U) consists of the distributions u € FI;’Z(R") that satisfy suppu C U.

3° The Besov spaces E;,’Z(U ) and B;’z (U) are defined analogously.

Recall that since Fg’j(R”) is a quasi-Banach space, f};’Z(U ) is seen to be so too, using the usual
arguments for quotient spaces modified to exploit the subadditivity in (2).

In it is tacitly understood that on the left-hand side ¢ is extended by O outside U. For this we
henceforth use the operator notation ey ¢. Likewise ryy denotes restriction to U, whereby u = ry f in (7).
We shall refer to such f as an extension of u.

Remark 2.8. The(irem induces an equivalent quasi-norm || u |F‘;§Z(U )||* on f‘},’Z(U ) by taking the
infimum of | f[F; 7 (R")||* for ry f = u.

As a preparation we include a slightly modified version of [JSH13bl Lem. 8]:
Lemma 2.9. Let U C R" be open. When F‘;Z(U x R) is normed as in Remark using kernels of local
means with suppko,suppk C B(0,r) for an r > 0, and when K C U is a compact set fulfilling

dist(K,R"\U) > 2r, (8)
then it holds for every f € F}i(U x R) with supp f C K X R that
| IFSE U X R = |l ew xf |27 R
That is, the infimum is for such f attained at ey xR f.

Proof. For an arbitrary extension f of f, it holds for g := f— eyxrf that suppeyxrf Nsuppg = 0,

hence by (8),

supp (kj* eyxrf)Nsupp (kj*xg) =0, jeNo.
When g # 0, there exists j € Ny such that supp (kj * g) # 0, thus k; * g(x) # 0 on an open set disjoint
from supp (k; * ey xr f). This term therefore effectively contributes to the Lz-norm in the local means

characterisation, yielding HﬂFg’Z(R”“)H* > || eyfo|Fl;_’j(R"H)H*. O
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For temperate distributions vanishing in the time direction, we let e¢;_,; denote extension by 0 from
R ! xIto R"~! x I for open intervals I C I'. Then we similarly get

Lemma 2.10. Let I =]b,c[ and I' =]a,c| where —eo < a < b < ¢ < oo. When f}’f](Rn_l x I) is normed
as in Remark using kernels of local means with suppkg,suppk C B(0,r) for an r > 0, then it holds
for every f € f}’;(R"il x I) satisfying f(-,t) =0 fort €]b,b+2r| that

£ IF 3R D[ = [lersn f [ (R 1) )
A similar equality holds for extension from I =|a,b| to I', when f(-,t) =0 fort € |b—2r,c].

Proof. The inequality < follows immediately, since the distributions considered in the infimum on the
right-hand side in (9)) also are considered on the left-hand side.

To prove equality we assume that < holds. Then there exists an extension fof f which is not among
the distributions considered in the infimum on the right-hand side, and which, with an infimum over
rro-1ph = ej_,p f, moreover fulfils

IFIFSS R < inf || A |F3S(R)]). (10)

Actually, it suffices to consider those / for which 2 =0 on R"~!x ] — oo, b+ 27[. Indeed, for any other

h the distribution (1 — x(¢))h(-,7), where x € C*(R) with y(¢) =1 fort €] —ec,a[ and x(¢) = 0 for

t €]b,0[, has a smaller quasi-norm than A. This can be verified similarly to the proof of Lemma
using that the distance between supp/h M (R" ! x ] — o0, a[) and supp (1 — x)h is at least 2r.

Now for such 2 we have supps C R"~! x [b+2r,0[, and since f(t) # 0 fora < t < b it is easily seen

by the proof strategy of Lemmathat £ 1F5g (R[> || 2 |Fyd (R")]|, which contradicts (T0). O

For simplicity of notation the * on the quasi-norm is omitted in the following.

3. INVARIANCE UNDER DIFFEOMORPHISMS

To introduce Lizorkin—Triebel spaces on manifolds, it is essential that the spaces F}"Z(U ) for certain
open subsets U C R” are invariant under suitable C*-bijections 0. An extensive treatment of this subject
can be found in [JSH13b], but for convenience we recall the needed results. These hold for 0 < p < oo,
0 < g < and s € R unless additional requirements are specified. First a result on isotropic spaces:
Theorem 3.1. When 6 : U — V is a C™-bijection between open sets U,V C R" and f € F;,q(V) has
compact support, then foo € F;q(U ) and

7= =5
[foa|F,(U)| <clfIF, (V) (11

holds for a constant ¢ depending only on ¢ and the set supp f.
In the anisotropic situation it cannot be expected, e.g. if o is a rotation, that f o ¢ has the same

regularity as f, nor that foo € L when f € L;. We therefore restrict to p of the form
ﬁ:(pla"'?plap2,"'7p2)""pma"')pm)a N1+"'+]Vm:na m22v (12)
SN—— —— N———
N Ny Ny

and d having the same structure.

Theorem 3.2. Let6;:U; — V), j=1,...,m, be C*-bijections, where U;,V; C RNi are open. When @,

P fulfil (12) and f € f}’z(Ul X +++ X Uy) has compact support, then (1)) holds for U =U; X --- X Uy,
andV =V X --- xV,, for a constant ¢ depending only on ¢ and the set supp f.
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For traces at the curved boundary of cylinders, the next special case is useful:
Theorem 3.3. Let U,V C R ! be open and let 6 : U x R — V x R be a C*-bijection on the form
o(x)=(0"(x1,...,%,_1),%,) forall x€UxR.

When d, p satisfy (12) withm =2, Ny=n—1,N,=1and f € ij;(v x R) has supp f C K xR, whereby
K CV is compact, then foo € F}’Z(U x R) and
I f oo |Fsq(UxR)|| < c(supp f,0)|| f|Fyq®R" ]

The above three theorems can be found with proofs as Theorems 6-8, respectively, in [JSH13bl]. As
needed, we shall tacitly apply these results in situations with n+ 1 variables; when the last of these is
interpreted as time, then we let # = x,,.

4. FUNCTION SPACES ON MANIFOLDS

To develop Lizorkin—Triebel spaces over cylinders and to settle the necessary notation, we first review
distributions on manifolds, for the reader’s convenience.

4.1. Distributions on Manifolds. To allow comparison with existing literature on partial differential
equations, we follow [Gru(Q9, Sec. 8.2] and [H6r90, Sec. 6.3]. E.g. a diffeomorphism is in the following
a bijective C”-map between open sets, and we recall

Definition 4.1. An n-dimensional manifold X is a second-countable Hausdorff space which is locally
homeomorphic to R”. The manifold X is C* (or smooth), if it is equipped with a C*-structure, i.e. a
family .% of homeomorphisms k mapping open sets X, C X onto open sets X CR", with X = Uke.z Xk
such that the maps

Kok ik (XeNXy,) = K(XeNXy,), K,k €F, (13)

are diffeomorphisms, and .# contains every homeomorphism kp : Xj, — X, x> for which the compositions
in (T3) with k = Ky are diffeomorphisms.

A subfamily of .# where the X, cover X is called a (compatible) atlas, and .%; C .%, means that
every chart x in .%] is also a member of .%,. (The definition of a C*-manifold X means that a maximal
atlas has been chosen on the set X.)

Unless otherwise stated, X denotes an n-dimensional C*-manifold and .% is the maximal atlas. A
partition of unity 1 = Y ;e ;(x) with y; € C7°(X) and y;(x) > 0 for x € X is said to be subordinate
to .# (instead of to the covering X = [J,c# Xi), when for each j € N there exists a chart k(j) € .%
such that supp y; C X,(j). It is locally finite, when 1 = ¥ y/;(x) for every x € X has only finitely many
non-trivial terms in some neighbourhood of x. Note that for each compact set K C X, this finiteness
extends to an open set U D K.

We recall the definition of a distribution on a C*-manifold, using the notation @*u for the pullback of
a distribution u by a function ¢ [H6r90]; when u is a function then ¢*u = uo @.

Definition 4.2. The space Z'(X) consists of the families {uy }xe.#, Where u, € 2'(X,) and which for
all , x; € .F fulfil
e, = (Koky ) ue on & (XeNXy,). (14)

(2'(X) only identifies with the dual of Cj(X) if there is a positive density on X; cf. [H6r90, Ch. 6].)
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Each u € C*(X), k € Ny, can be identified with the family u, := uo k! of functions in C*(X,), which
evidently transform as in (T4). Thus C¥(X) C 2'(X) is obvious. For any u € 2'(X), the notation uo k!
is also used to denote u.

In restriction of e.g. u to k(X N Xy, ) is tacitly understood. To ease notation we will in the rest
of the paper, when composing with a chart, suppress such restriction to the chart’s co-domain.

Lemma 4.3 ([H6r90, Thm. 6.3.4]). For any atlas %, C .#, each family {ux} ez, of elements u, €
9" (Xx) fulfilling (14) for x,k1 € % is obtained from a unique v € 2'(X) by “restriction” to 7,
i.e.vok ! = uy for every k € F).

So if an open set U C R” is seen as a manifold X, then .%, = {idy } at once gives Z'(U) — 2'(X);
the surjectivity of this map follows by gluing together, cf. [Ho6r90, Thm. 2.2.4].

For Y C X open, the restriction of u € 2'(X) to Y is the family ryu := {rynx,)ux} With k running
through the charts in .# for which X, NY # 0. If we only consider an atlas .%; C .#, then the corre-
sponding subfamily identifies with a distribution uy € 2'(Y), cf. Lemma and since this is unique
ryu = uy, i.e. it suffices to consider an arbitrary atlas when determining the restriction of a distribution.

A distribution u € Z'(X) is said to be 0 on an open set Y C X if ryu = 0. Using this,

suppu::X\U{Y CXopenjlu=0onY}, (15)
and it is easily seen that for any atlas .7 C .Z,
suppu = U Kfl(suppu,q). (16)
K']ngl

The space &”’(X) consists of the distributions u € 2'(X) having compact support, while &”(K) for an
arbitrary K C X consists of the u € &”(X) with suppu C K. Any u € & (Y), where Y C X is open, has
an “extension by 0”; even locally in a chart:

Corollary 4.4. When Y C X is open and u € &'(Y), then there exists v € &' (X) such that ryv = u and

suppv = suppu. Moreover, when given u, € &' (X) for a single k € FZ, then there exists v € &' (X)
such that vic = u and suppv = K~ (supp uy).

Proof. In the case that suppu C X, C Y for some x € .%, then there exists an open set U C X such
that suppu C U C U C Xi (X is normal). The family .7, := {k} U{k; € . |UNX, =0} is an atlas,
since its domains cover X. Setting v = u, and vy, = 0 for the other x; € .7, the family {vi, }« ez
clearly transforms as in (14), hence defines a v € 2'(X), cf. Lemma From it is clear that
suppv = suppu; and ryv = u is evident in the atlas .%;.

