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What is spatial confounding?

Response data: y = (y1, . . . , yn)T

Covariate data: x = (x1, . . . , xn)T

Data locations: t1, . . . , tn ∈ Rd

t i = (ti
1, ti

2)

Spatial regression model:

yi = βxi + spatial random effects + εi , εi ∼
iid

N(0, σ2)

Interference
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Null model
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Restricted 
spatial effects

Restricted spatial regression (RSR)
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Simulations

Data: y = βx︸︷︷︸
β = 3

+ u + εy where εy ∼ N(0, σ2
y I)
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Null model/RSR

Data: y = βx + u + εy , εy ∼ N(0, σ2
y I)

Null model: y = βx + ε, ε ∼ N(0, σ2I)

Estimate:

β̂ = (xTx)−1xTy

= (xTx)−1xT (βx + u + εy )

E(β̂) = β + E
(
(xTx)−1xTu

)︸ ︷︷ ︸
Bias



  

Spatial+

  

Spatial+
Step 1: Fit a spatial model to the covariate

x = ux︸︷︷︸
spatial
effects

+ εx , εx ∼ N(0, σ2
x I)

=⇒ x = x̂ + rx

Step 2: Replace x by rx in the spatial model

y = βrx + u + ε, ε ∼ N(0, σ2I)



  

Spatial+
Step 1: Fit a spatial model to the covariate

x = ux︸︷︷︸
spatial
effects

+ εx , εx ∼ N(0, σ2
x I)

=⇒ x = x̂ + rx

Step 2: Replace x by rx in the spatial model

y = βrx + u + ε, ε ∼ N(0, σ2I)

Idea

I Spatial dependence of x causes collinearity problems

I x = x̂ + rx =⇒ βx = βx̂ + βrx

I rx is broadly independent of spatial location



  

Simulations

Data: y = βx︸︷︷︸
β = 3

+ u + εy where εy ∼ N(0, σ2
y I)
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Generalized Additive Models (GAMs)

  

Generalized Additive Models (GAMs)

Response data: y = (y1, . . . , yn)
Covariate data: x = (x1, . . . , xn)
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Generalized Additive Models (GAMs)

Response data: y = (y1, . . . , yn)
Covariate data: x = (x1, . . . , xn)
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Generalized Additive Models (GAMs)

  

Generalized Additive Models (GAMs)
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Generalized Additive Models (GAMs)
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Generalized Additive Models (GAMs)
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Generalized Additive Models (GAMs)
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Generalized Additive Models (GAMs)
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Model matrix B =
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Penalty matrix S



  

Generalized Additive Models (GAMs)

  

Generalized Additive Models (GAMs)

Response data: y = (y1, . . . , yn)
Covariate data: x = (x1, . . . , xn), z = (z1, . . . , zn)

GAM: yi = fx(xi ) + fz(zi ) + εi , εi ∼
iid

N(0, σ2)
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Generalized Additive Models (GAMs)

Response data: y = (y1, . . . , yn)
Covariate data: x = (x1, . . . , xn), z = (z1, . . . , zn)

GAM: yi = f (xi , zi ) + εi , εi ∼
iid

N(0, σ2)
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Generalized Additive Models (GAMs)

Response data: y = (y1, . . . , yn)
Covariate data: x = (x1, . . . , xn), z = (z1, . . . , zn)

GAM: yi ∼ EF(µi , φ)

g(µi ) = fx(xi ) + fz(zi )
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Spatial confounding and GAMs

  

Spatial confounding and GAMs

Response data: y = (y1, . . . , yn)T

Covariate data: x = (x1, . . . , xn)T

Data locations: t1, . . . , tn ∈ Rd

t i = (ti
1, ti

2)



  

Spatial confounding and GAMs

Response data: y = (y1, . . . , yn)T

Covariate data: x = (x1, . . . , xn)T

Data locations: t1, . . . , tn ∈ Rd

t i = (ti
1, ti

2)

Null GAM: yi = f (xi ) + εi , εi ∼
iid

N(0, σ2)

Spatial GAM: yi = f (xi ) + fsp(ti )︸ ︷︷ ︸
spatial
effects

+εi , εi ∼
iid

N(0, σ2)
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Spatial confounding and GAMs

Data: yi = f (xi )︸︷︷︸
f (x) = 3x3

+ fsp(ti ) + εyi where εyi ∼ N(0, σ2
y )
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Spatial+

  

Spatial+

Spatial model: y = βx + u + ε, ε ∼ N(0, σ2I)
Spatial+: y = βrx + u + ε, ε ∼ N(0, σ2I)

Idea

I x = x̂ + rx =⇒ βx = βx̂ + βrx

Spatial GAM: yi = f (xi ) + fsp(ti ) + εi , εi ∼ N(0, σ2)

Issue

I x = x̂ + rx but f (xi )�Z= f (x̂i ) + f (r xi )



  

Spatial+

Spatial model: y = βx + u + ε, ε ∼ N(0, σ2I)
Spatial+: y = βrx + u + ε, ε ∼ N(0, σ2I)

Idea

I x = x̂ + rx =⇒ βx = βx̂ + βrx

Spatial GAM: yi = f (xi ) + fsp(ti ) + εi , εi ∼ N(0, σ2)

Idea

I Use basis expansion f (x) =
∑p

j=1 βjbj(x)

I Model matrix B =
[
b1 · · · bp

]
I bj = b̂j + rj =⇒ βjbj = βj b̂j + βj rj
I Replace bj by rj in B



  

Spatial+

Data: yi = f (xi )︸︷︷︸
f (x) = 3x3

+ fsp(ti ) + εyi where εyi ∼ N(0, σ2
y )

−1.5 −0.5 0.5 1.5

−
10

−
5

0
5

10

Null GAM

x

f(x
)

−1.5 −0.5 0.5 1.5

−
10

−
5

0
5

10

Spatial GAM

x

f(x
)

−1.5 −0.5 0.5 1.5

−
10

−
5

0
5

10

Spatial+ GAM

x

f(x
)

Null Spatial Spatial+

0.
1

0.
3

0.
5

MSE of fitted values



  

References

I E. Dupont, and N. Augustin, Spatial confounding and spatial+ for non-linear
covariate effects. (Under review)

I E. Dupont, N. Augustin, and S. Wood, Spatial+: a novel approach to spatial
confounding, Biometrics (2022), 1– 12, https://doi.org/10.1111/biom.13656.

Discussions:

I I. Marques, and T. Kneib, doi.org/10.1111/biom.13650.
I B. Reich, S. Yang, and Y. Guan, doi.org/10.1111/biom.13651.
I A. Schmidt, doi.org/10.1111/biom.13654.
I G. Papadogeorgou, doi.org/10.1111/biom.13655.

Rejoinder:

I E. Dupont, N. Augustin, and S. Wood, doi.org/10.1111/biom.13653.

I B. J. Reich,J. S. Hodges and V. Zadnik, Effects of residual smoothing on the
posterior of the fixed effects in disease-mapping models, Biometrics, 62 (2006),
pp. 1197–1206.

I Wood, S. N., Generalized additive models: an introduction with R, CRC press
(2017).


