Analysis of variance using orthogonal
projections

Rasmus Waagepetersen

Abstract

The purpose of this note is to show how statistical theory for infer-
ence in balanced ANOVA models can be conveniently developed using
orthogonal projections. The approach is exemplified for one- and two-
way ANOVA and finally some hints are given regarding extension to
three- or higher-way ANOVA.

1 Prerequisites on factors and projections

Analysis of variance (ANOVA) models are specified in terms of grouping vari-
ables or factors. Suppose observations y; are indexed by a set I of cardinality
n. A factor F' is a function that assigns a grouping label among a finite set
of labels to each observation. E.g. F(i) = ¢ means that observation y; (or
index 1) is assigned to group/level ¢ for the factor F. Suppose F' generates
k groups. The design matrix Zp corresponding to F'is then n x k and the
1qth entry of Zp is 1 if ¢ is assigned to group ¢ and 0 otherwise. Note that
in many applications, ¢ is a multi-index of the form ¢ = 4;¢.. .7, for p > 1.

For any factor F' we denote by L the column space of Zg. The orthogonal
projection on L is denoted Pr. The result of applying Pr to a vector (y;)ier
is that y; is replaced by the average of the observations in the group that ¢
belongs to (i.e. the average of those y; for which F(I) = F(7)).

Two factors play a special role. The unit factor I has a unique level for
each observation so L; = R™ and P; = I (with an abuse of notation I is
used both for the unit factor and identity matrix). The factor 0 assigns all
observations to the same group so Ly = span{l,} and Py = 1,17 /n. Note
that Fyy is simply the vector where each component is given by the average
Y= Y icr¥i/n. For any factor I, Ly C Lp C L.
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A factor F' is said to be balanced if there is a common number m of
observations at each of the k levels (whereby n = mk). In this case, the
orthogonal projection Pr on Lp is

1
Pp = EZFZ;. (1)

This result is crucial in the following and the reason why we focus on balanced
factors.

2 One-way ANOVA

Consider the model
Yij:§+Ui+€z‘j, izl,...,k,jzl,...,ni,

where £ € R, U; ~ N(0,72), €;; ~ N(0,0?%), 72,6% > 0, and the variables U;
and ¢;;, are independent ¢ = 1,...,kand j =1,...,n,.

Let I consist of indices ¢5 for i = 1,...,k and j = 1,...,n;, and define
the factor F' by F'(ij) = i. Then stacking variables on top of each other we
can write the model in vector form as

Y = 1,8 + ZpU + ¢

where n is the total number of observations. As noted in the previous section,
Zp is the design matrix corresponding to F: the ij, gth entry of Zp is 1 if
Yi; belongs to the gth group and zero otherwise. We will assume that F' is
balanced so that n; = m for all 7.

2.1 Orthogonal decomposition

We now obtain an orthogonal decomposition of R":
Rt'=VeVrdV;

where Vo = Lo = span(1,,), Ve = LrSVy and V; = R"S L. Here @ denotes
sum of orthogonal subspaces:

Li® Lo={x+vylxr € L1,y € Ly}



for orthogonal subspaces L; and Ly, and © denotes orthogonal complement:
Ly L ={r € Lyla’y=0Vy € Ly}

for L1 C Ly. The dimensions of Vg, Vr and V; are 1, k — 1 and n — k, and
the orthogonal projections on Vj, Vr and V; are Qg = Py, Qr = Pr — P, and
Qr = I — Pp(see exercise 1).

Using the orthogonal projections we also obtain an orthogonal decompo-
sition of the data vector:

Y = QoY +QrY + Q1Y

into components falling in Vj, Ve and V;. The covariance matrix is decom-
posed as:

CovY = CovZpU + Cove = m72Pp + 02 = A\Pp + 0°Q;

where A = m72 + 02, Here we used (1) which gives CovZpU = 12Zp 2} =
72mPr and I = Pp + Q7. Note that there is a one-to-one correspondence
between the pairs (), %) and (72, 0?).

The components QoY , QY and Q;Y are independent since their covari-
ances are zero. For example

Cov(QoY,QrY) = QoXQr = Qo(A\Pr + 0°Q1)QF

which is zero since Pr = Qo+ Qr and all products QoQr = QuQr = QrQ; =
0.
Since
CovY = APp + 02Q; = CovPpY + CovQ;Y

we also consider in the next section the coarser decomposition
Y =FPpY + QY

of Y into independent components PrY and ;Y falling in Lz and V7.