In the general case, we use that any u € &'(Y) can be written as a finite sum u = Y y,u, where
1 =Y y; is alocally finite partition of unity subordinate to the atlas { x|ynx, | K € F : Y NX,c #0} onY.
Since supp yju C Y N Xy ;) is compact for each summand, the above gives the existence of av; € 7'(X)
such that ryv; = y;u and suppv; = supp y,u. Because the restriction operator is linear, taking v =} v;
proves the statement.

For the last part, consider X as a manifold with the atlas containing only the chart k. Lemma [4.3|
gives aw € 2'(Xy) such that w, = uy, hence the special case above applied to w and Y = X gives the
existence of some v € &’ (X) such that v, = wy, and suppv = suppw. O

4.2. Isotropic Lizorkin—Triebel Spaces on Manifolds. Since we later need a few isotropic results,
and since the proofs are much cleaner for isotropic spaces, we shall fix ideas in this section by working
with arbitrary s € R, 0 < p < o and 0 < g < oo, Let us add that most references on isotropic spaces
over manifolds just describe the outcome without referring directly to the general definitions in [Hor90,
Ch. 6], thus being inadequate for our generalisations here.
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4.2.1. Manifolds in General. We first recall that when U C R” is open, u € &'(U) is said to belong to
the Lizorkin—Triebel space f}, 4,(U) locally, if ou € F‘;’q(U ) for all @ € Ci’(U); the set of such elements
is denoted F q;loc(U ). Here we use the notation without bar, since ¢ has compact support in U. This
can be generalised to

Definition 4.5. The local Lizorkin—Triebel space F, . 1oc(X) consists of the u € Z'(X) such that u, €
FS . (Xy) forevery k € .Z.

p,q;loc
For u € 2'(X) to belong to MIOC(X), it suffices that uy is in F) .

Z1 C #. Indeed given ¢ € Cy (X), a partition of unity yields a reduction to the case where supp (@ o
k) C Xk NXj,, and the transition rule in gives

(ko) (pux) = @o (Ko u.
Since o (ko k') is in C (k1 (X N Xy, )), the product by uy, is in f;,q (k1 (XN Xy, )) by assumption
on .Z1; so by Theoremone has Qu, € f;’q()?,c).
For example, when X is an open set U C R”, the identification 2'(X) ~ %'(U) implies that
FS . .(X)~FS . (U)asitaccording to the above suffices to consider the atlas {idy }.

p,g:loc p,q:loc
For a partition of unity 1 = Y, y; subordinate to ., we shall for brevity use

;= yjok(j)
The partition is of course already subordinate to .7} := { k() | j € N}, which by the above suffices for
determining F’ p @ 1oc(X). This is moreover true, when the cut-off functions y; of a locally finite partition
of unity are invoked:

(X, ) for each K in an atlas

—1

Lemma 4.6. A distribution u € 9'(X) belongs to F,) ,1..(X) if and only if
I/I]u,(( /) GF (X (j))? jeN. 17)

Proof. Since ; € C5'(X(j)), this condition is necessary for u to be in F, . aioc (X).

Conversely, for an arbitrary ¢ € Cy (XK) we obtain Qux =Y jc;YjoK 'ou, with summation over a
finite index set / C N, because () jen is locally finite. As supp (W0 k™ '@) C k(X NXy(;)). [ISHI3D,
Lem. 8] and then Theorem [3.1|applied to k() o k! yields, cf. (T4),

| puc[F, o (Xic) | < CK;H Wi (@orok(j) ™)y |[Fpq(K() (X N X)) (18)
je
After multiplication with y; € Cy (X, x(j)) chosen such that x; = 1 on supp y;, we obtain by applying
Lemma [2.5| with some s; > s satisfying @) and suppressing extension by 0 to R” that

lpu [F (X | < e Y- @0 k0 k()™ 2 1B ea (R || Wity [F g Ko )- (19)
jel
The right-hand side is by finite, hence ux € F, o (X,) for each k € .Z. O

The space F p gloc (X) can be topologised through a separating family of quasi-seminorms,

W) = | Wju( [ Xp)ll, J €N (20)
Indeed, if u is non-zero in F .. (X), then there exists k € # and ¢ € 7 (X,) such that @u, # 0, i.e.

Il puy ]FM(X,()H > 0. So (19) gives that pj(u) > O for at least one j € N.
Going a step further, one obtains an equivalent family of quasi-seminorms even for a “restricted”

family {vy, }x ez,
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Lemma 4.7. Let | =Y @ be a locally finite partition of unity subordinate to some atlas %, C ﬁ and
let oy = Qro Ky (k) . When a family of distributions v, € 9’ (X,q) K| € F1, transforms as in (14) and
Puvie (k) € Fp ¢(Xi (1)) for every k € N, then there exists a unique u € F; . (X) such that ug, = v, for
all k) € %, and

p,g:loc

Wty 1 p g (X)) | < ¢jmax | @it [Fp g Xy )lls JEN, 2D
with maximum over k € N for whlch supp W; Nsupp @ # 0, cf. @D
Proof. There exists a unique distribution u € 2'(X) such that uy, = vy, for all k| € Z, cf. Lemma[4.3]

and using (I9) with ¢ = y; and 1 =} ¢ as the partition of unity readily shows (2I). Consequently
U € Fy poc(X)- O

Since the opposite inequality of can be shown similarly from (I8)—(19), we obtain

Corollary 4.8. The space F, . (X) can be equivalently defined from any atlas %, C %. Lemma
holds for any locally finite partition of unity subordinate to %1, and the resulting system of quasi-
seminorms is equivalent to (20).

As a preparation we include an obvious consequence of the proof of Corollary 4.4}

Corollary 4.9. When given u, € &' (Xi) ﬂF (XK) for a single k € F, then there exists v € & (X)N

Fy 110c(X) such that vic = uyc and suppv = Kk~ (suppuK).

When an open set U C R" is seen as a manifold X, then F?’

pquC(U ) obviously coincides with

Fy 410c(X), since it by Corollary (4.8 suffices to consider % = {idy} and any partition of unity
1=Y7,yjonU. OnF, quC(U ), the family in gives the usual structure of a Fréchet space if

p,q > 1, and in general we have:

Theorem 4.10. The space F p loc (X) is a complete topological vector space with a translation invariant
metric; for p,q > 1 it is locally convex, hence a Fréchet space.

Proof. It follows straightforwardly from [Gru09, Thm. B.5], which is based on a separating family of
seminorms, that the separating family (/.L;i ) jen, whereby d := min(1, p,q), of subadditive functionals
can be used to construct a topology, which turns Fy N o giloc (X) into a topological vector space. Indeed,

only a minor modification in the proof of continuity of scalar multiplication is needed, since the ,uj‘?’ are
not positive homogeneous — unless p,q > 1, and in this case the positive homogeneity implies that
F? . .(X) is locally convex.

p,g:loc
A translation invariant metric can be defined as in [Gru09 Thm. B.9], i.e

1 u—v)?

9= i -

and the arguments there immediately yield that d’ defines the same topology as ( uj’) jEN-

For an arbitrary Cauchy sequence (uy,) in Fy . (X), the sequence (Yjuy, x(j)), Where u, (j) =

Uy o kK(j)~1, is Cauchy in f;q ()?K(j)) for each j € N. Since this space is complete, there exists Vi(;) €

f::),q (XVK(J)> such that
| Wt () — V() 1F p, ( MII—=0 for m— oo (23)
Clearly vy € &'(X (X, x(j))» hence it follows from Corollary . that there exists a v(¥()) € &'(X) N

Fy 110c(X) so that suppv(¥U)) = x(j5)~ !(suppvy(;)) C supp y; and W (())) = Vie(j)-
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To find a limit for (u,,), we note that i, j) := ¥jen ! ((l))) is well defined in 2’ (X, (j))» since on every

compact set K C X x(j) there are only ﬁmtely many non-trivial terms. This family transforms as in (14)),
for in .@/< ( )(X x(j) NX K(k )))

17 K(k) © K' Zv O K'(j)_l = ZVSZY))) = I/A[K(j). (24)
)

Since l;ljuK =Yy l,l/] ) has finitely many summands, hence yields an element of F (XVK( j)), exis-

tence of u € F S oe(X) Wlth Uy(j) = Uy(j) Tor all j follows from Lemma

p,q;loc
To show the convergence of u,, to u in va gloc (X), we rely on extra copies of the locally finite partition
of unity to estimate by finitely many terms,
d ~ N —1 d
wiln—w'< Y (o k() ) =) e
supp y;Nsupp W #0

For k # j the domains can clearly be changed to k(j)(X(j) N Xc()), since v(¥®) and the y; have
compact support in X ). Using Theorem@ each term can then be estimated by,
1~ ~ = d
el w0 x (k)™ (Wt ity = Vi) |F g (K(6) (Ko N X)) ||

By means of a cut-off function equal to 1 on the compact supports, one can extend by 0 to R” and apply
Lemma [2.5]and [JSHI3b| Lem. 8], which yields

W —u)? < c )y 1 Wt (i) = Vi) [ F g Kicii) |1
supp W;Nsupp Y40
Each term converges to 0, cf. (23], hence F p gloc (X) is complete. U

4.2.2. Compact Manifolds. For trace operators on cylinders, compact manifolds are of special interest,
since the intersection of the curved and the flat boundary is often of such nature.

When X is compact there exists a finite atlas .%, and a partition of unity 1 = Y, 7 Wi such that
supp Y C X, is compact for each x € .%. The space F, (X) is in this case just denoted F), ,(X),
since the elements satisfy a global condition according to

pqloc

Theorem 4.11. When X is a compact C*-manifold, then F, ,(X) is a quasi-Banach space (normed if
p,q > 1) when equipped with

‘ s s 1/d .
il ()= (X P (R0l4) = min(1, pg), 25)

KEF

and || - \F;q(X)Hd is subadditive.

Proof. Positive homogeneity and subadditivity are inherited from the quasi-norms on the f;, q (fx) and

then the quasi-triangle inequality follows for d < 1 by using dual exponents %, ﬁ,

lu+v[Ey ()| <257 ([ulEy )|+ 1V IEp XN), v € By y(X).

Forany u € F; ,(X) with ||u|F; ,(X)| = 0, clearly Yu, =0 on X, kK € Fo. Also Wy ok iy, =0 for
K, K1 € Fo with X, N X, # 0, as (14) applies on k1 (X N Xy, ). Therefore uy, = ¥ e 7, (Wi 0 Kfl)u,q =0
for all k1 € %, hence u = 0.

