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Spatial confounding and spatial+ for non-linear
covariate effects

1) Spatial confounding and spatial+ (linear effects)
2)Generalized Additive Models (GAMS)
3) Spatial confounding and GAMs



© Whatis spatial confounding?

t=(t, )
Response data: y = (y1,...,y,)"
Covariate data: x = (xi,...,x,)"
Data locations: ti,

L t, eRY

Spatial regression model:

yi = Bx; + spatial random effects +¢€;, ¢; ~ N(0, 0?)

Interference
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Example: stomach cancer incidence in Slovenia
Reich et al., Biometrics, 2006

Disease incidence Socio-economic index

Null model
y, = a + Bx + g = Clear negative effect
N
Disease Socio-  Random (B<0)
incidence economic  noise
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Example: stomach cancer incidence in Slovenia
Reich et al., Biometrics, 2006

Disease incidence Socio-economic index
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Null model
y, = o + Bx + g = Clear negative effect
Spatial model B<0)
y, = a + Bxi oy ot g
Spatial
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Example: stomach cancer incidence in Slovenia
Reich et al., Biometrics, 2006

Disease incidence Socio-economic index

Null model

y, = o + Bx + g = Clear negative effect
Spatial model B<0)

y = o + Bx + u + ¢ = Nosignificant effect

Spatial
effects



Example: stomach cancer incidence in Slovenia
Reich et al., Biometrics, 2006

Disease incidence Socio-economic index

L ¥
Null model

y, = o + Bx + g = Clear negative effect
Spatial model B<0)

y = o + Bx + u + ¢ = Nosignificant effect
Restricted spatial regression (RSR)

y, = a + Bx + Gi L Sameﬁas linear model

Restricted
spatial effects



Data:
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Data:

y=p/8x+u+ée,
Null model:

e ~ N(070')2/|)
y:,8X+€7 €NN(0’O_2I)
Estimate:
Bo= Tx)7xTy

= ()X (Bx+u+e)

BO) =P+ E ((XTX)*leu)
oA X xu

Bias



Step 1: Fit a spatial model to the covariate

X X X 2
x= u" + € e~ N(0,0:l
, ) ( ) x)
spatial
effects

= x=X+r
Step 2: Replace x by r* in the spatial model
y=p5r'+u+e,

e ~ N(0,5°1)

DA



Step 1: Fit a spatial model to the covariate

X X
X= u 4 €
~—

, €~ N(0,020)
spatial

effects

= Xx=X+r
Step 2: Replace x by r* in the spatial model

y=Br+u+te,

e ~ N(0,5°1)
Idea

» Spatial dependence of x causes collinearity problems
> Xx=X+r" = fBx= X+ Br<

> r* is broadly independent of spatial location



Data: y= [x +u+e where e ~ N(0,02l)
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Response data: y = (y1,...,y,)
Covariate data: x = (x,...,X,)
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Response data: y = (y1,

<+ Yn)
Covariate data: x = (x,

-axn)

GAM




eneralized A

GAM

f(x)

GAM: y; = f(X,') + €
Penalised ML: f minimises

n

>0 fGa) x| 17 (0o
i=1 —
distance to data srgzs’;?ti;g
(A>0)

itive Models

AMSs

Linear effect

Linear effect: y; = o+ Bx; + €;
ML/LLS: &, 3 minimise

> (yi—a—Bxi)
i=1

distance to data
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eneralize

GAM

f(x)

GAM: y; = f(X,') + €

Penalised ML: f minimises

n

>0 fGa) x| 17 (0o
i=1 —
distance to data srgzs’;?ti;g
(A>0)

itive Moadels S

Smoothing penalty:

f(x)

GAM with A =0

A > 0 estimated
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eneralize itave Modaels

GAM

f(x)

GAM: y; = f(X,') + €
Penalised ML: f minimises

n

S0 = 7002+ o [ 1)

i=1 —_—
distance to data Sn;gﬁ;?{;g

(A>0)

Basis expansion:

f(x)




eneralize

GAM

f(x)

GAM: y; = f(X,') + €
Penalised ML: f minimises

n

>0 fGa) x| 17 (0o
i=1 —
—_— i
distance to data Sn;gﬁ;?{;g
(A>0)

itave Modaels

Basis expansion:

f(x)

p
f(x) = ;@' bj(x)
J= basis
functions

S




Generallzea Aaaltlve M05e|s !GAMS;