2.2 Estimation using factorization of likelihood

Note Prl,, = Qol, =1, and Q;1,, = 0. Moreover (Q;Pr = 0. Hence

ol = ((5) [0 al)
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We can thus base maximum likelihood estimation of (£, ) on PrY and max-
imum likelihood estimation of 0% on QY.
More precisely,

_ 1 _
S exp(—5(Y — L,ETEHY — 1,6) =
} 1 i 1
NH2 exp(— | PRY = 1g][2) x (6%) D exp(— Q1Y)

where we used X1 = 072Q; + A'Pp and |%] = N(0?)™F (see exer-
cises 2,3,5). The two factors in the above likelihood are in fact ‘general-
ized’ densities of the ‘degenerate’ normal vectors PrY and Q;Y (i.e. these
vectors are n dimensional but their distributions are concentrated on lower-
dimensional subspaces of dimension k£ and n — k).

Consider e.g. the factor A™*2exp(—1||PrY — 1,£||*) involving the pa-
rameters A and £. We can maximize this with respect to A and £ in ex-
actly the same way as when we previously considered the likelihood of a
linear normal model N, (u,0%I). In our case the data vector is PrY and
w=1,¢ € Ly = span{l,}. We thus obtain

1,6 = PyPpY = RY and A = | PrY — ByY|2/k = SSB/k.

Proceeding in the same way for the second factor (where there is no mean
parameter), we obtain

6% =|Q1Y|*/(k(m — 1)) = SSE/(k(m — 1)).

Note that QrY ~ N, (0, \Qr). By exercise 6, [|[PrY — PyY|[]> = [|QrY[|* ~
Ax?(k —1) which has mean A(k—1). Thus A is biased. An unbiased (REML)
estimate is given by

A= ||PsY — PY|?*/(k—1)=SSB/(k—1).

3 Two-way analysis of variance

Consider now a model with two factors T' (treatment) and P (plot) with
numbers of levels dr and dp. Moreover let P x T be the cross-factor (has
dpdr levels - one for each combination of levels of P and T"). More specifically,
I consists of indices ptr and the factor mappings are P(ptr) = p, T'(ptr) =t,
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and P x T (ptr) = pt. Assume P x T is balanced with np«7 = m observations
for each level. Then P and T are balanced too with numbers of observations
np = mdr and ny = mdp for each level.

A two-way ANOVA model with fixed T effects and random P and P x T
effects is

}/;trzg—i_ﬁt_'—Up_'—Upt"i_eptr pzl,...7dp, tzl,...,dT, 7“:1,...,m,

where the U, ~ N(0,0%), Uy ~ N(0,0%,7) and €y, ~ N(0,0%) are inde-
pendent. With a convenient abuse of terminology we refer to P and P x T
as random factors. The random effects U, and U, can e.g. serve to model
soil variation between plots in a field in case of an agricultural experiment.
In vector form the model is

Y =p+ZpUp + ZpurUpxr + €
where u € Ly. The vectors Y, Up and Upyp are again obtained by stacking,
ec.g. Up = (Ul, ey UdP)T.

3.1 Orthogonal decomposition

Similar to the one-way ANOVA we define:
VW=Lyo Vir=LroVy Vp=LpoW.

Since P x T is balanced it follows that PrPp = PpPr = Py (exercise 7) which
implies Q7Qp = 0 where Qr = Pr — Py and Qp = Pp — Fy. Hence V; and
Vp are orthogonal and we obtain an orthogonal decomposition of the sum of
Lp and LTZ

Lp+Lr={v+wlve Lp,we Ly} =Vy® Vp & Vr.
We further define
Vexr = Lpxr © (Lp+ Lr), Vi=R"S Lpyr
and obtain the orthogonal decomposition:
R"=V& VP& Vr & Vexr & V7.