Completeness follows from Theorem[d.10] since we for X compact have a partition of unity with only
finitely many non-zero elements, hence the topology there is equal to the one defined from (23). O
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Remark 4.12. Alternatively, one could work with an additional Riemannian structure as done by
Triebel [Tr192].

4.3. Isotropic Besov Spaces on Manifolds. For later reference, it is briefly mentioned that all the
definitions and results in Sectioncan be adapted to Besov spaces B, (X). E.g. they are complete,
when endowed with the quasi-seminorms

~ =S S .
pi(u) == || Wju ) B, o(Xc)ll, JEN,
and for p,q > 1 even Fréchet spaces. Moreover, when X is compact, Bfmq(X ) is a quasi-Banach space
under the norm

,q;loc

_ o~ 1/d
lulBy g CON = (X [l Wee By (RII) ", d:=min(1,p,q). 6)
KEFy
Indeed, this results since the arguments in Section merely rely on Lemma and Theorem
For one thing, the paramultiplication result in Lemma is simply replaced by a Besov version,
cf. [Joh93], [RS96] or [Tr192) 4.2.2], while we now indicate the needed modifications of the invari-
ance result in Theorem

The proof of [JSH13bl, Thm. 6], i.e. Theorem @ was divided into two steps. For large s, the
arguments carry over to B‘;w using [Tri83, Sec. 2.7.1, Rem. 2] instead of [JSH13b, Lem. 1(iii)] and also
using the characterisation of isotropic Besov spaces by kernels of local means, cf. [Ryc99a, Thm. BPT]
or [Tri06, Thm. 1.10]. This characterisation also readily gives a variant of [JSH13b, Lem. 8] for B;MI'

Then [JSHI3b, Lem. 2] is replaced by [JSH13a, Cor. 3.3] and it is noted that [JSHI13a, Thm. 4.4]
carries over to the quasi-norm || - [¢4(L,)||. Indeed, the only modification is to apply the inequality
in [Ryc99a, (21)] instead of [JSH13a, Lem. 2.7] in the last line of the proof.

Finally, the reference to [JSH13b, Thm. 2] is changed to [Ryc99a, (23)]. However, Rychkov’s starting
point [Ryc99a, (34)] was flawed, as mentioned in [JSH13a, Rem. 1.1], but it can be derived from our
anisotropic version in [JSHI3a, Prop. 4.6], as the elementary inequality [J(1+4[2/%z|)" > (14 [2/9z|)"
brings us back at once to the isotropic maximal functions. Our anisotropic dilations by 2/ disappear
when invoking the majorant property of the maximal function (cf. its proof in [Ste93| p. 57]).

For small s, the lift operator

Lu=F"((&) Fu) (27)
is used instead of [JSH13b, (22)], because application of [Tri83, 2.3.8] then readily gives an h €
Bijjq’(IR{") for some even integer r > s; — s such that ey f = I,h. Since

Lh=(1—A)2h,
the rest of the proof is easily carried over to a full proof of the fact that a C*-bijection ¢ : U — V sends
B, ,(V) boundedly into B, ,(U).

4.4. Mixed-Norm Lizorkin-Triebel Spaces on Curved Boundaries. As a motivation, we first note
that in case of evolution equations, the function u(x,#), depending on the location x in space and time z,
describes to each ¢ in an open interval / C R the state of a system (as a function of x in an open subset
Q C R"). Thus solutions are sought in Cy(R;, Lz(Q)), say for some 7 > 1, equipped with the norm

Ly(Q)].-

sup || u(x,1)
tel
Thus it should be natural to work in the scale of mixed-norm Lizorkin—Triebel spaces F}’Z(Q x 1), in
which 7 is taken as the outer integration variable in the norm of Lj; i.e. we take t = x,,;1 with associated
weight g, and integral exponent p, (when it eases notation, they will be written with n+ 1 as index).
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The results in Section can be carried over to F}’Z(Q x I) under the assumptions that
ap:=ay=...=ay, Po=Pp1=...= Pn, (28)
and that Q is C* in the sense adopted e.g. by [GruQ9]:
Definition 4.13. An open set Q C R"” with boundary I" is C* (or smooth), when for each boundary
point x € I there exists a diffeomorphism A defined on an open neighbourhood U; C R”" such that
A :U) — B(0,1) C R” is surjective and
Alx) =0,
AU, NQ)=B(0,1)NRY,
A(Uy,NT) =B(0,1)NR"!,
whereby R := {(x1,...,x,) € R"|x, > 0} and R"! ~ R"~! x {0}.
The unit ball in R” will below be denoted by B and in R"~! by B'.

4.4.1. Curved Boundaries in General. Let I C R be an open interval. As I' x [ is a C”-manifold,
9'(T" x 1) is a special case of Deﬁnitionand therefore the results regarding distributions on manifolds
in Sectionare applicable. The manifold can be equipped with e.g. the atlas .7 x .4, where % = {k}
and ./ = {n} are maximal atlases on I, respectively on /.

Locally finite partitions of unity 1 =Y y;(x) and 1 =Y ¢;(¢) subordinate to .%, respectively to .4
give a locally finite partition of unity 1 = Y} y; ® ¢, on I" x I. Note that we formally should sum with
respect to a fixed enumeration of the pairs (j,/) in N x N, but for simplicity’s sake we avoid this. (The
sums are locally finite anyway.) As above, we use the notation Wz = (y;@@)o(k(j)"' xn()™).

Since the maximal atlas on I" x I contains charts that do not respect the splitting into ¢ and the x-
variables, it is not obviously useful for the anisotropic spaces. We have therefore chosen to adopt
Lemma as our point of departure for the ngj—spaces on the curved boundary. Because I is of
dimension n — 1, it is noted that the parameters 4, J for these spaces only contain n entries.

Definition 4.14. The space Fg’a (I x I) consists of all the u € 2'(I" x I) for which

,q:;loc

P

Y Qutx(yn) € Fg (L) X Iy, J L €N.
The family in (20) and Corollary {8 adapted to this set-up, cf. Theorem [3.2] give that

, JleN, (29)

1j0(u) = 1| W @ uit ey [F g Ty X Inry)

-
a

is a separating family of quasi-seminorms and that ngq;loc(l" x I) can be equivalently defined from any

atlas .7 x A1, where .7 C .% and 4] C .4; with the same topology.

Theorem 4.15. The space F[;j;loc(l" x 1) is a complete topological vector space with a translation

invariant metric; for po, p;,q > 1 it is locally convex, hence a Fréchet space.
Proof. Ford :=min(1,pg, p;,q) the separating family ( [,LJ‘.{ 1)jiens cf. (29), is used to construct a topology

as in Theorem #.10[ This immediately gives that Fff:j;loc
locally convex, when d > 1.

The metric is in this case obtained by letting the p;; enter the summation formula for d’(u,v), cf. 22),
as any enumeration of the (j,/) gives the same sum; adapting the arguments in the proof of [Gru(9,
Thm. B.9] to two summation indices is straightforward.

Completeness follows as in the isotropic case, but with application of Theorem [3.2]instead of Theo-
rem [3.1) when showing the convergence. O

(I" x I) is a topological vector space and even
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4.4.2. Curved Boundaries in the Compact Case. When I" is compact, a finite atlas on the boundary can
e.g. be obtained from the composite maps kK = Y, 0 A, where %, (x1,...,%,) — (x1,...,X,-1,0) in
local coordinates. Indeed, according to Definition 4.13[ and the compactness of I" there exists on I' a
finite open cover {U, }, where A runs in an index set A, which together with Q gives an open cover of
Q. Each A € A induces a diffeomorphism k : ['c — B’ on ', := U, NT by k =}, 0 A. These maps
form an atlas .%, on I' and thereby an atlas {k x idg } xc.7, on T x R.

A partition of unity is obtained by using a function y € C*(R") such that y = 1 on Q\ U, U, to
slightly generalise [Gru09, Thm. 2.16]. This yields a family of functions {y; } U{y} with y, € C5(U,)
and y € C*(R") with suppy C Q such that ¥; v (x) + w(x) = 1 for x € Q. (Existence of such ¥ is
similar to [Gru09, Cor. 2.14], where K need not be compact.)

In addition, the functions Yy := v, |r € C(I'k) constitute a finite partition of unity of I" subordinate
to .%o. Hence 1 = Y c 5, Wi ® Lg, with 1 denoting the characteristic function of IR, is a partition of
unity on I' x R.

Recalling that Fﬂ lOc(l“ x I) is equivalently defined from any atlas .#; x .47, where .%| C .% and
M C N, we obtaln

Theorem 4.16. Let I be compact and J C R be a compact interval. The space

FYO(TxJ) = {u € Fy5, (CxR)|suppu C T x J} (30)
is closed and a quasi-Banach space (normed if p,q > 1), when equipped with the quasi-norm
o y lﬁ —_— I 7-‘ d l/d
lul F53(T % J)| = (g@ | W & Trttrias [Frg (B < R)[*) 31)
F0

. ]F;JZ(F x J)||4 is subadditive.

where d := min(1, po, p;,q).

The support condition in (30) means U 7, (k' X idg ) (suppuxxia;) C T % J, cf. (T6), hence
SUpp U xidy C B xJ. (32)
This implies that each summand in (3) is finite, since the factor 1y can be replaced by some x € i’ (R)
where ¥ =1 on J; and this ¥ can be chosen as a finite sum of the ¢; from Definition .14}
Proof. By the same arguments as in Theorem [4.11] the expression in (31)) is a quasi-norm. It gives the

same topology on F > (F x J) as the family ([.L ;)j.leN, since there exist ¢i,c, > 0 such that for each

ue Fﬁjq(l“ x J), cf. @])

i) < NulF5SCx N < e ¥ wyar(w)?, (33)
Jl'eN

where the prime indicates that the summation is over finitely many integers.
Indeed, Theorem yields that u;,(u)? is bounded from above by

Y (we@1z) 0 ()~ % 1) )95 @ Quanjyenay [Fg (() % 10Ty N X Ry) ||

KEF
<e Y | v o n(v; @ @) o (K7 X ida)ixia, [F5 (B x R)||"
KEF
Using for each k € .% some function x, € C;~_ (R") chosen such that y, = 1 on supp W, Nsupp (y;o
k1) and supp x« C K(FK( Hn I'x), we extend by 0 to R"*! and apply Lemmato obtain the left-hand
inequality in (33).
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The right-hand inequality can be shown similarly by first replacing 1y in with some y € C7’(R)
where ¥y =1 on J as discussed above.