GAM
. Basis expansion:
. p
. F(x) =Y B bi(x)
j=1 —~
- basis
. functions
A T Penalised LLS:

B = (Bl, . ,Bp) minimises

GAM: y; = f(X,') + €
ly — BB+ 37sp

Penalised ML: f minimises

n Model matrix B = [by | -+ | bp]
Z(Yi — f(x;))* + n/\/ |f"(x)?dx  Penalty matrix S
i=1 —_—
| S S— -

distance to data sn;zs’;llll;g
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" Generalized Additive Models (GAMs)

Response data: y = (y1,...,¥s)
Covariate data: x = (x1,...,xn), 2= (z1,...,25)

GAM: yi = (X)) + (z) + €, € ~ N(0, o?)
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Response data: y = (y1,

cesYn)
Covariate data: x = (x1,...,%,), 2= (21,...,2n)
GAM:

yi = f(xi,zi) + €, € ~ N(0,0?)
1"
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Response data: y = (y1,

ey Yn)
Covariate data: x = (x1,...,xn), 2= (z1,...,25)

GAM: i ~ EF(ui, ®)
g(wi) = f.(x) + f(z)
0.‘0 D.‘Z 0‘.4 X 0‘.6 0.8 l‘,ﬂ 0.‘0 D.‘Z 0‘.4 0‘.5




Response data: y = (y,

t=(,t)
o yn)T
Covariate data: x = (xi,...,x,)"
Data locations: ti,

.t eRY



!pa!lal conlounalng ana E!HS

t= ('il' '.2)

Response data: y = (y1,...,y,)"

Covariate data: x = (xi,...,x,)" oL S
Data locations: ti,...,t, € R
Null GAM: yi= f(X,') + €, € f\dl N(0,0'2)
Spatial GAM:  y; = f(x;) + fip(t;) +€;, € ~ N(0,0?)
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Data:

yi= f(x) +fp(ti)+ € where e/ ~ N(0,072)
f(x) =3x3
Spatial GAM
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Spatial model:

y=0x+u+e €~ N0,
Spatial+: y=pr+u+e €~ N0,0o2)
Idea
> X=X+r" = fBx=px+Br<
Spatial GAM:  y; = f(x;) + fip(ti) + i, € ~ N(0,0?)
Issue
> x =X+ r* but £(x) X (%) + f(r¥)



!pa!|a|+
Spatial model:

y=0x+u+e €~ N0,
Spatial+: y=pr+u+e €~ N0,0o2)
Idea
> x=X+r" = fx=[px+pr
Spatial GAM:  y; = f(x;) + fo(t;) + €, € ~ N(0,02?)
Idea

> Use basis expansion f(x) = -7, B;b;(x)
> Model matrix B = [by | -+ | bp]

> bj=bj+r, = Bbj=8b+8r
> Replace b; by r; in B




Data: Vi

F(x) + fiplt) + € where &f ~ N(0,07)
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MSE of fitted values
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» E. DUPONT, AND N. AUGUSTIN, Spatial confounding and spatial+ for non-linear
covariate effects. (Under review)

» E. DUPONT, N. AUGUSTIN, AND S. WOOD, Spatial+: a novel approach to spatial
confounding, Biometrics (2022), 1- 12, https://doi.org/10.1111/biom.13656.

Discussions:

» I. MARQUES, AND T. KNEIB, doi.org/10.1111/biom.13650.

» B. REIcH, S. YANG, AND Y. GUAN, doi.org/10.1111/biom.13651.
» A. SCHMIDT, doi.org/10.1111/biom.13654.

» G. PAPADOGEORCGOU, doi.org/10.1111/biom.13655.

Rejoinder:
» E. DuroNT, N. AUGUSTIN, AND S. Woo0D, doi.org/10.1111/biom.13653.

» B. J. REIcH,J. S. HODGES AND V. ZADNIK, Effects of residual smoothing on the
posterior of the fixed effects in disease-mapping models, Biometrics, 62 (2006),
pp- 1197-1206.

» Woob, S. N., Generalized additive models: an introduction with R, CRC press
(2017).
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