The dimensions of the ‘V’ spaces are fo = 1, fp = dp — 1, fr = dr — 1,
fexr = dpdpy —dp —dp +1 = (dP - 1)(dT - 1)7 fr = n —dpdp. The
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orthogonal projections on the ‘V’ spaces are : Qo = Fy, Qp = Pp — Qy,

Qr = Pr — Qo, Qpxr = Ppxr — Qp — Qr — Qo and Q1 = I — Ppyxr.
In line with the orthogonal decomposition of R"™ we also obtain two de-
compositions of Y into orthogonal components:

Y = Q()Y + QPY -+ QTY + QPXTY + QIY
= QpY + QpxrY + Q1Y

where Qp = Qo + Qp = Pp Qpxr = Qpxr + Qr and @ = Q. The second
decomposition corresponds to a coarser decomposition

Rn:VP@VPxT@VI

into orthogonal subspaces Vp = Vo ® Vp = Lp, Vot = Vi @ Vpyr and
‘7} = V} associated with each random factor P, P x T and 1.

The coarser decomposition of R™ corresponds to a decomposition of the
covariance matrix using the Q projection matrices:

2 2 2
CovY = opnpPp + 0pyrnpxrPpxr +0°1

= ApQp + ApurQpur + M1 Q1
where
Ap = o? + anTU?DXT + nPUl%’ <2>
ApxT = o? + anTJ?DXT (3)
)\] = 02.

The mean vector u € Ly = Vi @ Vr is decomposed as:

M:QPM"‘QPxT/L‘i‘QIM:Q0M+QTM+0:M0+MT

where pg € Lo and pup € V. Note the one-to-one correspondences between
the ‘0?’s and the ‘\’s and between p and (po,pir).

3.2 Relation to sum-to-zero constraint

In the model for the mean vector p, the parameters £ and 4, . . ., B4, are not
identifiable. This is because

pptr =&+ B = (E+K)+ (B — k) =&+ Br.

6



Hence if we add k& to € we obtain the same mean vector by just subtracting
k from the S;’s. One way to enforce identifiability is to require that one [,
is zero (i.e. choosing a reference group). Another option is to introduce the
sum-to-zero constraint: 221 B; = 0. Note that vectors v € Vp are of the
form vy, = B¢ since they lie in Ly and they further satisfy the sum-to-zero

constraint 17v = dpm Zfil B¢ = 0 due to the orthogonality of Vj and V.
In other words, enforcing the sum-to-zero constraint on the (5, parameters
corresponds to the decomposition of u into a constant vector £1,, falling in
Vo and a vector v = (B¢)pr € V.

3.3 Estimation using factorization of likelihood

As for one-way ANOVA, Y is decomposed into independent normal vectors

QPY ~ N(Mo, )\PQP) QPXTY ~ N(MT, )\PXTQPXT) QIY ~ N(O, /\IQI)-

Accordingly, the density for Y factorizes into a product of (generalized) den-
sities for QPY prTY and QIY similar to the case of the one-way ANOVA.
For instance, the density for QpY is proportional to

A;df’”exm——n@py poll?)-

Thus in analogy with estimation in the usual linear model Y ~ N, (p, 0*I)
we obtain i .
/)0 - P()QPY == PUY = 1nY

and R .
Ap = [|QpY — PY|?/dp = [|QpY|*/dp.
Similarly, .
fir = QrQpxrY = QrY,
L= flo + fir = PrY,
ApxT = 1QpxrY — QrY|?/(dpdr — dp) = ||QpxrY||*/(dpdr — dp),

and

~

Ar=062= QY |]*/(n — dpdr).



Since Vp and Vpyr have dimensions fp = dp — 1 and fpxr = (dp —
1)(dr — 1) we often use these (cf. exercise 6) denominators instead of dp and
dpdr — dp for A\p and Apy7r. Then unbiased estimates

Ae = |1QpY |/ fr Apxr = |QpxrY ||/ frxr

are obtained for Ap and Apyr. Note that the MLE for p is in fact identical
to the MLE in the linear model with ¢ € Ly and no random effects.

3.3.1 Estimation of original variance components

Estimates of the original variances o% and 0%, can be obtained by simply
solving (2) and (3) with respect to these parameters. That is,

55 = (Ap = Apxr)/np  Gpur = (Apxr — %) /npxr.

Note that there is no guarantee that these estimates are non-negative. In
fact there could be several reasons for obtaining negative variance estimates:

e if e.g. the true 0% is zero or close to zero it is not unlikely to encounter
Ap < Apxr due to sampling variation.

e observations within a group could be negatively correlated which could
be reflected by a negative variance estimate (remember definition of
intra-class correlation).

e data deviates in some way (e.g. outliers) from the assumed model.