To prove that F > (F x J) is closed, we consider an arbitrary sequence (u,,)necn, Which belongs to

Fi‘;(l“ x J) and converges in Fﬂ ['x R) to some u. Since iy, xxid; CONVErges to icxid, in 2’ (B x R)

D.q; loc(
and (32) holds for each uy, xxidy» it follows that suppuyid, C B’ % J, whence suppu C I" x J.

o -
Completeness follows immediately, since each Cauchy sequence in F;Z(F x J) converges to some u

in FI;ZIOC(F x R) and closedness of F;J_Z(F x J) then gives that suppu C I x J. O

5. RYCHKOV’S UNIVERSAL EXTENSION OPERATOR

A key ingredient in our construction of right-inverses to the trace operators is a modification of
Rychkov’s extension operator, introduced in [Ryc99] for bounded or special Lipschitz domains Q C R",

Suo :Fj,,q(sz) — F3 (R"). (34)

The linear and bounded operator &, o works for all 0 < p < o0, 0 < g < oo, s € R, cf. [Ryc99, Thm 4.1];
and it also applies to Besov spaces (p = o included). Thus it was termed a universal extension operator.

In Section below it will be clear that we for Q = R’ also need an extension operator for
anisotropic spaces with mixed norms. We therefore modify &, o accordingly, relying on the proof
strategy in [Ryc99]], yet we present significant simplifications in the proof of Proposition and add
e.g. Proposition The reader may choose to skip the proofs in a first reading.

We take another approach than Rychkov when defining ?/(]R’j_); this can be justified by [Ryc99,
Prop. 3.1] and the remark prior to it. Similarly to [Gru96, App. A.4] we use the following:

Definition 5.1. For any open set U C R", the space . (U (U) is defined as the set of f € 2'(U) for which
there exists f € ,5” '(R") such that ry f = f.

The spaces 5” (U) and 5” '(U) consist of the functions in . (R"), respectively the distributions in
&' (R") supported in U.

We define the convolution ¢ * f(x) for x € R", when f € ?/(R” ), cf. Definition and when

@ € . (R") has its support in the opposite half-space R" , that is ¢ € 5” (R"). This is done by using an
arbitrary extension f € ./(R") of f, i.e.

Q*f(x):=(f,p(x—")), xeRL, (35)

which is well defined, since it as a function on R’} clearly does not depend on the choice of extension ]7
First of all this is used in a variant of Calder6n’s reproducing formula (cf. Proposition [5.2]below),

f= ij (9j*f) in Z'(RY), (36)

to give meaning to each y/;* (@; * f); cf. (§) for the subscript notation. Indeed, ¢; « f € C*(R")N.7 (R")
is an extension of @; * f by (33), so also yields that by definition

Wy (9 ) () = Wy (9 f)(x), x€RY. 37)
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The idea in Rychkov’s extension operator &, is to use another extension of @; * f, namely

0 forxe@’i,

er (@i f)(x) = {(Pj*f(x) forx € R’} ;

for brevity, we use e = eg: and ry = rgr. Indeed, e, (@;* f) is C™ for x, # 0, hence measurable,
and in L joc(R"). Moreover e (@;  f) is in .7/ (R"), because it is O((1 + |x[*)") for a large N. So,
using (33), we obtain the alternative formula

vk (@ f)(x) = Wjxes (@ f)(x), xeRL. (38)
Here we can exploit that y; * e, (@; * f) is defined on all of R”, hence by substituting this into the
right-hand side of (36), &, is obtained simply by letting x run through not just R", but R”, i.e.

Eu(f) =Y Wixei(@xf) for fe. (RL). (39)
j=0

To make this description more precise, we first justify (36). So we recall that a function ¢ € . (R")
fulfils moment conditions of order Ly, when

D¥*(Z¢)(0)=0 for |o|<Ly.

Proposition 5.2. There exist 4 functions @o, @, Yo,y € 7 (R") supported in R". and with Ly = oo = Ly,
such that (36) holds for all f € ?/(Ri).

Proof. We shall exploit the existence of a real-valued function g € .%(R) with

/g(t)dt £0, /tkg(t)dt =0 forall keN,

and supp g C [1,0[. (This may be obtained as in [Ryc99}, Thm. 4.1(a)].)
With @o(x) := g(—x1)---g(—x,)/c" for ¢ = [ gdt, the properties of g immediately give

supp@o C {x e R"|x, < 0,k=1,...,n},
/(podle, /xo‘(po(x)dxzo for |al>0.

Thus the support of ¢ := @y —2719gy(27%.) lies in R", and L, = = since for |a| > 0,

/xaq)(x)dx: /x“(po(x) dx—zﬁu/x“(po(x)dx: 0.
The functions yp, ¥ € .(R") are conveniently defined via .7,
¥(&) = Po(8)(2—P(£)),
W(E) = (P0(&) +G0(278)) (2~ P0(&)* — P(27€)?).
Since §;(&) = P(2779E) = @o(27/9E) — @p(2\! =)&) for j > 1, we obtain by basic algebraic rules,
Pi(8)p;(8) = (2—90(2778)* — o (2" E)) (Go(2777E)* — o (21" 9E)?)
=2(60(2778)* = 9o (2" 9E)?) — (Po(277E)" — o (21 7E)).

This gives a telescopic sum:

(40)

oo

Y 05(8)@;(8) =2 lim @o(27€)% — lim gy(27 )t =1, (41)

J=0
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using that @y(0) = 1. As the convergence is in .’ (R"), the inverse Fourier transformation yields
Y vixg;=6. (42)
J=0

The fact that Ly, = oo is obvious from (40), since D*@,(0) = 0 for all o € Nj. The inclusion supp W C
R” is clear, because Yo = @o* (28 — @p * ¢p). Similarly supp y C R” , since y is a sum of convolutions
of functions with such support.

To show (36)), we note that when f € ./ (R") fulfils r, f = £, then (@2) entails

S}

=Y vix(g;*f) in Z'(R". 43)

J=0

More premsely, to circumvent that the summands in (@2)) need not have compact supports, one can show

that ¥,y W;Q;.7 Z f converges to .Z f in .%’(R") by using (41) and a function in .(R"). Then (37)
gives,

f=rif= Y r(wx (9% f)) Z yix(@ixf) in Z'(RYL),
j=0
in view of the continuity of r; : Z'(R") — 2'(R".). O

. . . — .
As anovelty, one can now show directly that & has nice properties on the space . (R"}.) of restricted
temperate distributions:

Proposition 5.3. The series for &,(f) in (39) converges in %' (R") for every f € ?/(]R{’F), and the
induced map &, : ?/(Rﬁ’r) — S (R") is w*-continuous.

Remark 5.4. The space ?/(R”) is endowed with the seminorms e {f,9)| for @ € #(R") and
ry f f, using the well-known fact that it is the dual of Y (R ) (I e. fy — 0 means that for some

(hence every) net f, of extensions, one has (fy, @) — 0 for all ¢ € 5” (R +).)

Proof. 1t suffices according to the limit theorem for .’ to obtain convergence of the series

oo

Y (er(@j*f),Wxm) forn e .7 (R"), (44)

j=0

where W(x) = y(—x) as usual. Since Ly = oo, it follows at once from [JSH13a, Lem. 4.2] that the
second entry tends rapidly to zero, i.e. for any seminorm pys one has

pu(Wjxn) =02 N) forevery N > 0. (45)
For the first entries, a test against an arbitrary ¢ € . (R") gives, for some M,
e (955 £):9)] = | [ (F0), 016 =) 1re (009 (0)
=[(lgr @ f(x,x—),0 @ Q;))rr xR (46)

<cpm(0 @ ;) < ' pu(0)pu(@)).

Here py(@;) = pu (278 p(273.)) = 0(2/(@+Ma")y grows at a fixed rate. Therefore the choice ¢ = ;%1
shows via (43)) that the series has rapidly decaying terms, hence converges.
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To obtain continuity of &, it clearly suffices to show that 771 := Y7 @; * (IL[Rn+ (Y * n)) defines a
transformation 7 : .7 (R") — .7 (R, ) satisfying

(6u(f).m) = (f.Tn) foralln € 7(R"). (47)
To this end we may let Tg» act first in (46), which via (44) gives
G = X (F [ 0001z (095 (x - ) d). @)
Jj=0

The integral is in .(R") as a function of y (cf. the theory of tensor products), and since supp ¢; C R"

it is only non-zero for y, > x, > 0. Hence the summands in 71 belong to .7 (ﬁi), so T has range
in this subspace, if its series converges in .(R"). But by the completeness, this follows since any

seminorm pyy applied to [ ;1 (x) Lgre (x)@;(x —y) dx is estimated by cpa (@) par+nt1(W) * 1), which
tends rapidly to O as above.
Finally, (48) now yields by summation in the second entry. O

In the next convergence result, the familiar dyadic corona condition, cf. e.g. [JSO8, Lem. 3.20], has
been weakened to one involving convolution with a function y satisfying a moment condition of infinite
order. It appeared implicitly in [Ryc99].

Lemma 5.5. Let (g/) jeN, be a sequence of measurable functions on R" such that
(&) 1= 127G [L(Ig) || < oo,
where for some 7 > 0,

xeR".

: g’ ()]
G’(x) = su : ,
®) ye]lgﬂ [T (14274 x; — | )7

When yo, y € 7 (R") with Ly = oo, then ¥.7_ Y * g’ converges in ' (R") for any such (g’) jen, and
H Z yj*g’
=0

with a constant c, s independent of (g’) jen,-

Fial <cqsll &N (49)

Proof. By assumption || (g/)|| < e, hence G/(¥) < o for an x € R", j € Ny, implying |g/(x)| <
G/ (%) 11—, (14 2/%|x; — x;|)"". Thereby, g’ belongs to L joc(R") and grows at most polynomially, thus
g’ and therefore also y; * g/ are in .7/ (R").

