Exercises for the DINA workshop on Data series, state-space models, and the Kalman filter

1 Some comments on R

R is a free-ware version of Splus. A wide range of statistical methods are implemented in R and R is furthermore a very flexible programming language where new applications can easily be developed.

1.1 Entering commands

In your pc version commands can be executed via the command line. Longer sequences of commands or implementations of new functions can be written in a separate file. If the commands are stored in a file, cmd.R say, then the command line statement source(‘‘cmd.R’’) will execute the commands in cmd.R and load function code contained in cmd.R. You can also open

cmd.R in your favourite text editor and use copy/paste to paste commands

or sequences of commands into the command line.

1.2 Introduction and help

You may find it useful to run the commands in basic.R to learn more about some basic features of R. Help can be obtained by clicking the help-button. For help on a specific topic, say the function scan, you may alternatively just type help(scan) on the command line.

2 Exercises

In c:/DinaForskerskole you may find .R files with examples of how the exercises may be solved in R. For each exercise the relevant .R files are given in parantheses.

Exercise 1 (growth.R,growth.play.R,growth.corrected.R)

The purpose of this exercise is to familiarize you with programming in R and to show an implementation of the Kalman-filter and smoother for a certain state-space model for growth (for weight of pigs for example).

Let rate_t, lweight_t, and y_t denote the growth rate, the “true” weight on log scale, and the observed weight (at log scale) at time t = 1, 2, . . .. The model is given by the following equations:

rate_t = rate_{t−1} + w_t lweight_t = lweight_{t−1} + rate_t y_t = lweight_t + v_t

where w_t, v_t, t = 1, 2, . . . are independent zero-mean Gaussian variables with variances σ^2_w and σ^2_v .

Let θ_t = (rate_t, lweight_t)^T and w̃_t = (w_t, w_t)^T. Then the matrix version of the model is:

θ_t = [ 1 0 1 1 ] θ_{t−1} + w̃_t y_t = [ 0 1 ] θ_t + v_t.

Note that w̃_t ∼ N_2( ( 0 0 ) , [ σ^2_w σ^2_w σ^2_w σ^2_w ] ). 1) Take a look of the R-functions kalman.filter and kalman.smoother in

growth.R. The function kalman.filter takes as an argument a new obser-

vation and computes the predictive and filtered values for that observation (so it can be used for online-updating). The function kalman.smoother calculates the smoothed values based on a sequence of observations.

The functions contain five errors. Find these five errors and fix them (if you find more than five errors then the additional errors are unintentional !).

2) Load the corrected version of growth.R into R using source(). Play with the programme by running it on data supplied by yourself. Compare the one-step forecasts and their confidence intervals with the observations that you supply. What does the shape of the predictive bands tell you ?

Also plot the smoothed values of the growth rate together with confidence bands.

3) The files pig1.dat and pig2.dat contains series of weights for two pigs. Can you spot the happy pig ?

Exercise 2 (simulation.R)

In this simulation exercise we consider a very simple state space model. The purpose of the exercise is to illustrate the effects of varying the variance parameters of the latent and observation process.

Consider the state space model θ_0 = 0 θ_t = θ_{t−1} + w_t y_t = θ_t + v_t.

Let σ^2_{wt} = Var(w_t) and σ^2_{vt} = Var(v_t).

1) Simulate series y_1, . . . , y_{50} in the cases

(i) σ^2_{wt} = 0.02 and σ^2_{vt} = 1. (ii) σ^2_{wt} = 0.1 and σ^2_{vt} = 1. (iii) σ^2_{wt} = 1 and σ^2_{vt} = 1. (iv) σ^2_{wt} = 1 and σ^2_{vt} = 0.1.

Write your own simulation programme or use the code in simulation.R. Hint: rnorm(n,0,sqrt(0,02)) will produce a vector of n independent N(0, 0.02)’s.

Make a plot showing the latent process (as a solid line) and the observations (as dots).

2) Repeat 1) but for t = 20 let σ^2_{wt} be increased by a factor 100 and for t = 30 let σ^2_{vt} be increased by a factor 100.

Exercise 3 (simple.kalman.R,simple.kalman.run.R)

Implement the Kalman filter and smoother for the simple state space model of the previous exercise. The programme should return

(i) The filtered values m_t and C_t.

(ii) The predictions f_t and Q_t.

(iii) The smoothed values m̃_t and C̃_t.

1) Run the filter and smoother on the simulated series from part 1) of the previous exercise and plot the true latent process together with the estimated latent process m̃_t and the confidence bands given by m̃_t ± 2 √ C̃_t. Plot the simulated observations together with the predictions f_t and predictive intervals f_t ± 2 √ Q_t.

2) Run the filter and smoother on the simulated series from part 2) of the previous exercises but let (wrongfully) the variances be constant. Plot the output as in 1).

3) Repeat 2) but using the correct variances.

If there is still time left you may try the last exercise on likelihood estimation using the Kalman filter - otherwise go for the late-night snack.

Exercise 4 (likelihood.R)

The command library(ts) loads the time series package and data(lh) makes the data set lh available. This dataseries consists of 48 measurements of lutein hormone in the blood of a woman measured with 10 minutes intervals. In this exercise we will try to estimate the two variance parameters in the simple state space model of Exercise 2 using these data. However, in this case we initialize with a vague prior on θ_0: θ_0 ∼ N(0, 100000).

1) Plot the data.

2) Make an R-programme that computes the likelihood of the two variance parameters using the Kalman filter.

3) Minimize the negated likelihood using e.g. the nlm procedure (nlm is an R-procedure for minimization of nonlinear functions - for further details consult the help page by typing help(nlm)).

4) Plot the likelihood on a grid of values of σ^2_{wt} and σ^2_{vt} .

5) Condition on θ_0 = 0 and compute the variance of y_t in terms of σ^2_{vt} and σ^2_{wt} . Does the simple state space model seem to be a reasonable model for the lutein series ?

11.04.02 Søren Lundbye-Christensen and Rasmus Waagepetersen.