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1 Laplace approximation in one dimension

Consider an integral
I, = /}Rexp(nh(x))g(x)dx
where h(z) is three times differentiable and assume there exists & so that
Cl H=-h"(Z)>0and h'(2)=0
C2 for any A > 0 there exists an € > 0 so that h(&) —h(z) > € for |z — 2| > A
C3 there exists a § > 0 so that |h(3)(z)] < K and |g(z)| < C for |z — 2| <6

C4 a) [;lg(x)|de < K4 orb) [ exp(h(x))|g(x)|dz < Kp

Then
In -1 (1)
exp(nh())g(Z)V2mn—1H-1
as n — 0o.
Proof:

Pick a 6 > 0 as in C3 and let A5 = [Z — §,% + §]. Then using C2 and C4 a),

/A exp(nh(z) — nh(z))g(z)dz < exp(—ne)K,.

c
)

Using instead C4 b),

/ exp(nh(z) — nh(z))g(z)dx
A

= /A “exp((n = 1)(h(x) — h(#)) + h(z) — h(#))g(x)dz

<exp(—(n — 1)e) exp(—h(Z)) K.



Thus

I, exp(—nh(z))

g(&)V2mn—1H-1

fAs exp(nh(z) — nh(z))g(z)dz N ng exp(nh(z) — nh(i))g(z)dx
9(Z)V2mn—1H-! g(Z)V2mn—1H-!

where, in case of a),

Jag exp(nh(@) —nh@)gladda | exp(noKa
9(@)V2rnTHT T g(@)Vemn THT

and similar in case of b).
We thus need to approximate

In = /45 exp(nh(z) — nh(z))g(z)dz

by
g(@)V2rn~1H-1 = nil/z/exp(fgu%g(i)du.

R

To do this we make the change of variable u = \/n(z — &) whereby

J, =n"1/2 / exp(nh(n™Y?u+ &) — nh(2))g(n~Y?u+ 2)du
B

n,s

where B, s = [—v/nd, v/nd]. Define

o) = exp(nh(n”u+ &) — nh(@)g(n?u+ &) — exp(~ 5 -u’)g(2)
Then

\ /B exp(nh(n™?u + ) — nh(2))g(n~"?u + )du — /Rexp(—qu)g(:%)du\

H H
=| [exp(nh(n=Y?u+ &) — nh(2))g(n™"?u + &)du — /exp(——u2)g(i3)du — /exp(——uQ)g(i")du\
Bun,s Bn,s 2 B 5 2

<[, Mldut] [ enl-gaia@dd

where limy, o0 | [ exp(=Fu?)g(#)du| = 0. Hence [ |fn(u)|du — 0 will
n,s n,

imply
In n'/2J,

g(2)V2rH tn=1 - g(Z)V2rH-! -l




We expand nh(n~'/?u + &) — nh(z) using a second order Taylor expansion
around u = 0:

H
nh(n™?u + &) — nh(z) = —Eug + R, (u)

where
1 n—1/2
R, (u) = nn_3/26h(3)(c)u3 = Th(3)(0)U3

and c is between & and n~/2u+3. Now, u € B,, s implies h(®)(c) < K so R,,(u)
tends to zero for any fixed u € R meaning that
1[u € By s fn(u)
=1[u € By, s]|exp(nh(n=?u+ &) — nh(z))g(n~"?u + &) — exp(—%uZ)g(aﬁ"ﬂ
(2)
converges to zero for any u € R. Also

—1/2
IR, (u)] < nTKnl/25U2 = ému?

SO

H 1
1[u € B, 5] exp(nh(n™Y?u+i)—nh(z))|g(n~ ?uti)| < exp(—5u2—|—6K6u2)C

where the upper bound is integrable as a function of u for  small enough. We
can now use the triangle inequality to show that (2) is bounded by an integrable
function. Hence [, , | fn(uw)|du — 0 follows by dominated convergence.

2 Order of approximation

Here we assume for simplicity that g(z) = 1 (meaning that condition C4 b) is
relevant). We also assume h()(z) < K for all [z — #| < §. We next employ a
fourth order Taylor expansion

H H -
nh(n=Y?u + &) — nh(z) = —Euz + n_1/273u3 + Ry, (u)

where Hz = h(®)(2) and

Hy(u)
_1414 4
o1

where Hy(u) = h* (&) and ¢ is between & and n~*/?u+ 2. A first order Taylor
expansion of exp(-) yields

Rn(u) =n

H. - H. - b H. - ?
eXp(n_l/qug—&—Rn(u)) = 1+n_1/2€u3+Rn(u)+% (n_1/263u3 + Rn(u)>



where b is between 0 and n~ /22243 + R, (u).
We now assess

H
1/2 _/ _ Ao
n' e, = exp( u®)
Bn.s 2 24

H . . 7 ’
e 20 (o )

by considering each term inside the integral separately (and using dominated
convergence to replace By, 5 by R):

H H
lim exp(f§u2)du = / exp(fEUQ)du =V2rH!

n— 00 Bo.s R

For the second term times n we have

n— o0 2 6

H , Hj .
lim n1/2/ exp(——u?) =2utdu =0
Bn.,s

since exp(—Z (—u)?) s (—u)? = —exp(—Zu?) 24, For the third term multi-
plied by n, we get
H . H , K
nh_}rr;o . exp(—?uz)n|Rn(u)|du < /Rexp(—gﬁ)ﬂu‘ldu < 00.

For the last term,

2
/ exp(fgzﬁ) exp(b) (nl/QhéguS + Rn(u)> du
Bns

we use

2 ~
—1/27H3 3 < Lid 2 < 1522
|n 5 u’| < 5 ou® and |R,(u)| < 24(5 u

so that exp(— guz—l—b) becomes dominated by an unnormalized Gaussian density
for 6 small enough. Further

(nlﬂ%’ug + Rn(u)>2 < n71%§u6 + n72§u8 + niB/Q%\uV.

The last term thus becomes O(n~1). In conclusion,

\;;1:% =14+0(n1).
This further implies for the relative error,

n/2J, —VerH-1 — O
V2rH-1
and
n'?J, —VomH-t _ n'?J, - VorH ' VorH- 1 _ O(n).

n1/2Jn B 2rH-1 nl/QJn



3 Tail moments for a Gaussian random variable

In this section we derive a bound for the integral
o0
/ uF exp(—u?/2)du
x

for a large . Note first that u* < exp(au?/2) for any o > 0 when u is large
enough. Hence for large enough z,

oo

/OO uF exp(—u?/2du) < /OO exp(—u?(1—a)/2)du < / gexp(fuz(lfoz)/mdu

x

Using the substitution v = u?/2 and choosing o < 1 we obtain

o0 o0 1
/ 4 exp(—u?(1 — ) /2)du = / —exp(—v(1 — a))dv
z X z2/2 X
ep(r(i—a) el a)2)
z(1—a) /2 z(1—a) '
We used this for the second term in the previous section. For large enough
n,
nl/2 /OO W exp(— Hu?/2)du < nl/2 exp(—nd?H(1 — «a)/2) _ exp(—nd?H(1 — a)/2)
N - nt/2§(1 — ) 5(1—a)

which tends to zero as n — oo.