Using ®; from (), the following estimate holds for / € Ny, x € R",

T ygl () < [ 17 @yl (v 2) 2 < 1y G ), (50
where

L= [ 17 @y @ [+ 2 a))" dz
=1

Since Ly = o0 = L 14, a straightforward application of [JSH13a, Lem. 4.5] yields the following esti-
mate of the anisotropic dilations in /;;: for every M > 0 there is some Cy > 0 such that

Ly <Cu27 =™ forall j,1e N.
For M = €+ |s|, where € > 0 is arbitrary, we obtain from (50),
207 Oy gl ()] < 62727 1EG (), (51)
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which implies, using |j—1| > j—1,

| s—26.d -
e/ 15 00 < e (20120 12067 L) < 275 (89)
=0

This yields for d := min(1, py,..., pn),

Y lyieg? [F 204 < el (F |"Z2 Tl < oo,
j=0 Jj=0

hence Y7 W * g/ converges in the quasi-Banach space Ff 24 and thus in .7
Finally, by (51) and [JSH13a, Lem. 2.7] applied to (ZJSGJ)jeNo,

| Sz <o (S0,

which shows (49). O

Lp(ly)|| < a1 2°G7 L5 (4,)

We recall a variant (pj+ of the Peetre-Fefferman-Stein maximal operators induced by (¢;) jen,, Where
@0, ¢ € L (R") are supported in R” ; i.e. for f € ?’(Ri) and 7 > 0,

SR 1217 )
v f) yeRB‘ [T/ (1274 |x; — yq )

Now we are ready to state the main theorem of this section:

xeR:, jeN. (52)

Theorem 5.6. When @y, @, yo, ¥ € 7 (R") are functions as in Proposition then
Gulf) = Y yixer(@;f) (53)
j=0
is a linear extension operator from ?/(Ri) to S (R"), i.e. riéyf = f in R, for every f € ?/(Ri).
Moreover, &, is bounded for all s € R, 0 < p < o0 and 0 < g < oo,
& F~ (R” ) %Fﬁ (R")
Proof. First it is shown using that for any f € f}’fl (R™) and 7 > min(q, p1,...,pn) "\
1275 £ 1Ls(Eg) (R[] < cll £ [Fg(RL)]. (54)

Besides (p+ f, we shall use the well-known maximal operator @; f, where the supremum in is
replaced by supremum over R". Hence for every g € Fﬂ (R”) such that r, g = f, we get from (33] - ) that
+ @ *g(y)]
¢ f(x) = sup .
i1 = verr Ty (1427, — yi|)"

This yields when combined with the following, obtained from techniques behind [JSHI13a,
Thm. 5.1]:

<¢iglx), xeR. (55)

: JS ok . n . S,d (|| *A;,Zi n
int [12895glLy(t) (R < ¢ inf |lg F5a(RN] =l £IFy (R (56)

More precisely, since we only have Ly, = oo available, it is perhaps simplest to exploit that the Taube-
rian conditions are fulfilled by the functions .% ~ '@, .% ~!® appearing in the definition of Fﬁ , cf. (D).
Therefore [JSHI13a, Thm. 4.4] yields that the quasi-norm on the left-hand side in (56)) is estlmated by
| 275 (F~'®;)*g|L5(¢,) |, which in turn is estimated by ||g|Fﬁ’qH using [JSH13a, Thm. 4.8].
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To apply Lemma 5.5 we estimate || (eo(@; * f)) || using the extension of to R”, that is

T flx) = su ’(pj*f()’)’
P = 2 (2
with which it is immediate to see that
(e (@ 1)) | = 12797 fIL5(L)]|-
A splitting of the integral on the right-hand side in one over R’} , respectively one over R" yields, using
the obvious inequality (p+ F(x,) < (p+ f(xX,—x,) forx € R" and (59), cf. Lemma

xeR", jeN,

| G IEN < el (ex (@ ) | < 26l 2707 £ |L(8g)(RY) || < 2¢]| £ [Fg(RL)].
Finally, continuity of r, : Z'(R") — 2'(R’,) together with (38) and Proposition |5.2| give

ZM Vixe (@ Z‘l// (@jxf)=1,

hence &, f is an extension of f. O

In the study of trace operators, it will be necessary to extend from more general domains. Indeed,
using the splitting x = (x’,x,,) on R" and writing f(x',C —x,) as f(-,C—-), the fact that x — (x/,C — x;,)
is an involution easily gives a universal extension from the half-line | —co,C[:

Corollary 5.7. For any C € R, the operator
éau,Cf(x) = éau (f(ac_ )) (xlac _xn)
is a linear and bounded extension from F;Z (R"1'x] —0,C]) to Fgfj(R”).
Proof. The quasi-norm on F;’E(R”) is invariant under translations t,u = u(- — h), cf. [JSO8| Prop. 3.3],
and under the reflection Zu = u(-,—), when @, P are invariant under &, as we may assume up to

equivalence. So, clearly u(x',C —x,) is in Fﬁ (]R”) with the same quasi-norm as u.
By Definition[2.7] [2.7this readlly implies that the change of coordinates is also continuous from the space

1 1
M(]R” X] —o0,CJ) to F (R” x]0,00[). Thus
| 6ucf |Fyq R < cll &u(f(-,C =) [Fyg (RM)]]
<l £(,€ =) [Fyg(R"x]0,00]) | < ]| f[F5q (R x] = e, D,
and the linearity of & ¢ follows directly from the linearity of &. U

In comparison with the well-known half-space extension by Seeley [See64] we note that the above
construction is applicable for all s € R, even in the mixed-norm case. Also it has the advantage that
several results from [JSH13a| can be utilised, making the argumentation less cumbersome.

6. TRACE OPERATORS

Under the assumption in (28)), we study the trace at the flat boundary of a cylinder Q x I, where
Q CR"is C* and I :=)0,T[, possibly T = co. The trace at the curved boundary is studied only for
T < oo and under the additional assumption that d€Q is compact. The associated operators are

rp f(xl?"'axlﬁt) Hf(xla"'axnao)a
Y f(xr,..xn,t) = f(X1,. 00 X0, 0)|0-
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As a preparation (for a discussion of compatibility conditions), the chapter ends with a discussion of
traces on both the flat and the curved boundary at the corner dQ x {0} of the cylinder.

For the reader’s sake, we recall some notation from [JSOS||, namely that the trace at the hyperplane
where x; = 0 is denoted by ¥ x:

Yok f(X1 - ,x,,,t) — f()C] . ,0, - ,x,,,t). (57)
It will be convenient for us to use p’ := (p1,...,pk-1), P" := (Pk+1,-- -, Pn, Pt), analogously for @, and
to set r; = max(1, p;). Furthermore, we recall that x,,; | = t, a,4+1 = a;, pp+1 = ps, hence we shall work
with d, p of the form, cf. (28)),
a:<007"'7a07a1)7 ﬁ:(p07---7P07pl)<°°7 (58)
where the finiteness of p is assumed in order to apply the results in [JSOS]].

6.1. The Trace at the Flat Boundary. The trace r,, defined by evaluation at t = s, is for each s € [
well defined on the subspace,

C(1,2'(Q)) C 2'(Qx1), (59)

where the embedding can be seen by modifying the proof of [Joh00, Prop. 3.5]. On the smaller subspace

C(1,2'(Q)) consisting of the elements having a continuous extension in 7 to R, even the trace r is well
defined (and it induces a similar operator also denoted rg). Indeed, for u € C(I1,2'(2)) all extensions f
are equal in Q x I and by continuity therefore also at t = 0, hence

rou = f(-,0). (60)
Now, it was shown in [JSO8, Thm. 2.4] that

S,ﬁ n+1 n ag ap
FSOR™Y) < Gy(R,Ly(R")  when s> ;Jrn(m—a()), 61)

and this induces an embedding f;’f;(ﬁ x I) < C(I,Ly(Q)), so the trace ry can be applied to u in
f}’;(ﬂ x I), i.e. for an arbitrary extension f in F;:Z’(R”“),
o= ra (-, 0). 62)

To define a right-inverse of ry when applied to F (Q x I), we recall that a bounded right-inverse
K, 11 of the analogous trace ¥y ,+1 on Euclidean space cf WSO8, Thm. 2.6],

at

Ko : B, 7 (RY) = FYAR™Y), seR, (63)
is given by the following, where y € C“(R) such that y(0) = 1 and supp Zy C [1,2],
Kui1v(x Z w(2M 0 00) 7 (@48, 0) Fv(E)) (V). (64)
j=0

A right-inverse was given in this form by Triebel [Tri83]] in the isotropic case.
Theorem 6.1. When d, p fulfil and s satisfies the inequality in (61)), then
1o F (Qxl)—>B (Q)

is a bounded surjection and it has a right-inverse Ky. More precisely, the operator Ky can be chosen so
t /

that Ky : B “ (Q) — F~ (Q x I) is bounded for all s € R.
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Proof. The analogue of this theorem on Euclidean spaces, cf. [JSO8, Thm. 2.5], yields for any f €
FI;’Z (]R"“) the existence of a constant ¢ (only depending on s, j, ¢,d) such that

Hossrf B 2 (Y| < el FIEST @]

Choosing f in so the right-hand side is bounded by 2c¢|| u \f},’i](ﬂ x I)||, we obtain boundedness

of ry, since rq(Yont1f) = rou, cf. (57).
A right-inverse Ky is constructed using K, in (63]) and Rychkov’s extension operator in (34):

_a o
5w

Ko :=roxioKut1 O@@u,Q : BP’J’:

(Since (34) applies only to isotropic spaces over Q C R”, one can exploit (38 to make rescalings
(s,a’) <> s/ag, cf. Lemma[2.3])
It is bounded for all s € R, because K, and &, o are so. Finally, (62) yields for any v € E;,_;T’ “ (Q),

(Q) = Ft(@x1). (65)

roo Kov = ro(Ky41084,0V) (X1, ,%1,0) = rq 0 Yout1 0 Kng1 0 Eu v = v,
hence K is a right-inverse of rg. O

6.2. A Support Preserving Right-Inverse. Having treated the trace at {# = 0}, we now construct an
explicit support preserving right-inverse of it. It is useful for parabolic problems e.g. in the reduction to
homogeneous boundary conditions. At no extra cost, general d and p are treated in most of this section.

It is known from [JSOS]] that whenever s > % + Yk<n ( o o) ak>, then ry is bounded,

min(1,py,...,
t

= s—%,a’
ro: By (R"xR) =B, " (R").

The particular right-inverse in shall now be replaced by a finer construction of a right-inverse Q
having the useful property that

suppu C R}, = suppQu C R, x R. (66)

Roughly speaking the idea is to replace the use of Littlewood—Paley decompositions by the kernels of
localised means (k;) jen,; cf. Theorem That is, we tentatively take Q of the form

oo

Qu(x,t) = Z n(27%t)k; * u(x). (67)

J=0

Hereby the auxiliary function 7 € .#(R) is again chosen with 77(0) = 1 and such that suppn C [1,2].
The main reason for this choice of Qu is that the property (66) will eventually result when the kernels
k; are so chosen that

suppucﬁn+ == suppkj*ucﬁi. (68)

By the support rule for convolutions, this follows if suppk; C K’i. However, in order to choose the &,
we shall first draw on the construction of &, in Section[5|and take functions ¢y, @, W, ¥ in . (R") with
support in Ri and satisfying

/q)odlez/l//odx, Lp=o0=Ly, (69)
in such a way that by setting e.g. y;(x) = 2/ y(2/%x) for j > 1, one has Calderén’s reproducing formula

u=Y yix@jxu for ue.'(R"). (70)
j=0
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Existence of these functions may be obtained as in the proof of Proposition simply by omitting the
reflection in the definition of ¢y and proceeding with the argument for (43) in the proof there.
Now we obtain suppk; C Ri by choosing

ko=Vox @y, k=yx*@.
Then states that u = Y. > k; * u, which together with the condition 17(0) = 1 will imply that Q is a
right-inverse of ry. B
Since the supports of the k; are only confined to be in the half-space Ri, we refer to the k; as kernels

of localised means. (Triebel termed them local in case the supports are compact.)
In addition we need to recall an .’-version of [JohQ0, Prop. 3.5].