In general, if a negative variance estimate is obtained, it is recommended
(as always) to check carefully whether model assumptions seem valid. If
data does not seem to contradict the model, one may consider refitting the
model without the random factor for which a negative variance estimate was
obtained. If negative correlation within groups of the data is plausible one
may look into an alternative model to the assumed linear mixed model.

4 Strata

A crucial common point for the one- and two-way ANOVA models in the
previous sections is that the factorization of the likelihood is based on an
orthogonal decomposition induced by the random factors only. This is due
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Figure 1: Structure diagram for two-way ANOVA with random effects.

to the decomposition of the covariance matrix into terms given by scaled
projection matrices for the random factors.

The fixed effects are decomposed into components according to ‘V’ spaces
for the fixed factors. These components are then assigned to strata corre-
sponding to ‘V’ spaces for the random factors. We say that a factor F is
finer than G (or G coarser than F) if levels of G can be obtained by merging
levels of F'. We then write G < F. The rule for allocating fixed effects to
strata is then that F' belongs to B strata (where B is a random factor) if B is
the coarsest random factor which is finer than F'. This is of course assuming
that this rule makes sense, i.e. we work with an experimental design where
this rule gives a unique allocation of each fixed factor to one random factor.
It is for instance required that [ is a random factor. Also, for fixed F' and
random Bj, By, we can not have both F' < B; and F' < By unless either
B; = By or By =% B;j.

To get an overview of allocation to strata it is useful to draw a structure
diagram as shown for the two-way ANOVA in Figure 1. In the structure
diagram there is an arrow from F' to G if G is coarser than F' and there is
no intermediate factor which is coarser than F' and finer than G. In Figure 1



there are three strata (black, green and red) corresponding to the ‘random’
factors I, P x T and P. Note that here we can not have both P and T
random unless O is random too (if O was fixed in this case there would not
be a unique allocation of O to a random factor stratum). We also want to
respect the hierarchical principle for the mean structure so P x T" can not be
fixed if P is random.

A more general discussion of allocation to strata is given in Section 7.

5 Hypothesis tests and confidence intervals

We here exemplify how hypothesis tests are conducted in balanced ANOVAs
by considering one- and two-way ANOVAs.

5.1 One-way ANOVA
For the one-way ANOVA with random effects consider the F-statistic

_ 8SBJ/(k-1) X
T SSE/(k(m—1)) &2
o? +mr?

Flk—1,ktm—1))=(14+my)F(k—1,k(m—1))

g

where v = 72/0? is the signal to noise ratio. Thus with ¢y and qy e.g. 2.5%
and 97.5% quantiles for F'(k — 1, k(m — 1)), we have

Plgr < F/(1+my) < qu) = 95% <
P((F/q = 1)/m <y < (F/qr —1)/m) = 95%

so that [(F/qu —1)/m, (F/qr, —1)/m)] is a 95% confidence interval for -, see
also Remark 5.10 in [1].
One hypothesis is of particular interest:

i.e. there is no variation between groups. A simple F-test for this is based
on the observation
P=0ev=00>=\
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Thus large values of the F statistic above is critical for Hy and under Hy, F
has a F(k — 1, k(m — 1)) distribution.

Note that the F' statistic coincides with the F-test for no group effects
in a one-way ANOVA with fixed group effects (which is equivalent to the
likelihood ratio test for no group effects in the fixed effects one-way ANOVA).

5.2 Tests for fixed effects in two-way ANOVA

For the two-way ANOVA considered in Section 3 the interesting hypothesis
regarding fixed effects is

H0151=52=“':ﬁdT

i.e. no fixed group effects. This is equivalent to that pur = 0 (referring to
the notation of Section 3.1). Thus for constructing the likelihood ratio test
we only need to consider the factor corresponding to the term prTY ~
N(pr, AprprT) which has density

)\Eg:;{T—dP)/? exp(— 5

1QpxrY — prl?).

APXT

Thus the situation is equivalent to testing 1 = 0 for a linear normal model
Napdr—ap(pt, ApxrI). We can thus proceed as for a usual linear normal model
(without random effects) and obtain the F-test

ey

APXT

F Fdr —1,(dp — 1)(dr — 1)).