Lemma 6.2. There is an (algebraic) embedding Cy(R,.7'(R")) C &/'(R" x R) given by

(Aro¥) = [0y 0o dr
for each continuous, bounded map f : R — ' (R") and v € ¥ (R" x R).

Proof. By the boundedness, the family {f(¢)},cr is equicontinuous, so for some M > 0 we have
[(f(1),0)] < cpm(@) forall r € R and ¢ € .(R"). Hence the integrand is continuous and estimated
crudely by cpu+2(w) /(1 +1%), so Af makes sense and |(Ar, ¥)| < cpari2(W). O

Using this lemma, we can now improve on by giving Qu a more precise meaning as an element
of Cp(Ry,-’(R?)). Namely, Qu(-,1) is the distribution given on ¢ € .%(R") by

oo

(Qu(-1),0) = Y. n(27"t) (k;*u,9). (71)

j=0
This will be clear from the proof of

Proposition 6.3. The operator Q is a well-defined w*-continuous linear map ' (R") — ./(R" x R)
having range in Co(R;,.'(R?)). It is a right-inverse of ro preserving supports in Ri in the strong form

suppu C R, == V¢ :suppQu(-,t) CR,. (72)

In particular, Q : /' (R}) — 7' (R, x R), cf. Deﬁnition

Remark 6.4. We can of course add that — (60), for we may apply Lemma [6.2]to f = Qu and
consider the y/(x,¢) that vanish for x, > 0: when holds, the integrand is identically 0. (Unlike (72),

property (66) is meaningful also without continuity of Qu with respect to ¢.)

Proof. 1t is first noted that " (k; * u, ¢) converges absolutely for each test function ¢ € .%/(R"). In fact,
using the notation k;(x) = k;(—x), the estimate | (u,k; * )| < cpp(k;* ¢) < c27/N holds for any N > 0;
this follows from the infinitely many vanishing moments, i.e. L; = oo, cf. [JSH13a, Lem. 4.2].

Hence Y (k; xu, )1 (2/t) is a Cauchy series for each ¢ € .7 (R") as 11(2/¢) is a bounded sequence
for fixed . Since it converges, Qu is defined in .#/(R") for each ¢.

The convergence is absolute and uniform in ¢, so ¢t — (Qu(z),¢) is continuous; and bounded by
Y |(kj*u,¢)|. Therefore Qu is in the subspace Cy(R;,.”"(R})); cf. Lemmal6.2]

Consequently roQu is defined by evaluation at r = 0, which gives Y. 1(0)k; * u(x), hence gives back u
because of (70). Using the convergence in .’ (IR"), the support preservation in is immediate from
(68) by test against any ¢ € Cy'(R") vanishing for x,, > 0.
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Finally, continuity of Q follows at once if (Qu, ) = (u,Ty) for v € .7 (R"!), ie. if Q is the
transpose of T : .7 (R"*1) — . (R") given by

(Ty)(x) / Zk y(x,0)m (27 dr.

Here the sum is a Cauchy series in the space . (R"*!), for a seminorm pj; applied to the general term
is less than py (1 (2/91)) = O(2/%M) times py(k; * W), which decays rapidly as L; = co. Denoting the
sum by S(x,1), also x — [ S(x,)dr is a Schwartz function, so Ty is well defined and by the definition
of tensor products we get

0.TY) = W 1,5) = [(SC.0pde = [(@ul-0). y(1))dr = (Qu,y).
using and Lemmal6.2] O

Before we go deeper into the boundedness of Q in the scales of mixed-norm Lizorkin—Triebel spaces,
we first sum up the fundamental estimate in the next result. In the isotropic case it goes back at least to
the trace investigations of Triebel [Tri83) p. 136].

Proposition 6.5. For p = (p1,...,pn,r) in ]0,00["*!, a real number a > 0 and 0 < q < oo there is a
constant c with the property that

[ {v) @27 £@) o [Lph) (RTH) H<c(ZHvJ\L @)

whenever (v;) is a sequence of measurable functions on R" and f € C(R) is such that t" f(t) is bounded
for some N > 0 satisfying Nr > 1.

Proof. To save a page of repetition from [JSOS8| Sec. 4.2.3], we leave it to the reader to carry over the
proof given there with a few notational changes. (Note that f itself is bounded, so the arguments there
extend to our case without any Schwartz class assumptions on f.) U

Theorem 6.6. The operator Q is for 0 < p < e, 0 < g <o and d > 1 a bounded map
0: Bsa (R")—>Fﬂ n (]R"XR) forall s € R, (73)

Q:B" (R) = Fy " “R"xR) forallscR. (74)

Proof. The property in is a direct consequence of and Proposition[6.3]
As for (73), by means of an auxiliary function .# 7 € C§’(R) taken so that .#7 = 1 on [1,2] D supp7
and supp.Z 7] C]0,o0[, we rewrite Qu in terms of convolutions on R"*!, using that k; = y; x @;,

oo

Qu=Y ;02 ) Nk xu(x) = ) (v @0);* (@ xu@n(2/")).
j=0 j=0
Hereby it is understood for j = 0 that the first factor is Yy ® 7.
Now we may invoke Lemma [5.5] as the function ¥ ® f} has all its moments equal to 0, because its
Fourier transformed function is supported in a half-plane disjoint from the origin in R"*!. This gives an
estimate of the Lizorkin-Triebel norm as follows,

| Qu F;;E’Q(R”“)H <c|| {2(”%)1((;) «u@n(29.)) *} > L Rnﬂ)H
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Here the maximal function (-)* considered in the lemma allow us to estimate the j" term by

J

. n+1 .ap ,
sup |2 @; xu(y)2’ ”’77 (27%y, T 1427 —yy )7 < vj(x)27 7 f(27%1)
o)t =1

if we set
n

v =sup[2% @« u(y)| [ J(1+2" | — )",
y =1

f(t) =sup[n(y)|(1+ [t =y )"

Vi
To invoke Proposition @ we note that v;, f are continuous (by an argument similar to e.g. [Johl1,
(6)—(7)]) and, moreover, sup |tV £(t)| < oo for 0 < N < r;. We therefore apply the proposition for r = p,,
a = a; and note that if we fix the above parameter r, such that r,p, > 1, then Np, > 1 is fulfilled at least
for N = r;. This gives

: 1/p:
| Qulrg @ < el {278 @)} Ep(g) R <c(2 1L (R )
So by writing the v; in terms of the Peetre—Fefferman—Stein maximal function ¢; fu(x),
o g o0 - 1/ps
| Qu|Fs > Y| éc(jgo||2”<p,-u|Lpf<R">|Pf) < cl|u|By, (R

The last inequality is essentially known from [Ryc99a, (4)], but to account for effects of the flaws
pointed out in [JSH13al Rem. 1.1], let us briefly note the following: if we apply [Ryc99al (21)] to the
very last formula in the proof of [JSH13a, Thm. 4.4], then we get an estimate of the above sum by
| 259(F _ICID)j-u |€,(L,y)||- This can be controlled by the £,, (L, )-norm of the convolutions 2*/.7 1 x

u, i.e. by the stated || u |B‘;’/“ ;)[ (R™)||, by following the argument for [Ryc99a, (23)] (after the remedy
discussed in Section 4.3|above), say for simplicity with ry :=r; = ... =r, and ropy > n. U

The operator Q above is now used to replace the particular right-inverse to ry in (63)) by an operator
Qg that preserves support in Q.

The construction uses the partition of unity 1 = ¥, w3 + y on Q constructed in Section as well
as cut-off functions 1, € C5'(R"), A € A, chosen with suppn,; C B and 1;, = 1 on supp ¥ ; and some
Na € C7_(R"), cf. Lemma|2.5|for the definition of Cy°, such that suppne C Q with g = 1 on supp y.

For convenience we let u(y) = eg((wyu) o A=), which enters the definition of the operator Qq:

Qau = ZeUx «R((MQupy) o (A xidr)) +NaQ(yu). (75)

Theorem 6.7. Let Q C R" be a smooth set with compact boundary 0 as in Section[d.2.2] When a, p
satisfy (38), 0 < g < w0 and s € R, then Qq is a bounded linear map

QOq: B B a (Rn) N Ferllt/Pm (Rn+l)
which on the subspace B;’,‘.I;I (Q) has ro as a left-inverse:
roQqu =u whenever suppu C Q for u € B;,a;)t (R™). (76)

Moreover, Qq has range in C(R,, 2'(R")) and preserves supports in Q in the strong form

suppu C Q = Vt : supp Qou(-,t) C Q. (77)
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Proof. For the terms in the sum over A4 in (73)), we note that the multiplication result in [Tri92l 4.2.2]
together with the Besov version of Theorem [3.1] cf. Section[4.3] imply

Uy = 63((1[/;“4)0},71) GBsa (Rn) (78)

(These results apply to isotropic Besov spaces, so we use Lemma [2.3]to rescale (s,a’) <+ s/aq, cf. (38).)
Theorem @ and the paramultiplication result [JSHI3b, Lem. 7] now gives that 1, Qu(; belongs to

I;_J;a’/ Prd(R™+1), hence according to Theorem

(M Quay) o (A x idg) € Fy /"(U; x R).

As suppn; C B, Lemma[2.9|gives that extension of this composition by 0 belongs to F;;a’/ Pl (Rt
For the last term in (79)), it is an immediate consequence of [Ir192, 4.2.2] that yu belongs to
S’a L, (R"), since y €7 (asy=1-Y; y; on Q and dQ is compact).
ThlS shows that Qqu € Ff+a’/ pr: (R”“) and by applying the quasi-norm estimates in the theorems
and lemmas referred to above we obtain

| Qau | F PR | < cf|ul By, (RY)].

P Pz(
Furthermore, it follows from Proposition[6.3|that Qou € C(R;, 2'(R?)) and therefore the effect of ry
on Qou is simply restriction to t = 0, cf. (60). Hence foru € B)" (R"),

roQau =Y ev, (M. Qu(x))(-,0) 0 A) +NaQ(yu)(-,0).
7

Since Q according to Proposition [6.3]is a right-inverse of ry, this sum equals the following by using
as well as the properties of 1, , g, and in the final step that suppu C Q,

Zeul MU )0/1)+‘I/M—Z€U,1 (MaoA- wu)+wu—2wu+wu—u

This shows . Finally, the support preserving property in {77) follows from (72)). Indeed, when
suppu C Q, then the support of each u(y) is contained in R’; and therefore supp (0 2Qu())o(A(-),1) CQ

for all € R, which immediately gives that supp Qqu(-,t) C Q. 0

6.3. The Trace at the Curved Boundary. We now address the trace y of distributions in f};z(Q x 1),
where for simplicity / =]0,T[, T < oo, and Q is smooth as in Definition with compact boundary T'.

6.3.1. Preliminaries. The trace is first worked out locally and then it is observed that the local pieces
define a global trace. In this process we use that the trace Jy1 is a bounded surjection, cf. [JSOS,
Thm. 2.2],

) a4

0.1 Ff“(R”“) —>F,, ”0 (R")

for s> = 0 ( 1)( 40 >+ ( 4 )
s>—+n—1) ——— —ao —_ ).
Po mln(17p07q) m1n<1vp07ptvq) '

This is also valid for ¥y, in view of and we prefer to work with this, for locally the boundary
I' is defined by the equation x, = 0, as usual. For the s in (79), we have by [JSO8, Thm. 2.1], since

rk = maX(l,pk)’

(79)

FEIR™) < Go(R, Ly (R)) < Ly e (R"). (80)
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So when u € F}’z(ﬂ x I) for such s, an extension f in the corresponding space on R” is a function and
for this we right away get

fo (A7 xidg) € Ly joc (B x R). (81)

Moreover, if we work locally with cut-off functions y € Ci’ (U, ), ¢ € C5(R), then Lemma yields

l[/® of € Fq (R”“) Changing coordinates, Theorem [3.3|implies that (¥ ® @ f) o (A~! x idR) is in

Fﬁq (B x R), hence it extends by 0 to Fg:;’(R"“). By (79),

1o (W@ @f) 0 (A" xidg)) € Fyy o/ (R").

Strictly speaking, we should have inserted the extension by O, namely ep«r, before applying ¥ ,,

but we have chosen not to burden notation with this. Now restriction to B’ x R gives an element in

e "
F ;/,Zfo/p *“ (B’ x R), and since it is easily seen using that restriction to {x, = 0} and epyg can be

interchanged, we obtain

(W©of)o (A" (-,0) xidg) € Fi /™ (B x R). (82)

Furthermore, to describe the range of 7y, we introduce for an open interval I’ D I the restriction (with
notation as in Section §.4))
ry F =

(CxTI')— F

pqloc(FxI),

P,q;loc

which for any v € Fﬁ " x I') is defined as the distribution arising from the family {rp «;vicxid, } ke.#,

q loc(
of distributions on B’ x I, cf. the paragraph on restriction just below Lemma

Using r;, we also introduce a space of restricted distributions (in the time variable only),

Fi(Tx1) = rIFﬁ (T'xR) = r,F;ﬁ (T'xJ) (83)

P.q;loc

valid for any compact interval J D I. Since F i’ﬁ (F x J) is a quasi-Banach space, cf. Theorem 4.16} the

space F (F x I) is so too when equipped with
Hu\F (F><I)|| = inf Hv|F5’F’(F><J)||. (84)
rpv=u P9

6.3.2. The Definition. To give sense to yu in 2'(I" x I), it is first observed that induces invariantly
defined functions. Indeed, in view of the identity k= !(-) = A~!(-,0), we set

fK :fo(k_l(',()) X idR) S Ll,loc(B/ X R)

and as distributions they transform as in (14)), since

feo(kox ' xidg) = fi, on ki (T'y, NTx) xR, (85)
Hence by Lemma[4.3|there exists a unique v € 2'(I" x R) with
Viexidg = fx- (86)
That v is in ), ;0/152 “ (T x R) is a special case of (82), cf. Definition 4.14

Note that the distribution v does not depend on the atlas %, for when another atlas .%; in the same
way induces a distribution vy, then formula (83) read with k running through .%; and k; running through
7 implies that both v and v; result by “restriction” from the distribution w induced by .%, U ..

Now we define the trace yu in 2'(I" x I) by

Yu = rpv. (87)
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Indeed, to verify that yu is independent of the chosen f, it suffices to derive that for any two extensions
fi,fhe F;’Z (R"*1), the following identity holds for each A € A and (¥',¢) € B’ x I

fio(A71(-,0) xidR) (x',1) = fr0 (A71(-,0) x idg) (¥, 1). (88)

To do so, we choose ¥ € C3(Uy ), ¢ € C3(R) such that w(2~!(x',0)) # 0 and () # 0. Since fi, f>
coincide in Q x I, the functions

esxr (Y@ @f;) 0 (A7 xid)) (x,1), j=1.2
are identical for (x,#) € B x I with x,, > 0. Letting x,, — 0 therefore gives the same limits in L~ (R" 1 x
I), cf. 80), in particular they coincide in L (B’ x I). As (y® @) o (A~1(-,0) x idg)(¥',¢) # 0, this
yields (88).

Furthermore, (88) can be used to show that ¥ does not depend on the Lizorkin-Triebel space satisfy-
ing (79). For when u belongs to two different Lizorkin-Triebel spaces, we can take f] above to be an
extension in one of the spaces and f; to be an extension in the other. The identity in (88)) then gives that
Yu belongs to the intersection of the corresponding Lizorkin—Triebel spaces over “the curved boundary.

We also note that the trace Y has the natural property that r;0y = yor; on F (Q x I') for any open
interval I’ D 1.

Finally, y applied to any u € rq.;C(R""!) gives the expected, namely rr;i for any extension i €
C(R"1) of u. Indeed using (87),

(Yu)iexia; = rgrer (o (A1 (+,0) x idr) ) = (rrsqtt) o (k' X idy) = (rrscsil) exid,
which shows that yu equals a restriction, rr.;u, of the continuous function u.

6.3.3. The Theorem. To construct a right-inverse of ¥, we use a bounded right-inverse K, of yp ,, where
because of (58) we may refer to [JSO8, Thm. 2.6] for a right-inverse of the similar trace yp,; in (79),

Ky E) P (RY) o FSARMY), s ER, (89)

given by, cf. just above (64)) for the v,

oo

Kuw(x) = Y w(2 ) 7 71 (@(8,0,8041) V(& &uet) (X 1)

j=0
Hereby we have set p” = (po, ..., po, pr) €]0,00[", which results when p, = py is left out; cf. (58).
Theorem 6.8. When T is compact, d, p satisfy (58) and (s,q) fulfils the inequality in (79)), then
yiFS @) B ()
is a bounded surjection, which has a rlght-mverse Ky. More precisely, the operator Ky can be chosen

such that Ky : F, ao/po o (Cx1I)— f}’i(ﬂ x I) is bounded for every s € R.

Proof. Since the space F, C;f/ pod” (' x 1), cf. (83)), does not depend on how the compact interval J D I
is chosen, it is fixed in the following. Moreover, yu does not depend on the extension f of u, thus we

take f such that supp f C R" x J. By (86) and (B3)), yu = ryv is in FY a(’/ma (C'x1).

To prove boundedness, note that v according to (I6) belongs to Fp’,,_’q(l“ x J), since

suppv C | J (A7'(-,0) xidr)(B' x J) =T x J. (90)
AEA
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Hence it can be inferred from Theorem that
| yul /P (0 s 1) |

P »Po

< inf Y (i @lrf) e (-,0) xidg) [F, /" (B x R)||. Ob
rﬂxlf u AEA 0

supp fCR"xJ

By choosing first a cut-off function on R, we can use the infimum norm to fix f such that
Hf]F’ “(R”“)H <2||u ]F /(@ x1I)||. Using the arguments leading up to (82) and the boundedness
of Yo.ns cf , each summand in (O] can be estimated by

ol (w2 @ 1af)o (A" xide) [Fyg (B xR)|“.
Finally, applying TheoremE and Lemma since Yy, ® 1g € Cp_(R™™!), we obtain

e B/ P (T D)) < e £IES SR < 2l u[Fg (@ x D)

The construction of a right-inverse Ky uses that for any w € F, F, ao/ pod” (I x I) there exists a v €

F° ap/po,a”

U, (T x J) such that r;y = w. It is easily verified that

wk = TRy (eB’XR(fl}K & :H-RVKXidR)) ©2)

is independent of the extension v; and obviously w* is in F F, ao/ pod (R"fl x I) with support in B’ X I.
For x1, 1 € C“(IR{) such that Y1+, =1ona nelghbourhood of I and such that x;, x» vanish before
the right, respective the left end point of 7, we let, cf. Theorem [5.6]and Corollary
Wext = a0 w®) + 4 (r2w"),

where extension by Oto R and R"~!x] — oo, T before application of &, respectively &4, 1s understood.
Lemma |2 glves that thls extension does not change the regularity of the elements, hence wk. . belongs
to F, ;g/ Po:@" (R): and furthermore rgn 1., wE = wk.

Now using K, in (89) as well as functions n; € C;(R"), A € A, such that suppn; C Band ) =1
on supp ¥, we define (using the v-independence of w,,)

Kyw =raxr Y ev, xr(MKawey) © (A X idw). 3)

AeA
Boundedness of Ky is a consequence of first using Lemmaﬂand Theorem d:=min(1, po, p1,q),

K [Frg(@x D[4 < ¥ || (maKawho) o (A x ids) [Fg (U x R)|
AeA
< Y | mKawd [ EST @,
AeA
and then Lemma 2.5} Lemma [2.10|and the mapping properties of K,,, &y, &, 7,

| Kpw [ Frg(@x DIl <c ¥ [lw* [F ™ (R )¢

P »P0
KEF
j=12
<c ¥ (v ®Lav)o (k! xidg) [F, /" (B x R) .
KEF

The extension v is chosen arbitrarily among those in F; ;‘;/ Po.a’ (T x J) satisfying r;v = w, thus taking
the infimum over all such v yields the boundedness of Ky, cf. (84) and (31).