5.3 Test for variance components in two-way ANOVA

Recall \; = 02, Apxr = 0% + npxros, 0 and A\p = 02 + Npyr0s, 7 + Npos.
Hence e.g. O'%ng = 0 < A = Apxp. Thus a natural statistic (but not
likelihood-ratio statistic) for testing 0%, , = 0 is

A
&
which has an F((dp—1)(dr—1),n—dpy7) distribution if 6%, = 0. Big values
of F are critical for 6%, = 0. Note Apxr = ||QpxrY ||?/((dp — 1)(dr — 1))

so F' is identical to the F-statistic for testing the hypothesis of no (fixed)
effect of the factor P x 7' in a linear normal model without random effects.
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5.4 Confidence intervals for parameters in two-way ANOVA

Regarding the mean vector p = 1, + Zpf8 where 8 = (01, ..., Ba,), We can
consider confidence intervals for components of £ + (; of u or for contrasts
d;j = Bi—p; corresponding to differences between group means. Here it is easy
to derive confidence intervals for the contrasts. Employing the orthogonal
decomposition p = pg + pr, the contrasts only involve pr in the P x T
stratum. E.g. if ¢ is a vector with ¢;;1 = 1, ¢1;1 = —1 and zeroes elsewhere
then
52‘]‘ =0 — 5j = CTH = CTMT-
Thus d;; can be estimated as

(i‘j =c"fir = " QrQpyxrY ~ N(Bi — Bj, Apxrc' Qre)
and we can thus follow the usual route to constructing confidence intervals
based on the ¢-distribution combining the above normal distribution for d;
and the scaled x? distribution of Ap.r with degrees of freedom (dp —1)(dr —
1). Note )
T QrQpxrY =c'QrY = 44 — J.
and

2
c'Qre=c"Prc—c" Pyc =c"Prc = (1,-1)(1/np, —1/np)" = —.
nr

Hence the t-statistic becomes
Ui — Uojo

\/ 2\psr/nT

which has a t((dp—1)(dr—1)) distribution under the null hypothesis 5; = ;.
You can also get the above results by simply observing that

Ui — Y.i. = D; — '—|——U.Z'——U.'+—€.Z'.——€.'. ~
Y Yj = Bi— B nr ng j

Note here m = npyp 50 mopxr + 02 = Apyr.

Confidence intervals for the ‘A’ variance parameters (including o? = ;)
are straightforward due to the exact scaled x? distributions of their estimates.
Confidence intervals for the original variance parameters (other than o) are
less straightforward since estimates for these are distributed as differences of
scaled x? distributions).
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6 Orthogonal decomposition for a K-way ANOVA

In this section we first construct an orthogonal decomposition for a balanced
three-way ANOVA and then generalize the approach to a K-way balanced
ANOVA for arbitrary K > 1.

We know by now that for a two-sided ANOVA corresponding to factors F;
and Fy with F} x F, balanced, there exists a decomposition of R™ into orthogo-
nal subspaces Vi, Vi, «p,, Vi, Vi, and V. Suppose we introduce a third factor
F3 so that F} x Fy x F3 is balanced too. Then also {Vi, Vi «ry, Vi, Vi, Vo b,
Vi, Vi xpy, Vi, Vi, Vo and {V1, Vi« ks, Vi, Vi, Vo b are sets of orthogonal
subspaces. By analogy with two-way ANOVA with factors F' = F; x F5 and
G = F3; it also follows that Vi «p, and Vg, are orthogonal and similarly for
the pairs Vi xry, Vr, and Ve, xp,, VE,. It is also easy to see that

PF1><F2PF2><F3 = PFQ' <4>

This implies Vg xp, and Vg, «p, are orthogonal. To see this note that the
corresponding projections are Qp «xm, = Prixp — Pr, — Qr, and Qpxp, =
Pp,«p, — Pp, — Qp,. We now check that Qp xpmQr xm = 0 from which the
required orthogonality follows:

Qr xmQrxr, = (Prixr — Pr, — Qr)(Pryxr, — Pry, — Qp,y) =
PF2 _PF2 _PFlXFQQFg _PF2+PF2 _O_QFlpFQXF3+O+0:0

Here, Pp «p,Qr, = 0 in analogy with a two-way ANOVA with factors F' =
Fy x Fy and G = Fs, and Qp, Pp,«xr, = 0 by the same argument. Thus Vi« p,,
Vi xr, and Vg« g, are orthogonal too.