TRACES AND MIXED NORMS 31

To verify that Ky is indeed a right-inverse, we use that an extension of Kyw is

F=Y ev,xr(MEKwho) o (A x idg).
AEA
Hence the definition of v, cf. (87), gives that y(Kyw) = rih, where hy, xig, = f © (/'Lfl(~,0) X idg). We
shall now prove that gy fhy, xide = W, xiq, for each k; € .%y. Indeed,

rB’xlhquidR =TIpxI Z (mané‘xt) O (7L Olfl(',o) X idR), %94)

AEA
where extension by 0 from k;(I'y, NTx) X R to B’ x R in each term is understood. Using that K,
is a right-inverse of ¥, and that wk, = w* on x(I'y, NT'x) x I, each summand in (94) equals, cf.

also (©2), (14),
(maw™)o (A o/'Ll’I(‘,O) Xidr) = (Mol -y ®1R)o (lfl(-,O) X AdR ) Vi, xidg -
As M3 0A =1 on supp Y and ¥ i = 1 on I, we finally obtain, using that r;y = w,

rB/thquidR =TIpBxI <VK1><idR Z (WK'® HR) © (lfl(';o) X idR)) = Wi xid;»
AEA

hence Ky is a right-inverse of y. O

6.4. The Traces at the Corner. The trace from either the flat or the curved boundary to the corner
' x {0} ~T cannot simply be obtained by applying ry and then 7, or vice versa, since these operators
are defined on spaces over the whole cylinder.

In the following, under the assumptions that / =]0, 7| is finite and I compact, the trace operators
ror, ¥ will therefore be introduced (the subscript I indicates that we end up at I" x {0} ~T"). We note
that focus will not be on optimality regarding the co-domains, since the purpose of this section merely
is to prepare for a discussion of compatibility conditions in connection with PDEs; and from this point
of view the interesting question is whether the following identity holds in 2'(T),

Yo.r © Yu = Y o rou. 95)
Recall that when working with spaces on the boundary, the anisotropy and the vector of integral
exponents only have n entries. Since it is different entries that need to be left out, depending on whether
we are studying I' x I or Q, it will in the following be convenient to use a” = (ay,...,a,—1,4a;) as well
asd = (ay,...,a,); and likewise for p’, p”. Moreover, (58)) is a standing assumption on d, p.
We assume that s satisfies the inequality in (6I]) adapted to vectors of n entries, i.e. for the trace from
the curved boundary I" x 1,

a[ Cl()
5>t 1) (0 —a), (96)
p T min(1,pg)
and for the trace from the flat boundary Q,
ao ao
s> —+(n—-1 (,7—%). 97)
Po (n=1) min(1, po)

Remark 6.9. When v € F;}?;(F x J) for a compact interval J and s fulfils (96), then

Viexidg € Gy (RhLl,loc (BI)) for each x € f%\o.
This follows if for every compact set K C B', the map ¢ +— vicxidg, (-, ) is continuous with values in L; (K).
In Theorem we may, if necessary, change the partition of unity (using some ¢ € Ci’(B') equalling 1
on K) such that yi. = 1 on ¥~ !(K). Then Wevixig, is in fjﬁ’q(B’ x IR), which because of (61)) and (96)
is contained in Gy, (R, L (B)). Hence viidg is in L (K), continuously in time.
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6.4.1. The Curved Boundary. Forw € F), o (F x I) there exists a v € Fo o, (F x J), where J D I is any

compact interval, such that r;v = w, cf. ( . By exploiting that vie,idg 1s continuous with respect to ¢,
cf. Remark [6.9] we define for x € T,

rorw(x) = Z Vie (%) Viexidg (K(x),0) (98)

KEF

with the understanding that the product Wi (x)vixigg (K(x),0) is defined to be 0 outside I'x. On I'y the
product is meaningful, since vixid, is in Cp (R, Lj j0c(B')).

o 1"
The trace ror in (98) is independent of the chosen v € F;}ff q(F x J), since for any two extensions
vi,Vvy in this space, Wi - rp« v kxidgs J = 1,2, coincide on B’ x I, hence by continuity also on B’ x {0}.
Moreover, the trace depends neither on the atlas nor on the subordinate partition of unity. Indeed,
considering another atlas .7 with a subordinate partition of unity 1 =Y, c #, @x,, we have on IT', cf. (14)
for the atlas %y U . %,

Y Wieviesiag (K(1),0) = Y, Wi v xiag (K1(+),0) = Y @, vicy iz (K1 (+), 0).

K K,K] Ki

In the following theorem the co-domain of the trace is B, o, p,’ “ (T'); the definition and properties of this
space follow from Section4.3] since it coincides with an isotropic space in view of (58) and Lemma[2.3]
Note that we have abbreviated the (n — 1)-vector (ao, ..., ap) to ap, and similarly for py.

Theorem 6.10. When d”,p" are as above with 0 < p" < oo and s satisfies (Q0)), then ry r is bounded,

rr: F// (FXI)—>Bp07pt (F)

Proof. From Remark we have that viyigg is in Co(R,Lj j0c(B')), hence using the bounded trace
operator, cf. [JSO8, Thm. 2.5] and (96),

Yot Fpit (R") = By, “ ('), 99)
it is readily seen that

IT’KVKxidR ('70) = rB/YO,neB’XR(lTIKVK‘XidR)-

Since Yivixidg € F, S;fl” (B’ x R), we therefore have by (99) that Wyvixid, (+,0) belongs to Bpo }’,’, “(B)).

at

Now Corollary 4.9|adapted to Besov spaces, cf. Section 1mphes that rorw € B ,;0 4 “ (I).
To prove ro r is bounded, we use (26)) to estimate || ro rw |Bpo,pr “(M)||4, d := min(1, po, p;), by
1~ d
Z HW’QOK I'WKVK1><idR(KloK (- ‘Bpopt (K(FKQFFQ))H :

K,K1 €%

After a change of coordinates x — Ko K| ! (x) and a slight restriction of the domain to a suitable open
subset W such that W C «; (I', NT'), and finally multiplication by a x, € C;(B') where X, =1 on
supp Wy, , this can be estimated by, cf. [Tri92, 4.2.2] for an s; large enough,

Z ( Z HDaeB/(lI/KOKTIXKl)‘L‘X’H) HeB/ l1l/1<1VK1><1d]R 7 ‘Bpop, (Rnil)‘d

K,K1 €% ‘O!‘Ssl
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the constant ¢ contains supyy | detJ (ko k)[4

boundedness of 7y , in gives

as a finite factor (J denotes the Jacobian matrix). Now

S,‘Ltﬂ d . —s,d’
HrO,FW‘Bpo;gr O(F)H <c Z | Wi Vicy xidz ]F;Zq(B’xR)Hd,

K1 6(5’7:()

hence taking the infimum over all admissible v (as we may since ror is independent of the extension)
proves that ro 1 is bounded. O

6.4.2. The Flat Boundary. In this section we consider the trace operator Y, which simply is the trace
at I of distributions defined on Q. In view of (93) and Theorem[6.1] the domain of interest for yr is the
unmixed Besov space E;,’ff ;(Q), which according to Lemma even equals an isotropic space, cf. (38),
The operator is defined by carrying over the definition and results for y in Section[6.3] Indeed, we
remove the time dependence and use the Besov space result in [FJSO0, Thm. 1] for }5,. An embed-
ding similar to also holds in the case of Besov spaces, cf. [FIS00, Prop. 1] and (97), and Theo-
rem [4.16] [3.3] are replaced by the Besov versions, cf. Section 4.3] of Theorem §.T1] [3.1] respectively.
Recalling that the (n — 1)-vector (a, ...,ap) is abbreviated ag, and likewise for py, this yields

Theorem 6.11. When a’' = (ay, . ..,ap) € [1,[", p" = (po,---,po) €]0,00[" and s satisfies (7)), then
is a bounded operator,

1 Byt (Q) = By a7 (1),

We note that, as usual for Besov spaces, the sum exponent is not changed and, moreover, a formula

similar to the one in for ro,r holds for 9. Le. for any extension f of w € E;,/a ;(Q), with (86)—(87)
adapted to 9t for the fi, we have when extension by 0 outside I' is suppressed,

rw= Y, W feok. (100)

KE?@

Indeed, (¥ ez, Vi fco K) = Lies Ve oKy U fe, = fio = (1rw)y, for each ky € .%. This formula
is convenient in a discussion of compatibility conditions, cf. the next section.

6.5. Applications. Without proof, we now indicate, by merely adapting [GS90, Ch. 6] to the present
set-up, what the above considerations yield in a study of e.g. the heat equation. That is, for A = 8x21 +
...+ 02 we consider

du—Au=g in QxI, (101)
yu=¢ on I'xl, (102)
rou =1up on Qx {0}. (103)

Under the assumption thatd = (1,...,1,2) and p = (po, .- -, po, p:) < o0, we give in the theorem below

necessary conditions for the existence of a solution « in f}’i](ﬂ x I), when y and rj in (I02)), (I03)) make
sense, 1.e. when s fulfils the two conditions

1
o () ()

Po mln(hp(%‘]) mm(LPOaPh‘I)

) | (104)
I

pe \min(1, po)
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Theorem 6.12. Let d, p and s satisfy the requirements above. When the boundary value problem
in (I01)—(103) has a solution u € f‘;’flq(ﬂ x I), then the data (g, Q,up) necessarily satisfy

" 2

2.4 _s—La
Fy,.(QxI), @cF, " (IxI), wue By (Q). (105)
Moreover, for all | € Ny fulﬁlling both
2 1
20<s————— (n—l)( — ) and
po P min(1, po) (106)
1 ap az
s () ()
Po (n=1) min(1,po,q) min(1,po,pr.q)
the data are compatible in the sense that
-1 .
rordl ¢ = yp(Aluo +Y Afr0(8,17171g)>, (107)

Jj=0
which reduces to ror@ = Yrug for | = 0 (the sum is void).

We recall that the corrections containing the minima in (104), amount to O in the classical case
in which pg,q > 1.

Remark 6.13. In the construction of solutions to e.g. (I0I)—(T03), it is well known from work of
Grubb and Solonnikov [[GS90, Thm. 6.3] that the problem is solvable for py = 2 = p,, provided the
data (g, @, up) are given as in (I03]) and subjected to the compatibility conditions in (I06)—(107). In an
extension of this to general pg, p;, a first step could be to reduce to problems having ¢ =0, ug = 0.
By linearity, the surjectivity of y in Theorem [6.8] allows a first reduction to the case ¢ = 0. Secondly,
reduction to ug = 0 is obtained by adding and subtracting & = rqx;Qqequo (the compatibility condition
for I = 0 entails that equo is defined, and for low s has the same regularity as uo), for here ryit = ug holds
as well as yii = 0 because the operator Qq preserves support in Q, as shown in Theorem [6.7] E (Details
were given by the second author [MH13| Ch. 7].)
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