Defining

VF1><F2><F3 = LF1><F2><F3 @ (% @ VFl @ VFQ @ VF3 @ VFlXFQ @ VF1><F3 @ VFQXFg)
Vi=R"O Ve xrxr

we arrive at the orthogonal decomposition
R" = VI ©acpiesy Vaean
letting Vi, ,r, = V.

The approach for the three-way ANOVA can be generalized to obtain the
following main result:
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Theorem 1. Suppose Fy X --- X Fi is balanced, K > 1. Define, recursively,
for AC{1,..., K},

VXzeAFz = LXleAFz S E VXleBFz

BCA

with Vy =Vy = Ly and let

eoF1
Vi=R"© Lyx .

Then we have the orthogonal decomposition

R" =V @acq,...k} Vxiearr-

Proof. We need to show that (*) Vi, _,r and V,,__r, are orthogonal whenever
A,BC{l,...,K}, A# B (thisis already shown for K =1,2,3). If ANB =
() then (*) follows by analogy to a two-way ANOVA with factors F' = x;caF
and G = Xiephy. If B C A we define ' = X;cpFj and G = X;ca\pfj. Then
Viieals = Vixe and the result again follows by analogy to a two-way ANOVA
(Ve and Vpyg orthogonal). The case A C B is handled similarly. Finally if
C = AN B is non-empty and neither A C B nor B C A, let F' = Xjea\cf7,
G = Xiep\cFy, and H = x;ccF;. Then (*) holds by analogy to a three-way
ANOVA. O

The dimensions of the spaces V,_,r, are easy to obtain according to the
following theorem.

Theorem 2. Let the situation be as in the previous theorem. Then the
dimension of Vi, ,r, 18 HleA fi where f; =d; — 1 and d; is the dimension of
Lp,.

Proof. Let wlog A =1,...,k, 1 <k < K. The proof is by induction in k.
By definition the dimension of Vg, is d; — 1 = f; so the result holds for & = 1.
We have

VXk F = folei S <LX§;11F1' 5% EBBC{I ..... k—l}VFkXXleBFl> .

i=11"%
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Thus the dimension of V,, kg IS

k k—1
[+ -]+ - Z kafl
i=1 i=1 Bc{1,... leB
k—1
= [[+0 - D> TIA- fchfl
i=1 BC{1,...,.k—1} leB

k
=11+
1=1

where the second equality is by induction and the second follows from Hf;ll (fi+
1) = ZBg{l,...Jc—l} HleB Ji HZE{l,...,k—l}\B L. o

7 Decomposition into strata

In this section we discuss a general decomposition into strata corresponding
to factors with random effects. Let D be a set of factors and let B C D
denote the set of factors with random effects. We assume

1. the factors in D are ordered in the sense that we can not have both
F <X F"and F’ < F for different F, F’ € D (otherwise F' and F’ would
induce the same grouping of the observations).

2. there is an orthogonal decomposition R” = &pep Ve of R™ into a sum of
subspaces Vi, F' € D, with associated orthogonal projection matrices

Qr.

3. the covariance matrix of the data vector is decomposed as

Y= ZO’%TLBPB

BeB

>, Qr (5)

FeD:F=<B

where for B € B,
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We want Qp’s, B' € B, so that

Ps= Y  Qp (6)

B’eB:B'<XB

where for each B € B, Qp is an orthogonal projection on a subspace Vi where
R" = @BeBVB and Vg is a sum of Vi subspaces. We want this because then
we obtain the decomposition

Y= Z O’%TLBPB = Z )\B@B where )\B = Z nB/O']Qg/

BeB BeB B/'eB:B=<B’

and hence a decomposition of Y into independent terms QzY, B € B (here
we interchanged order of summation and secondly interchanged B and B').
The following theorem tells us when we may get what we want.

Theorem 3. A necessary and sufficient condition for (6) is that: for all
F € D there exists a B € B such that FF < B and B < B’ for all other B’
with F' < B'. If this condition holds we can define

Vi = Z Vi and Qp = Z QF.

FeD:B(F)=B' FeD:B(F)=B'

Remark 1. Note that this condition implies that I has to be in B. This is
not a serious restriction since we will always include measurement error in
our models. It also combined with assumption 1 above implies that the B
mentioned in the condition is unique. In the expressions for Vi and Qp
above and in the proof below we use the notation B(F') for the unique B
corresponding to F', F' € D.

Proof. We first show the sufficiency. Each of the factors /' < B on the right
hand side of (5) has B(F') = B’ for precisely one B’ € B for which it must
hold that B’ < B (since F' < B - here B and B’ interchanged compared to

the condition). Hence
LD DU DR

B'€B:B'<B FeD:B(F)=

Thus we can define for B’ € B, a subspace and associated orthogonal projec-
tion

VB’ = Z Vi and QB’ = Z Qr.

FED:B(F)=B' FeD:B(F)=B'
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Each F' € D belongs to precisely one f/B/ so R" =& B’eBVB/-

To show that the condition is necessary consider any F' € D. Then
Vi C Vg for some unique B € B. This means by (6) that Qp is a part
of the sum defining Pp. It follows from (5) that F' < B. Assume F' < B,
1 =1,...,mwhere By = B. If m = 1 there is nothing more to prove. Suppose
m > 2 and assume to get a contradiction that B A B,. Since F' < By, by
(5), Qr is a part of the sum defining Pg,. It follows that Qp must be a part
of the sum defining Pp, according to (6). But this is a contradiction since
B £ Bs. m

8 Concluding remarks

This note essentially gives a simplified exposition of results presented in [3]. A
general exposition can also be found in [2]. We here considered the use of or-
thogonal decompositions only in the context of balanced ANOVAs. However,
the same principles apply for other types of linear mixed models allowing for
relevant orthogonal decompositions of the sample space. One example is a
random coefficient model for the well-known orthodontic data set consisting
of data for 27 children each with 4 measurements. Here one can e.g. observe
that the MLESs of the mean parameters are the same in the models with and
without random child effects.
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A Orthogonal projections

Suppose L is a subspace of R", n > 1. Let L+ = {v € R*|v w = 0 for all w €
L} denote its orthogonal complement.

Orthogonal decomposition: each x € R™ has a unique decomposition
r=u-+v

where v € L and v € L+ .

Orthogonal projection: u and v above are the orthogonal projections py ()
and py. () of z on respectively L and L*.

Due to orthogonality of v and v, we obtain Pythagoras’ theorem:
[I* = [full® + [Jv]|*.
A few facts regarding orthogonal projections:

(a) the orthogonal projection py, : R™ — L on L is a linear mapping. It is
thus given by a unique matrix-transformation py(x) = Px where P is
an n X n matrix.

(b) the projection matrix P is symmetric (PT = P) and idempotent (P? =
P).

¢) conversely, if a matrix () is symmetric, idempotent and L = col() then
Y y
( is the matrix of the orthogonal projection on L.

(d) if L = colX and X has full rank then P = X(XTX)"1XT.

(e) if P is the matrix of the orthogonal projection on L then I — P is the
matrix of the orthogonal projection on L*.

(f) if Ly and Ly are subspaces with L; C Lo and associated orthogonal
projections P; and P, then the orthogonal projection on L, & L is

P, — P
Ezxample: the orthogonal projection on a subspace spanned by a single vector
v is ﬁ:'fgx

Ezxample: the orthogonal projection on a subspace spanned by orthogonal
p v, T

vectors vy, ..., v, 18 Zizl ||v¢||2$'
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B

1.

Exercises

Let Ly C Lo with orthogonal projections P, and P,. Show that P, — P;
is the orthogonal projection on Ly & L.

. Show that an orthogonal projection only has eigen values 1 or 0.

For a symmetric matrix A show that the determinant |A| is the product
of A’s eigen values.

. Show Q[PF:O

Let S = aP + bQ) where P and () are orthogonal projections with
P+ @ =1 and a,b # 0. Show that the eigen values of S are the non-
zero eigen values a and b of aP and bQ. Show that S~ = a P +b71Q.

Show that ||[Y||* ~ o®x?(d) if Y ~ N(0,0%P) and P is an orthogonal
projection on a subspace of dimension d (hint: use spectral decompo-
sition and the result above regarding the eigen values of P).

. Check that PpPr = Py when P x T is balanced.

Check that L+ Lp = Vo & Vp & Vr.

19



